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The first boundary value problem with deviation from the
characteristics for a second-order parabolic-hyperbolic equation

We pose and investigate the first boundary value problem using a model second order equation of
parabolic-hyperbolic type with A.M. Nakhushev’s conditions violated relative to coefficients. Despite these
conditions are violated an a priori estimate similar to the a priori estimate obtained by A.M. Nakhushev
takes place for solving the first boundary-value problem under study.
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Introduction
Consider the equation
—k TTH < 07
F=Lu= b R, Y (1)
Uyy + Ug, y >0,

where k(y) > k1 > 0, f = f(x,y) are given functions, and v = u(z,y) is an unknown one. For y < 0, equation
(1) coincides with the Chaplygin equation [1; 21], and/for y > 0,1t is a parabolic equation backward in time
(with z standing for a time variable). Thus, equation (1) is a second-order parabolic-hyperbolic equation with
non-characteristic line of degeneracy [2].

A great number of scientific researches are/devoted to the study of boundary-value problems for second-
order parabolic-hyperbolic equations with nen-characteristic line of degeneracy. For example, in [3], by the
spectral method, a priori estimates in the L,- and C=classes for solution of the Tricomi problem for an equation
of the form (1), are obtained. In [4-8]; boundary value problems with deviation from the characteristics for
parabolic-hyperbolic equations are studied.

In [9], a method enabling one to formulate well-posed boundary value problems for a class of linear parabolic-
hyperbolic equations of the form

LU = uyy - k(.’lf, y)umfc + a(xvy)uz + b(fE, y)uy + C(Iay)u = f(xa y)7 (2)

in a bounded domain € with piecewise smooth boundary ¥, is given. It is assumed that the coefficients of (2)
are continuous and satisfy the Nakhushev conditions, namely:

kx(x,y), ax(x,y), Caf(xvy) eC (ﬁ) ) f(I7y) € Ly (Q) ) (3)
k(z,y) >0,  V(z,y) €, (4)
alz,y) >0, 2a(x,y)+ ky(z,y) >0, Y(z,y) € Qo, (5)

where g is the domain of parabolicity of (2). In particular, all parts of ¥ which should be free from boundary
data, are specified. Moreover, an a priori estimate for such a problem for (2) is obtained. The latter implies
the uniqueness of a regular solution and the existance of a weak one. In [10], this problem is called the first
boundary value problem for parabolic-hyperbolic equations.

In what follows, by €2 we denote the union of 1, Qs and J,., i.e. Q@ = Q; UQy U J,., where

Q={(z,y):0<z<r, 0 <y <opx)};

Qo ={(z,y):0< <, (z) <y<0}U{(z,y): I <z <r yz)<y<0}
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and
Jr=A(z,y):0<z<r, y=0}

It is assumed that
o(z) € CI[O,T], 7 (z) € Cl[O,l}, Ya(z) € Cl[l,r]

and
(@) >0, () <0, %(@) >0,  7(0)=12(r) =0, 7()=12(0).

We will use the following notations:
A=A(0,0); B=B(r0); C=C(n); Ao=A0(0,0(0)); Bo=Bo(r e(r))

oo={(z,y):0<z<r, y=9()} or={(z,y):0<z<l, y=mn(2)}
and
oo ={(z,y):l<x<r y=ry)}

We also require f(z,y) and k(y) to be continuous, i.e.
fFeC(), i=12  k(y) eCMm),0].

As it is shown in [9], the well-posedness of the first boundary-value problem for-equation (1) strongly depends
on the mutual location of curves o1 and o9, and the characteristics

Y

y
ACy rz + / VEk()dt =0 and ChBia — / k(t)dt =r.
0

0

Here, C1 is the point of intersection of the characteristics passing through the points A and B.

In this paper, we consider equation (1) with coefficients not satisfying the Nakhushev conditions. We state
and solve the first boundary value problem in the case when the curves o1 and o5 lie entirely in the characteristic
triangle ABC'. We also prove an analogue of the a priori estimate obtained in [9].

