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On orders of approximation of the generalized Nikol’skiy-Besoyv
class in Lorentz spaces

In this paper Lorentz space is considered with mixed norm. Definition of the generalized Nikol’skiy-Besov
classes is given. The main results of the paper are the estimates of the order of approximation‘of functions of
the generalized Nikol’skiy-Besov class by partial sums of multiply series Fourier constructed with harmonics

from the hyperbolic cross.

Key words: Lorentz space, Nikol’skiy-Besov class, approximation of function, hyperbolic cross.

§1. Introduction

Let x = (X)5-x, )€1 =[0,2n]" and let 0, p, efly+0],j =1,...,m, Nis the set of natural numbers.

We shall denote by L (/") Lorentz the spaces with mixed norm of Lebesque-measurable functions
p.0

S (;C) of period 2n in each variable such that the quantity
A =17, <

where
1
0

2n E,l
lel, o =11 [ € @) e arp,
0

where g”— is the non-increasing of the function |g| (see [1]).
As we know, that in-case when the D; =9j, j=1,..,m space L__(I™) coincide with the space of
p,0

Lebesque L;({") with mixed norm (definition see in [2; 128]).

Py Pl

el dxl}p] o

1| 1]

0 0
Let L' (I™)will be set of functions f e L (I™) such that
q.0 q.,0

2n _
j f(x)dx; =0, Vj =1,....m.
0

and let a (f) will be the Fourier coefficients f € L, (™) with respect to the multiple trigonometric system.

Then we set
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8.(fx)= 3% a ()",
nep(s)

where

<y,x>=2ijj, p(;)z l;:(kl,...,km)eZ’” 20! S‘kj‘<2s",j=1,...,m}.
j=1

A function Q(;) =Q(¢,,...,t,) is a function of mixed module continuity type of an order / € N if it satis-

fies the following conditions:

1) Qt)>0, 1,>0, j=1,..,m, Q(t)=0, if "¢, =0;

J=1J
2) Q(¢) increases on each variable;

3) QUkityseskipty) < (U kY Qtysennsty), by €N, =1

m-m

4) Q(;) is continuous for t,> 0, j=1,..,m.

Let us consider the following sets

T(N)=T(Q,N) = {; = (8,008, ) €Z" Q27 270) > %}

oON)=U_  p(s);

(seT(Q,N)
(N)=T"(Q,N)=2Z" /T(Q,N); (1
N(N)=T*(N)/T*@2'N). )
It follows from (1), (2) that X(N) =T (N) and
211N <Q2™) <% 3)
for s € N(N). In [3] N.N. Pustovoitov proved,that &8(N) # ¢ and
IN@V)| = (log, N)"', 4)

where |F | — is the number of elements of the set F.
Sow (f,;) =X o (- ei<k’x> 1s a partial sum of the Fourier series of function f.

For a number sequence'we write {a; }, € l; if

neZ™

i
Pu_ | p,
P2\ py

= i {i |an|p'}p1 < +oo,

n,, =—0 ny=-0

(e},
n)pez”

l,
where ;=(pl,...,pm), I<p, <+, j=12,.,m.

For given function of mixed module smoothness 9(5 type we consider the generalized Nikol’skiy-

Besov class
<1;,
[

where 1_9=(p1,...,pm), 6:(91,...,em), ;z(rl,...,rm), 1< p; <+o, lSGj; T, <40, j=l,..,m and

5.5}

- m
neZ’

SeB= {f €L 5(U"): H{Ql(zs)

027)=027",..,27).
If Q(t) = I1%,¢7, then this class is denoted by S%MB.

=1%j

4 BecTHuk KaparaHguHckoro yHusepcureTa



On orders of approximation of the generalized...

In case p, = 9j =p and Q(Z) :H;’.’:lt;f, v <, T, =+%0, ] =1,..,m, S%,;B was defined first time by

S.M. Nikol’skiy [4], and for 1<, =+00,j=1,...,m,by T.I. Amanov [5]. The generalized Besov class was

considered by M.L. Gol’dman [6].

