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Abstract. Quantitative analysis of the structure of star clusters is crucial for understanding their formation 

and evolution. In this article, we explore the application of fractal dimension analysis to study the evolution of star 

clusters, also fractal dimension, a concept from fractal geometry, provides a quantitative measure of the complexity 

and self-similarity of geometric objects. By considering star clusters as complex networks, we employ the box 

covering method to calculate their fractal dimension. Our methodology combines the well-established Minimum 

Spanning Tree (MST) and Box-Covering (BC) methods and using these methods, the fractal structure of the clusters 

was determined. It was revealed that star clusters disintegrate at a fractal dimension of 1.3 and obey a power law. 

It should be noted that the obtained result was compared with the results of the McLuster. 
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1. Introduction 

 
A star cluster is a gravitationally bound complex stellar structure with a radius ranging from 0.5 to several 

parsecs and a mass ranging from 103 to 107 solar masses [1]. 

Clusters of stars originate within massive molecular clouds triggered by the gravitational collapse of 

dense gas concentrations [2-3]. The influential impact of massive stars comes from various forms of stellar 

feedback, such as ionizing radiation, stellar winds, and radiation pressure, which can swiftly dismantle an 

entire molecular cloud [4-5]. The ejection of gas occurs at an approximate velocity of 10 km/s on average [6, 

7]. Consequently, for star-forming areas with dimensions smaller than 10 pc, gas could be blown within a span 

of less than 1 million years. The star formation process is assessed through a quantitative measure known as 

the star formation efficiency (SFE), revealing the connection between neutral gas and the law of star formation 

[8, 9]. Star Formation Efficiency (SFE) is measured when a gas turns into stars. In nearby areas where star 

formation takes place, the SFE is estimated to be less than 30% [2, 10-11]. On a larger galactic scale, the 

average SFE is only a few percent [12]. When gas is ejected quickly and star formation efficiency is low, it 

can destroy star clusters [13-14]. If a cluster experiences gas expulsion, it will lose both mass and density [14-

17]. Star clusters are direct products of the star formation process within galaxies and exhibit a significantly 

brighter nature compared to individual stars. Consequently, star clusters represent essential objects of study in 

star formation research [18]. 
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Most star clusters have a hierarchical structure [19-21]. Quantitative and objective statistical 

measurements are used to comprehend the evolution of complex hierarchical structures of star clusters [22]. 

Additionally, it is important to evaluate the observed clusters using numerical modeling methods. This paper 

is aimed at studying the structure of star clusters through the analysis of their fractal dimension, considering 

star clusters as a complex network [23]. The primary issue in analyzing the fractality of complex networks lies 

in selecting a method for determining the dimension. When assessing the fractal properties of complex 

networks, the box-covering method is commonly employed [24]. The goal of this method is to identify the 

minimum number of boxes required to cover the entire network. Numerous algorithms have been proposed to 

address this challenge [25]. Minimum Spanning Tree (MST) was initially introduced in astronomy by Barrow 

et al. (1985) and finds applications in cosmology for the classification of large-scale structures, as well as for 

dynamic mass segregation in star clusters [26-31]. 

In this study, we introduce a novel approach by integrating Box-Covering (BC) and MST methods to 

analyze the fractal properties of star clusters across different stages of their evolution. While both methods 

have been applied separately in the study of fractal systems, their combination in the context of stellar clusters 

is innovative. The BC method is adapted to account for stellar mass loss during evolutionary stages, correlating 

this mass change with shifts in the cluster's fractal structure. Additionally, MST, which has traditionally been 

used to describe static topological structures, is applied dynamically to track the fragmentation and collapse of 

star-forming regions over time. This dual application of BC and MST provides new insights into the evolving 

fractal properties of star clusters, offering a deeper understanding of their structural development throughout 

their lifecycle. 

In Section 2, we present a proposed methodology that explains the process of analyzing the fractal 

dimensions of star clusters with varying SFE, considering them as complex networks. In Section 3, we present 

and discuss our results, while the main conclusions of our work are outlined in Section 4. 

 
2. Methodology 
 
In this study, we calculated the fractal dimensions of star clusters at various stages of evolution. We ran 

simulations of SCs with different SFE, including 0.15, 0.17 and 0.20. The initial mass of the cluster was 𝑀 =
6000 solar masses and it was simulated on a solar orbit, 8178 pc away from the Galactic center. The density 

profile of the initial cluster was modeled on the Plummer model [32]. After the start of the simulation, the 

effect of the gas explosion and the gravity of the host galaxy greatly change the shape of the initial cluster (see 

APPENDIX Fig. A1). And the lifetime of clusters can vary based on the SFE, so SCs with higher SFEs live 

longer [16-17] (also see the Table 1 in APPENDIX 2). We have created a star cluster model with a coefficient 

of (lambda) 𝜆 = 0.05 (1). 