Formulation of the problem

By substitution [9]:
w(a,y) = v(z,y) exp (nz), (6)

the given operator Lu associated with the operator L,v according to the formula

70 =) vy = k() vaw = 2 k(y) v — p k(y) v,y <05
4 Vyy + Vg + 10, y >0,

where p is some negative number. The operators Lu and L,v when replacing (6) will be related by
Lu = exp (px) Lyv.
The Regular solution of the equation
Lyv = fu, fu=exp(—pz) f (7)

inthe domain Q we call any function v = v(z,y) for the class C' () N C* (Q) N C? () N C} (), which turns
the equation into an identity upon substitution.

Problem 1. Find in the domain € the regular solution v =wv(z,y) to the equation (7) of
v(z,y) € Ct (Q) NC2%(Q;), i = 1,2 satisfying the boundary conditions

v=0 V (z,y) € BBy U oy Uos; (8)

vy =0 Y (z,y) € o1. (9)
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Theorem to get a priori estimation of the solution to problem 1

Further, we use the following notation:

(u, v)y = /ude; ||u|\(2) = /quQ;
Q

Q

||u||‘f:/[u2+ui+u§] d.
Q

The following Theorem holds true.
Theorem 1. Assume the curves og, o1 and o9, restricting the domain 2 are such that they possess the

following properties:

ao: y = p(x) € C10, r], and besides ¢'(x) <0 V z € [0,7]; (10)
o1y =n(x) €C'[0,1]; 05 =CB: y=a(z) € C I, r]; (11)
-1 <Vk(y)Y(x) <0 ¥ (z,y) € AC; (12)
0 < VE@W) v(z) <1 V (z,y) € CB. (13)
Then to solve v = v(x,y) of problem 1 we have the energy inequality
[olly < Myl fully » (14)

where the function v = v(z,y) is associated with the solution u' = u(x, y) of original equation (1) according to
the formula (6), and M; is the positive constant that does not depend on the sought function v(zx,y).
Proof. For the operator L,v as y < 0 the equality

20(z) vy Lyv = 20(2) vy [vyy — k(Y)Vew — 21 k(y) ve — pk(y)v] =

0 0
= a—y [2(5(1})Uw Uy} — %

+6(x) [a(Rly) vz + v;) — 4pnk(y)vs + ap’k(y)v?],

[6(2) (Bly)v2 + v2 + 1k(y)v?)] +

holds true while as y > 0 we have the equality

20(x) Lyv = 26(&) [gy+ vz + pov] = 3% [6(z) (po? —vp)] + 3%/ [28(z)vpv,] +

+0(z) [202 + avi — pav?],

where §(x) = exp (ax), '@ > 0. With the above equalities, it is easy to verify that for any function
v(z,y) € C* ()N C2 (), i =1,2 holds

2(6(z)vz, Lyv), = /25(36) Vg Lyvd§) = /26(m) Uy LyvdQ + / 20(x) vy LyvdQs =
Q 951 Q2

= /25(36) Uy [Uyy — k(Y)Vse — 200 k(y) vz — p2k(y)v] dQ1+

Q
+ [ 26(z) vy [vyy + vz + pv]dQy =
/
—/2 [26(z) v, vy] — 9 [6(z) (k(y)v2 +v2 + 1k(y)v?)] dQi+
Q4
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+/ % [5(1') (/J”U2 — ’Uz)} + gy [2(5($)Uzuy] dQs+
Qo

+ / §(x) [a (k(y)v2 +v2) — Apk(y)vl + ap’k(y)v?] Qi+
Q1

+/5(x) [207 + ozv,j — pow?] d€ds.
Qa

Applying the Green formula to the last equation, we obtain

2(0(2)vs, L)y = — / [20(x) v vyl da + [6(x) (k(y)od +v) + pu*k(y)v?)] dy+

Iy

+/ [6(z) (v — vj)] dy — [26(x)vgv,] dz+
Iy

+ / §(z) [(a —4p) k(y)vs + av] + ap’k(y)v®] d+

1951
+ [ 8(z) [202 + avz — pov?]dy =
l [ ]
Ao Bog
=[5 [ 0. ) — 0?0, )] dy 5 Qe g (r.9) — 3 (1)
A B
By
+/5(x) [2ugvyda + (vi — pv?)dy] —
Ao