As pointed out in [7], one difficulty in the theory approximation of a function of several variables is the
choice of the harmonics of the approximating polynomials. The first author suggesting approximation of
functions of several variables by polynomials with harmonics in hyperbolic crosses was K.I. Badenko (see
[7]). After that, approximation of various classes of smooth functions by this method was considered by
S.A. Telyakovskii, B.S. Mityagin, Ya.S. Bugrov, N.S. Nikol’skaya, E.M. Galeev, V.N. Temlyakov, Dinh
Dung (see [7]), A.R. DeVore, S.V. Konyagin and V.N. Temlyakov [8], H.-J. Schmeisser and W. Sickel [9],
W. Sickel and T. Ullrich [10], A.S. Romanyuk [11, 12], N.N. Pustovoitov [3].

For generalized Besov class of this topic was considered by Sun Youbgsheng and Wang Heping [13],
S.A. Stasyuk [14].

Exact orders of approximation of Nikol’skiy-Besov classes in the metric of the Lorentz space were
found by the author [15, 16] and K.A. Bekmaganbetov [17].

An order of approximation of the class Sia,;B by partial Fourier sums SE (f.,x)= z <;,;><n8; (f ,;) was
found in [15]. It is stated in the following theorem.

Theorem (see [15]). Let 0 =(00,..,00), 8P =(02,..02), T=(T/susT,)s P=(Drros D)),

r

4=Gond,)s  F=r)s Y=Yy, y/.=7j, and assume that 1<67,0'7 1, <+o0,
1
1< 0% i L1 =1 O<r=..= <.<
<p;<q;<+o, max, , {07}<min_, {q,} —-—<r.j=l.m O0<r=..=r<r,<.<r,
P, 4;

1 1 1 1 . .
———=.=——-—, 7 11 <rj(L—i] j =v+1;...,m. Then the following relation hold:
b q b, 49, p; 9, b q

i N 3]

( ! "‘J-n":2 K O <1, j=1,m;

sup

; 2
sup | £ =S50/ .
rest 8" 7 4 ,n(HLL]
ot 2 ] QP
The main aim of the present paper is an estimate of the order of the quantity
sup [/ = Sgu (1) ;-
fesgﬁ';B ’

2) - _
T, <07, j=L...,m.

This paper is organized as follows. In second section some auxiliary suppositions are given. In third
section the estimate of order approximation Nikol’skiy-Besov classes is established in space of Lorentz with
mixed norm.

We shall denote by C(p,q,y,...) positive quantities depending only on the parameter in the parentheses

and not necessarily the same in distinct formulae. The notation A4(y) >< B(y) means that there exit positive
constants' C,,C, such that C, - A(y)< B(y)<C, - A(p).

$ 2. Auxiliary suppositions
In that follows we denote by xw)(;) the characteristic function of the set
N(n)z{s=(s1,...,sm)eZT :<s,y>=n}.

Lemma 2.1. Let 1= (Tsees Ty )s 1S, <00, j=1,...,m. Then the following relation holds:
- |

=< C(t,m)-n"".

H{xm)(g)}

seN(n) -
T
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Lemma 2.2. Let y=(Y,.7,), ?z(y'l,...,y'm), V=, j=ko,y, 1<y, <y, j=v+l..m let

= (TpayseeesT,,)s With 1< T, < +0) j=1,..,m, and o> 0. Then the following relation holds:

=
seN(n)

Lemma 2.1, 2.2 are proved in [16].

Let us recall definitions of the conditions (S5),(S,) given by N.K. Bary and S.B. Stechkin [18].

Definition 2.3. A function g(¢) satisfies the condition (S) if for some a e(0,1) function ¢ %g(¢)
almost increases on (0, 1].

o1

11 = =< 27 g2

I-
T

We say that a function Q(Z) satisfies the condition (S) on (0,1]", if it satisfies this condition on €ach
variable.

Definition 2.4. A function g(¢) satisfies the condition (S,), if for some o € (0,/) function ¢ “g(¢) al-
most decreases on (0, 1].

We say that a function Q(Z‘) satisfies the condition (S,) on (0,1]", ifit satisfies this condition on each
variable.