 

𝜆 =
𝑟ℎ

𝑟𝑗
                                                                                                                                                       (1) 

 

The Jacobi radius, 𝑟𝑗 refers to the distance from the center of a cluster at which its gravitational potential 

becomes stronger than that of the host galaxy. And, the half-mass radius, 𝑟ℎ is the radius within which half of 

the cluster's total mass is located [12]. Since many stars fly apart into the galaxy's space, the cluster loses its 

stars, reducing the 𝑟𝑗 and the 𝑟ℎ (red circle in APPENDIX 1 Fig. A1). 

 

 
Fig.1. The flowchart demonstrates the algorithm of this study 
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To quantify the fractal dimension of the simulated star clusters, we used the MST and BC methods. 

The Minimum Spanning Tree (MST) is a unique network with minimal weight that connects any 

distribution of points in space. In this context, the weight of the tree is understood as the sum of the weights 

of the edges included in the network. However, in our case, instead of considering the weights of the edges, 

we evaluate the distances of stars relative to each other. The MST algorithm should build a network by 

connecting stars within a cluster with a minimum total length. The resulting MST represents the basis of the 

cluster's connectivity, revealing the underlying hierarchical organization and relationships between the stars 

The minimum spanning tree can be used to determine the network topology [32-33]. The next step was to 

determine the fractal dimension of the network using the well-known box coverage method [26]. The box 

coverage method is widely used to calculate the fractal dimension of complex networks, but its effectiveness 

relies on determining the minimum number of boxes needed to cover the entire network. If the distribution of 

the number of boxes, 𝑁𝑏(𝑙𝑏), corresponds to a power law, it indicates that 𝐷 represents the fractal dimension 

of a complex network. The concept of fractal dimension, as a measure of occupancy and complexity within 

object space, holds great importance for the study of the reliability of complex networks [33-34]. 

 

𝑁𝑏(𝑙𝑏)~𝑙𝑏
−𝐷                                                                                                                                              (2) 

 

where 𝑙𝑏 is the radius of the boxes, 𝑁𝑏 is the number of boxes. 

The discovery of fractal features and self-similarity in star clusters not only opens up a new perspective 

for improving our understanding of the internal structure and characteristics of these clusters but also provides 

a new basis for explaining the mechanisms underlying their formation, evolutionary processes, and the 

coexistence of various characteristics within them. 

 

3. Results and discussion 
 
According to the calculations, it can be asserted that the star cluster has a certain fractal dimension. As 

an example, Figure 2 illustrates the results of calculating the fractal dimension for SFE=0.15 at the age of 10 

million years. It is evident that the number of boxes decreases rapidly, depending on the radii, and follows a 

power law. However, there is a noticeable deviation from the power-law behavior when log(𝑙𝑏) > 3.5. This 

flattening suggests that at larger box sizes, the fractal nature of the star cluster begins to break down. In this 

case, the deviation is likely due to the fact that, at larger scales, the global structure of the cluster becomes 

more coherent and less fragmented, resulting in fewer boxes required to cover the structure. 

 

 
Fig.2. Fractal dimension of the cluster with SFE = 0.15 at 10 Myr age. 

 
The main results of our study are illustrated in Figure 3. We compared the fractal dimensions for various 

SFE values in the time range of 50-950 million years for a Jacobi radius of 1. At SFE=0.15, the fractal 

dimension values exhibit a sharp decrease over time, while at SFE=0.17 and SFE=0.20, the rates of change are 

the same. It is evident that the fractal dimension of the star cluster depends on its evolution and undergoes 

changes with alterations in its structure. 
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Figure 3 shows the dynamics of changes in fractal dimension during the evolution of star clusters. In the 

initial stages of young cluster evolution, a consistent increase in fractal dimension is observed, reaching its 

peak value after approximately 200 million years. This phenomenon can be explained by a more complex 

structure and active cluster formation processes that enhance fractal characteristics. The growth of fractal 

dimension observed at later times in Figure 3 reflects the re-structuring of the cluster as new hierarchical 

patterns form due to dynamical interactions and external perturbations. As the cluster evolves, mass loss from 

stellar evolution (particularly from massive stars) and gravitational interactions between stars lead to the 

emergence of new substructures, increasing the fractal dimension. The increase in fractal dimension at 800 

million years, for instance, is associated with the formation of subclusters or the merging of previously distinct 

structures. 