5(a) [2u, vyda + (k(y)vl + vi + pPk(y)v?) dy] —

() [2vg vyda + (k(y)vl + U; + 1Pk(y)v?) dy] +

+ [ 6(x) [(or —4p) k(y)v? + owz + a,uzk(y)vz} A+

g

+/6(m) [202 + avj — pow?] dQs =
Qo
=h+DL+ I3+ 14+ 15+ I+ Ir, (15)

where I'1 = AAy U AgBy U BBy U AB; T'y = AC UCB U AB — are boundaries of the domains £2; and s,
respectively.
Since p < 0 then
Ao
1= [8(0) [0 9) = w* 0. )] dy 2 0
A
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and due to boundary condition (8)

By

Iy= [ 6(z) [pv?(r,y) — vg (r, y)] dy = 0.
/

Next, in view of boundary condition (8) v(z,¥) |a,8, = v(#,y) |y=p(z) =0, and therefore in the line AgBo
the equality: v, + vy’ (2) = 0 holds. Thus,

I; = /5 2vzvydx+(v — pv? )dy] = /5 QUzUy+U ¢ (z)] do =

Ao
/5 v + ¢ (x /5 2da:

and with condition (10) for the function y = ¢(x) the integral I3 > 0.
On the curve o7 : y = 1(x) taking into account the boundary condition (9) we have

c
- / §(z) [2vy vydx + (k(y)v2 + ’U; + 1P k(y)v?) dy] =
A

!
/5 [2v, vy + (k(y)vi + v§ + uzk(y)vz) Y1 (2)] do =
0

Similarly on the curve og : y = v2(z) get

B
—/5(90) [2vpvydx + (k(y)vl + vy + (P k(y)v?) dy] =
c

™

4 —/6(33) 20, vy + (k(y)vZ + V) + 12 k(y)v?) v5(x)] do =
1

r

S /5(91:) [—k(y) va(z) V2 — 2vp vy —Y5(x) vy — 1 k(y) v5(z) v*] da.
!

Due’ to condition (8) of problem 1: w(z, ¥Y)lo, = v(@, Y|y = 4@ = 0. Hence
[va(z, y) ¥ v4(x,y) v5(2)] |sy=cp = 0. Considering this, for the integral I5 we have
Is = /6 v — k(y) 5 )’U;] dr = /(5(33) v5(z) [1 = k(y) fyé%x)] U;dl’.
!

By the last formula it is clear under conditions (11), (13) on the curve o3 = CB : y = vya(z) for integral I
we get the inequality

Is = [ Snho) [1 = by) (@] vide = 0,
l
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Thus, under conditions (10)—(13) of theorem 1 the integrals I,, > 0, n = 1,5. Discarding the nonnegative
integrals I,,, n=1,5 by (15) we arrive at the inequality

2(6(z)va, Lyv)y >

> [ 6(a) [(@ ~ 4 kw)e? + av] + anhly)e?] d+
Q

+/5(m) 202 + av] — pav®] dQy =

Qo
- / 5(x) [(2H (y) + (0 — A1) k(y)H (—y)) 02 + o] d2+
Q
+a [ 8(0) [ H () - n ()] v*do, (16)
Q

where H(y) is the Heaviside function.
On the other hand, with the Cauchy-Bunyakovskii inequality, for all ¢ > 0 find

0

< v

By (16) and (17) the inequality

/ 5(x) [(2H () + (o — dp) Mo H (5) 2 +
Q

+C) VAl Lo

’Z (17)

+ avy + o (WPH(—y) — pH(y)) v* ] dQ <

<e|Va@ |, + o @) Vi Lo

2
)
0

is implied, whence

[ 8(0) [ )% (@ 1) k@) H (~9) ~ ) 02 +av? +
Q
¥a (1PH (=y) — pH(y)) v*]dQ < C1 () || Luolly , (18)

where Cy (¢) = exp (ar)C(e). Select in the latter inequality the numbers ¢ > 0, @ > 0, 4 < 0 so that
e < min {(o — 4p) k1, 2}. Then for the left-hand side the following estimate holds:

[5(0) [2H) + (@~ ) k) H (9) - 9) 02 + awt
Q

+o (WPH (—y) — pH(y)) v* ] dQ > M / (0% +0f +07) d2 = M ||o]}, (19)
Q

where M'=min {2 — &; (o —4p)k1 —¢; a; pPo, |pla}.