In what follows we use the denotation: y,, (s)— characteristic function'of set

N(n) = {E = (5.8, ) €20 (517 )= n}'
Lemma 2.5 (see [19]) Let 1<0, <+o0,j =1,2 and Qt)is @ finction of mixed module continuity type of

an order 1 which satisfies (S)— conditions for &:(al,...,am), a,>B,;20,j=1,..,m. Then for

0< 9}. <+, j=1,...,m the text relation holds

{Q(ZS‘ a2 27 } {9(2* 2”27 }
j=l J=1

Lemma 2.6. Let a function Q(Z) will be a function of mixed continuity type of an order [ which satisfies
the conditions (S) and (S,), 1<1; <4, j=L..,m and N(N) = " (N)/T*(2'N).
Then

-

sel (Q,N) SEN(N)

&5 fs

S
H{XN(N)(S)}SEN(N) H/ >< (log, N)=* .
Proof. 1t is known (see [3; 114]), that the see NX(N) can be one-to-one mapped onto some subset of the
set A=]]"""8,, where

0, ={E=(s1,...,sm) ez’ :Zsj =n},

J=1

1 . .
m, = [alog2 (c,2 N)} +1, m, = Hli%cl. Here [y]— is the integer part of y. By the property of norm
H{XN(N)(S)}A-EN(N) . SH{XA (S)};EA Hz - z {Xe(")(s)}}ee(n) - z {Xe(")(s)}Eee(n) z ©)
- T n=m L n=my 5
By lemma 2.2

S

<Cn~".

H{Xe(n) (S)}
se0(n)

f5
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Therefore from the inequality (5) taking into account the definitions of m,,m, we get

m
my+nty

L L
H{XN(N)(S)} <C > 7Y <Cm, (élog2(C22lN) +1+4 m2j : (6)

SER(N)

s
Since m, doesn’t depend on N, by the property of logarifmic functions from the from the estimation
(6) for some sufficiently big N we get

S
{XN(N)(S)}SEN(N)‘I <C(log, N)=".

This proves the upper estimation of the lemma. Let us give the lower estimation. By Holder inequality

we have
RE T TN N

SEN(N)

where L+L,=1,j =1,...,m. By the proved fact
0T

1
H{l}EewN)H,;, < C(log, N);Tf'

and (4) therefore from (7) we get

m
1
T

5
C,(log, N)*" <

(X -

ENe)

The lemma is proved.
Remark. We note that for the case 1, =...=1, =1 lemma 2.6 was proved N.N. Pustovoitov [3].

Theorem 2.7. Let 5=(q1,...,qm), l<g, <o, j=ks.,my B=min(q,,....q,,2). Then for any function
fe L{E(I ") the following inequality holds

1

5 (f)HiF .

seZl!

||f||qsc<q,m>{z

This theorem 2.7 was proved in [20].
Theorem 2.8 (see [15]). Tet p=(p,ssp,)s 4=(Gysnq,), O =(00,...00), ©
Assume that 1< p, <q, <+90,1<07,0'7 <40 j=1,...m. If f eL";’ém(I'"), max ,_,

@

02,02,

@ _
w057 <min,_, g,

-----

and the quantity

(2) (2)
11 6] 0

o(f) = izeu(”"] izsle{m[”‘ql] @Rl

sw=1 o

Ifit is finite, then f €L o < C(p,q,0)-o(f).
q,
Theorem 2.9 (see [15]). Let 5=(q1,...,qm), éz(el,...,em) Xz(kl,...,km). We assume that
l<q, <1, <+, 1<0, <+o0, j=L..,m. If feL ;") and f(x)= Z ’%Z ei<k’x>, then

sez"  kep(s)

1

azcannm) 32052 s o)
70 = q,9,A,m ~ i S B
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$3. Main results

Let us prove the main results of the present paper.
Theorem 3.1. Let 1< 65.1),6(].2),11. <+, 1<p, <q; <o, j=1,..m, and a function CXt) will be function

of mixed module continuity type of an order | which satisfies the conditions (S) and (S)),

1 1 .
o, >———,] =1,...m
P, 4
1) IflSG(jz) <t,<+w,j=1,..,m, then
c i | o | E
_1(10g2 N) = H2 P 4 < sup ”f SQ(N)(f)H* o <2 Hz P 4 ,
N Jj=1 B JES (1) N J=1 _
SEN(N) s, SER(N) L
9(2)

where gz(al,...,sm); €, = L...,m.

