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This study begins by presenting the key definitions and preliminary concepts, including the
fundamental principles of g-calculus, which form the theoretical foundation of the work. Detailed
discussions can be found in (1), (2) and (3). This work operates under the standing assumption
that0 < ¢ < 1.

Let a € R. Then a ¢-real number [/, is defined by

1—q”
where liml%a = .
q—1 q
We introduce for £ € N:
T (a; q)
(a;9)0 =1, (a;q)n = || (1 = d*a), (a;0)0 = lim (a,@)d7(& @) = —— .
) (a; q) 1£[0( ), (a;q) Tim (a, @) (@ q) T

For any two real numbers o and /3, we have
(a—b)2 (a— g% =Na )27

The gamma function I',(x) is defined by

for any x > 0. Moreover\it yieldsthat
Ly(@)la]y =Tyl +1).
The g-analoguégdifferential operator D, f(z) is

fx) = f(gx)
(l—q)

and the g-derivatives Dy (f(x)) of higher order are defined inductively as follows:

qu@) =

D2<f<x>> = f(iL’), Dg(f@)) =D, (D:]Lilf@;)) ) (TL =1,2,3,. )

The g-integral of a function f defined in the interval [0, b] is defined by the expression

(Lf) (z) = / e =2(-) S f ) ",z e0.1]
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The g¢-Beta function is defined for any a, 8 > 0 as follows:

By(a,B) = —Iléq((ao?iq(ﬁﬁ)) = /ajal(l — qx)qﬁ_ldqx.

Definition 1. (4). Let & > 0 and f be a function defined on [0, 1]. The Riemann-Liouville
fractional ¢-integral is expressed as (] i ) (), and are defined by

xT

(I:;O‘Ff) () = Fqia) /(55 - qs)é&il)f(S)dqs.

0

Definition 2. The Riemann-Liouville fractional ¢-derivative of order oy > 0 is defined as

(D2 f) (x), and

(Di,“f) (z) = (Dga]lga]_af) (), a>0,

where [a] is the smallest integer greater than or equal to «.
Lemma 1. (5). Let g(z) € L[0,1] and 1 < a < 2, then thefe®xists a unique solution for

Do y(x) + flz,y(x) =0, 0<AEHI0<g<1, (1)

y(0)=0, DIy ) =aD., y(r)+\ 2)

is

1
a1 Lala+p)
y(x) = /Gq(:c,s)f(x,y(a:))dqs—l—)\x 1—qF @
q
0]
where
( d o—1 Dts (0‘_5_1)7adxa—1 T—qs (a=B-1) r—qs (a—1) .
o ( q )q Fq(é) q )q ( q )q , O S S S mln{x’T} < 1’
dx"‘l(1—<Jé>’)¢(1a_ﬁ_l)—(:c—tzs)ga_1> I<r1t<s<zr<i1
GQ(xa S) - a—1 (aliqﬁ(fél)) a—1 | (a=B-1) B
da® 1 (1=gs)q Fq—&d)m (T=95)q : 0<zr<s<7<,
dwo‘_l(l—qs)(afﬁfl)
Fq(a)q ) HlaX{I', T} S s S 1’

for whichd = (1 — aTa_ﬁ_l)_l,O <B<L0<a<,A> N >0,7€(0,1),ar* P2 <14,
0<a—fF—1landf:[0,1] x[0,00) = [0, 00).
In this work, we assume that the function

f:10,1] x [0,00) = [0, 00)

the following Caratheodory conditions are satisfied
(H1):
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(i) For every fixed t € [0, 00), the mapping x — f(z,t) is Lebesgue measurable on [0, 1];
(ii) For every fixed = € [0, 1], the mapping t — f(x,t) is continuous on [0, c0).

Theorem 1. Assume that (H1) is satisfied and that there exists a real-valued function
h(z) € L]0, 1] such that

f(z,y) = f(z,2)] < h(z)]y - 2],

for almost every = € [0,1] and all y, z € [0, 00). If

1
0< /Gq(&s) h(s)dys < 1,
0

then, the boundary value problem (BVP) defined by (1) and (2) on [0, #].admits*a unique positive
solution.

Lemma 2. Assume that condition (H1) holds and that there exist tWo sonnegative, real-valued
functions m and n in L[0, 1] such that

fz,t) <n(x)+m(e)ts

for almost all = € [0, 1] and all ¢ € [0, o). Hencéythe opérator 7' : P — P, as defined in (Lemma
1), is completely continuous.
Theorem 2. Assume that all the conditionstefdemma 2 are satisfied. If

1
/Gq(s, s)m(s)d,s < 1,
0

then the boundary valué'preblem¥(1) and (2) admits at least one solution.
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