However, after reaching the specified time interval, it becomes evident that the clusters start to lose their 

fractal dimension. This phenomenon is attributed to the loss of complexity or organization within the cluster's 

structure. It can be triggered by dynamic interactions between stars, leading to a gradual reduction in the 

number of stars in the cluster and, ultimately, a decrease in its fractal dimension. In the final stage of their life, 

clusters lose their structure and become more dispersed [9]. From Figure 3, it can be noted that when the fractal 

dimension of a cluster falls below a certain 'threshold' value of 1.3, the cluster is prone to decay. 

Thus, analyzing the dynamics of changes in fractal dimension during the evolution of star clusters allows 

us to track the processes that shape and dismantle cluster structures. 

 

 
Fig.3. Comparison of fractal dimensions of different SFEs according to the evolution of star cluster formation. 

 

To validate our method, we measured the fractal dimensions of model star clusters generated using the 

publicly available code MCLUSTER [35]. We created star clusters with the following fractal dimensions: 1.6, 

2, 2.6, and 3. The results are shown in Figure 4 and Table 1. Due to errors and the inherent randomness of the 

MCLUSTER model, the fractal dimensions exhibit variations, but the structure in the generated star clusters 

follows to the power law. Therefore, we can assert that our method effectively captures the fractal structure in 

the distribution of star clusters. 

 
Table 1. 

 

No. Fractal dimension with our methods Fractal dimension with Mcluster 

1 1.35 1.6 

2 1.44 2 

3 1.59 2.6 

4 1.70 3 
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a) b) 

Fig.4. a) Distribution of a model star cluster constructed using MCLUSTER for fractal dimension D = 1.6;  

b) Power law for fractal dimension D = 1.6. 

 
4. Conclusion 

 
In this paper, we used algorithms that had not previously been used in the field of astronomy, specifically 

in the study of star clusters: MST and BC. To illustrate the proposed method, we modeled star clusters with 

varying initial SFE from birth to decay. We examined the moments of the cluster's life at intervals of 50 million 

years and calculated their fractal dimensions within a 1 Jacobi radius. The following conclusions were drawn: 

Firstly, a star cluster has a specific fractal dimension and exhibits both fractal and hierarchical structures. 

Secondly, the fractal dimension of the star cluster depends on the cluster's structure and varies 

significantly throughout its evolution. The importance of fractal dimension increases primarily due to rapid 

dynamic relaxation, which leads to a complexity of the structure. Subsequently, it begins to decrease because 

of a reduction in the number of stars within the cluster, leading to the structure of the star cluster becoming 

more homogeneous and less complex. 

Thirdly, when the fractal dimension of a star cluster falls below a certain "threshold" (D~1.3), it tends to 

decay. To compare our results, we used the distribution of star clusters generated by the publicly available 

code MCLUSTER. Our method was then employed to determine the fractal structure of these clusters. 

Our results indicate that our method can serve as an effective tool for studying the structure and topology 

of complex clusters. 
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APPENDIX 1 
 

 

 
Fig.A1. Evolution of the cluster with SFE=0.15 (red circle is a Jacobi radius). 

 

Figure A1 shows the evolution of the cluster with an SFE=15% and a time interval of 50 Myr. The red 

circle marks the Jacobi radius which decreases as the cluster dissolves. 
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APPENDIX 2 
 
Table A1. Statistical analysis of clusters: SFE=0.15, 0.17, 0.20. In Table A1, the Jacobi radius at various stages of 

SC's lifetime, along with mass and number of stars within that radius, are shown. 

 

Age 

(Myr) 

SFE=0.15 SFE=0.17 SFE=0.20 

RJ (pc) N MJ (M☉) RJ (pc) N MJ (M☉) RJ (pc) N MJ (M☉) 

0 24.40 10454 6000 24.44 10433 6000 24.51 10432 6000 

50 13.50 2138 998.1 15.19 3068 1424.8 16.33 3902 1766.3 

150 12.50 1803 793.7 14.44 2768 1224.0 15.53 3502 1521.6 

250 11.35 1307 591.9 13.51 2287 1007.4 14.70 3018 1291.3 

350 10.55 1002 476.4 13.03 1958 898.8 14.21 2675 1161.5 

450 9.80 750 383.2 12.53 1661 799.9 13.65 2304 1034.2 

550 8.88 532 283.9 11.94 1376 691.6 13.19 2009 931.5 

650 8.14 356 219.4 10.40 1140 601.4 12.71 1712 833.1 

750 7.21 211 152.5 10.74 899 503.07 12.08 1390 718.7 

850 6.52 137 112.3 10.00 673 406.8 11.58 1150 632.2 

950 5.47 75 66.6 9.11 454 307.5 11.01 931 542.9 

1000 4.90 51 47.8 8.72 377 269.7 10.83 840 514.6 
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