9(2) 9]

2) If 36(1.2),j=1,...,m, then
1 1

G sup Q2 )H2 [pl q']g sup Hf Somn (f )H*—m SCZ sup. Q(2° )HQ [;_Z]

SEN(N) /es, ,m sel™* ()
Proof. By theorem 2.8 we have

1

sup. Hf Sgon (g <€ 1&[2”[’”q-’]Has(f—sg(m(f))uqﬁm -

JeS“ Jj=1 B
seZ [ 2
” S.[L;]
=clT12 " "o, (h S (O] oo
=1
! sel'* (V) Lo
Since B, = o (2) —~>1,j=1,...,m, applying Holder inequality we get from it that
J
£
sup H S = Soull )] 5 = CH{ ﬁ,)}f ) ><C Q2" )H2 v g, .8
fe SQ . > seZl
0 sel (N) L
- T 0%
— . _ J ]
where £=(g,,..,€,,); €, = - _932) .

By lemma 2.5 and the definition of the set T () in (8) we have

_[L,L]
Sglzlp Hf SQ(N)(f)H— o S H2 \poa
fe S0 A

SEN(N) ||
s

In item 1 of the theorem the upper estimation has been proved.
Let us prove the lower estimation. Consider the function

- D m T iRy
£(®)=(og,N) 77 3 []a@")2 ) > o,

SEN(N) Jj=1 kep(s)

8 BecTHuk KaparaHavHckoro yHuBepcuteTa
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. . . 1 & .
In one-dimensional case for Dirichlet kernel D, (x) = 5 + Ze”“ the following statement holds
k=1
1

1,7
D], ==<n ?,1<p<+0,1<0<-+o0.
n p,e
It implies that
()
Z &) - sz )
kep(s‘) p,é J=1

Therefore by lemma 2.6 and by this estimation we have

e

5l |

L
=(log, N) = { X (s )}SE%(N)
-

Hence C,' f, € S%B. Now taking into account that Sg( w £,,x)=0 theorem 2.9 and (9) we have

v
115 =Soon U o =il o 2 € Hz-f[x,. 4

)Hw” -
seZJr l .
() gy 2 e
=C Hz ) (log, N) =7 Q2™ )Hz / Ze >
kep(s) 7o |-
SEN(N) L,
e
>—(log2N)j ! Hz e T
- SEN(N) Lo
Thus
[P
gup Hf SQ(N)(f)H**(Z) < (10g2 N) " Hz‘ b
it ! SEN(N) L)

Item 1) has been proved.
Let us prove the second item of the theorem. Since 1, <6

[2; 125]) we obtain

,J =1,...,m, applying Jensen inequality (see

8./ 0 <

sel(N) i
c

Sup Hf SQ(N)(f)H* o SC HZ [p’ q/]

/eS?,“)
H{ » 7(]) }

for any function f €S 50 _B. In item 2) the upper estimation has been proved. For the lower estimation
p.0

sup Q277 )H2 [71’_;1’]

i selt (V)

+

consider the function

f®=0027)2 7 [l]ze’”,

kep(s)

where s e N(N).Then f € Sf’an _B. Next by (9) we have
P T
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Hf SQ(N)(f)Hf =(2) —”f”* ~2) Z

m

35, L L

>CcQ2 )2 7 £1]Hz [ f’] —coe ]2 {”f f’f] V;GN(N).

Jj=1

This proves the lower estimation.

Theorem 3.2. Let a function Q(E) will be a function of mixed continuity type of an order | which
satisfies the conditions (S)and (S)).