By inequalities (18)—(19) we arrive at the a priori estimate (14). Theorem 1 is proved.

By the Theorem 1 we conclude that if ©w = u(x,y) in the domain € is the solution of original equation (1)
for the class C*' () with the right-hand side f(z,y) € Lo (Q) satisfying the boundary conditions

u=0 V(x,y) € BByUoyUoa,

then we have the estimate
(0 = ) + w2 + 2] a2 < MF | £ (20)
Q
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40

By the a priori estimate (20) implies the uniqueness of the regular solution of Problem 1 and the existence
of a weak solution for the dual of Problem 1 for any right-hand side f(z,y) € L2 (£2).

We note that boundary condition (9) in the statement of Problem 1 can be replaced either by the condition
v, =0 V(x,y) € o1 or the condition v,, = 0 V (z,y) € o1, where v,, is the derivative of the function
v = v(z,y) in the direction of the outward-pointing normal to the curve o3 = AC.

10
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7K. A. Banku3zos

I'uniep6oJsiaHy OOJIBICHIHIA CUNATTAYINbLIAPAAH aJIbICTaraH
eKIHIII peTTi mapaboJia-rurnepooJIajIbIK TUIITI MOJIeJIi
TeHJey YIIiH OIpiHII MIeTTIK eceIl

Exinmi perrti mogeni mapabosia-rurepOosiaablK TANTI TEHJIEY MbICAJIbIHIA KOIMMUIUEHTTEPiHE KATHICThI
A.M. HaxymreBTiH mapTrapbl OpbIHIAJIMAFAH XKaFgailbl YIITiH OIPIHIII MIETTIK ecenm KONUBLIBII 3€PTTEITEH.
Koaddunmenrrepine karsicror A.M. HaxymieBTiy mapTrapbl OpblHIAJIMAaraH XKarjaiira KapaMacTaH, XKy-
MBICTa 3€PTTEJIiHIN OThIpFaH Oipinmi mertik ecen yinin A.M. HaxyimeBriH »KyMbICTAPBIHIA aJbIHFAH allpU-
OpJIBIK OaraJjiayra yKCac alpUOPJIBbIK Oarayiay bl OPLIH AJIaTbIHbI KOPCETIIreH.

Kiam cesdep: mapaboMKAIBIK-TUTIEPOOJIATIBIK, TEHIEY, OIPIHIIN IMeKapaJiblK ecerm, MpobJIeMaHbl IMENTyre
anpropJIbl baraJiay.
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2K.A. Bankuzos

IlepBas kpaeBas 3ajsava JIJisi MO/IeJIbHOTO ypPaBHEHUS
napaboJIo-ruIiepooJIMIEeCKOro TUMIa BTOPOTO MOPSAIKA
C OTXOJIOM OT XapaKTEPHUCTUK B 00JIACTU TUIIepOOJIMIHOCTHI

Ha npumepe MO/1ebHOTO ypaBHEHUS 1apabOJIO-TUIePOOIMIECKOr0 THIIA BTOPOrO HOPsi/IKa, OTHOCHTEIHHO
ko3 durenToB Koroporo Hapymrens! yciaosust A.M. Haxymesa, cpopmynupoBana n ucciie/joBana nepBast
KpaeBas 3a7a4a. [lokazaHo, 9TO HECMOTDPsSI Ha TO, YTO OTHOCHUTEIHHO KOI(DMUIHMEHTOB PACCMaTPUBAEMOrO
ypaBHeHus1 HapyieHsl yciaoBust A.M. HaxymieBa, mis perneHust uccienyeMoir B pabore 1epBoif KpaeBoil
3a]1a9u OyJIeT MIMeTh MECTO allPUOPHAsi OIEHKA, aHAJOIMYHAsI AIPUOPHOI oleHKe, nosrydennoi A M. Haxy-
IIIEBBIM.

Karouesvie crosa: ypaBHEHHE CMEIIAHHOTO HapabOsIo-TUIIEPOOJNIeCcKOro THIA, IepBas KpaeBas 3a1ad4a,
aIpUOPHAasl OIEHKA DPEIIeHNUsI.
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