) Ifl<q,<p,<mo, p,22,1< Oj,rj <+, j=1,...,m, then

3 1;]

s ||f Soon () 5 > <—(1og2N)’{

for 2<1:j <400, j=1,...,m

2) Ifrj <2,j=1,..,m, then

1
=S Ul

3) If 1, <B=max{p,,..,p,.2}, then
C

s, [ = Soun ;5 <5

Proof. Since q;<p;»J =1,...,m, we have

I7]-5 <

LU,

Therefore

(10)

2}2. (11)

(12)

1/ = Soon (. s E1S =Sount), =

DR
sekt (N) >

Now, since 2 < p; <+, j= L...,m by theorem 1 from (10) we obtain

1
i} { z,o
sel (N)

If 2<71, <400, j=1,....m, then applying Holder inequality from (11) we get

o g

- 11 T,
where € =(g5:4€,)s €, = 2B\ —+—=1B, ==, j=L..,m
J J Bj Bj J 2

Now by lemma 2.5 for [3j =0,j=1,....m and by lemma 2.6 from (12) we obtain
{ P }SEZT
Yo

1 - 1 =2,
O, SO los W

|/ =00 (Nl _{ o

{Q(z )

sel (V) || ’
:

=850 (N <

x {9(2'5)},

SER(V) ||,
s

fi}qlngHf =Somn (f )Ha6 <

1

where X ,,— is the characteristic function of the set X(N). This proved the upper estimation in item 1).

10 BecTHuk KaparaHguHckoro yHuBepcuTeTa
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If t, <2, j=1,...,m, then using Jensen inequality from (16) we have

s porf< 3

Therefore from inequality (11) we obtain

SUp ”f _SQ<N>(f)||;§ < sup Q27 )<_
fes; B ,

sel'H(N)

sel(N)

;)2 }2 sup Q7).

In the case 2< p, <+0,7,<2,j=1,...,m

Let us prove item 3). Let 1< p, <400, j=1,...m, p= min{pl,...,pm,2}. Then by theorem 2.7 from (10)

we have
1
B
|7 =Soum (N5 <€ (13)
seFL(
If 7, < B,j=1,...,m, then using Jensen inequality we obtain
1 1
seri(zv) sert (V) selE(W)
Therefore from (13) we get
sup ||f Soun (N5 _sup Q< < — (14)

fesy sel (V)
incase T, < B,1< p;<+x,j= 1,...,m. Th1s proves the upper estimation.
Let us prove the lower estimation. Firstly, .we consider item 1).Let 2<g;<p, <+,
2< T, <0, j=1,...,m. We consider the function

Z Q(Z ) kx>

. seN(N)

£ = G,

SEN(N) ||,

where &; e p(;) is a some fixed element. By the definition if the space SQ—B we have

H | ESNEIE | H X @) | =1
L.e. the function f, € S;’;B. Since by the assumptlon of the theorem 2<gq <o, j=1,...,m, then
171, <0715
Therefore taking into account Sy, y,(fy. r,;) =0 by Parcevalle equality we get
[ = Soon Ol 5 =l s 25,

[zoe

SEN(N)

{ MN)( )}VEI\(N)

S EOEII.|

-1

C
ZNH{ \(N)( )} N |,
Thus

{Xam®)}- (15)

seN(N) ||,

NH H \(N)( )}s sv |,

2<q;,<p; <+x, 2<Tj<OO,J=1,...,m

Sl

Cepust «MaTtemaTuka». Ne 4(72)/2013 11
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Next by lemma 2.6
P
H{XN(N)(S)}SEN(N) <Cyllog, Ny
and for 7, = 2,j=1,..,m
C(log, Ny <l Xy )} |

Therefore from (15) follows that

L

1 2657
up ||/ = Squu () 5 = G- log, M7 7

fesé’;B
Let us prove the lower estimation in item 2). Let 2< p <+, j = L,...,m, then we consider the function
2,0 =02 )" ¢ >0,
where &, e p(y_c),;* =(8,..-,5,,) €NX(N). Then

o @)l el H ¢’ I or)=6,

seZl! - P
Hence the function g, S%B. Since S,y ( gg,;) =0, then

BN | i
|20 = Sorn (el =lalis = 22 T = o).
q,
This means that
sup |/ = Sou ()], 2CQERT), Vs e NN, (16)

Q
feS;;B

in the case 2< p, <+00,1,<2,j=1,...,m.

It is known that % < Q(2’§) from s N(V) (see (3)). Therefore from (16) it follows that

sup I = Soun (N G

fes9-
incase 2< p; <+0,1, <2, j =l,...,m.
Remark. We note that for the case q; =9j =q, p;=p, T,=T,] =1,...,m theorem 3.2 was proved
S.A. Stasyuk [14]. For the case p, =07 =p, g, =07 =¢q, 1,=+0,j=1,...m theorem 3.1 was proved
N.N. Pustovoitov{[3].

The work was financially supported by Science Committee of the MSE RK (Grant/0740).
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F.AxpimeB

Jlopenn keHicTiringe ;kannpLianFan Hukoascknii—becoB KiachiH
JKYBIKTAY/IBIH PeTi KalJIbl

Maxkanana apamac HopMmansl JIOPEHI . KEHICTiri KapactbippurFa. JKanmmbeuianran Hukonsckuii-—becos
KJIaCBIHBIH aHBIKTaMachl OepiiareH. MakaiaHblH Herisri HoTikesnepi Hukosbckuii—becoB kimachHBIH (yHK-
[MSUIAPbIH  FapMOHMKAJaphl THUIEPOONaNbIK KpecTe KaraThlH ecenmi  @Dypbe KaTapblHbIH jepoec
KOCBIH/IBUTAPBIMEH JKYBIKTAYBIHBIH pETTepiH Oaraiay O0JIbI TaObLIA/IbL.

I'.Axumies

O nopsiaxax npudankeHust 0006menHoro kiaacca Hukoiabckoro—becosa
B nnpocrpancTie Jlopenua

B crarbe pacemoTpeHo npoctpancTBo JlopeHna co cMelmanHod HOpMOH. [laHo ompernenenne 0000LIEHHOTO
kiiacca Huxonbckoro—becoBa. OCHOBHBIMM pe3yJIbTaTaMH CTaTbU SIBIISFOTCS OLEHKH HOPSIKA MPUOIKCHUS
¢byakumn kiacca Hukosibckoro—becoBa yacTHYHBIME CyMMaMH KpaTHOro psga dypse ¢ rapMOHHKAMH U3
runepOoIMYecKoro Kpecra.
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Adaptation of GIS Open Source Maps to Lanes Graph

This article describes the algorithm for automatic adaptation.of a graph of streets taken from open source
maps to a graph of traffic lanes. During the work, we encountered several problems, some of which have been
left open. They key idea is to generate new edges «to the right» of the edges given in a street map and to con-
nect them together. All solutions are described-with a text followed by some programming code.

Key words: GIS, maps, streets, lanes, graphs, traffic simulation.

Introduction

Given a set of vertices and edges that represent streets with their properties like «one-way», «number of
lanes» etc., our goal is to produce a proper graph of traffic lanes with connected edges so that it would be
possible to find the exact ways of traffic movement.

What are the general problems with the graph? First, all neighbor edges must be connected in a sense
that they really need to have a common vertex. Second, the graph must obey some basic traffic rules like it is
not allowed to turn right from the second lane or to turn left from the right lane.

The basic approach is as follows:

1. If'the street is not one-way, we copy it and swap the direction. Both streets become one-way.

2. Having only one-way streets, we build vertices and edges to the right of this street, as many as the

stated number of lanes. By default, we build three lanes.

3. Correcting the graph.

The last step is the most difficult and hence the most interesting part.

Data from Openstreetmap.org. The data available on openstreetmap.org is divided into two basic parts:

1. Node. This object represents a vertex with geographic coordinates.

2. Way — a sequence of nodes and some properties. The ordered sequence of nodes can represent a road
(street), building or a park depending on its properties. Moreover, each type of these objects has its own
unique properties. For instance, a street has a property «One-way»; a building has a property «Levels».

Reading a way from the database we build a set of edges in our graph. Of course, all the original data is
stored in each edge so we can find the corresponding original way in the database in just one step. We skip
the simple function that reads an XML file downloaded from openstreetmap.org and creates an array of
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