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On zeros of an entire function coinciding with exponential
typequasi-polynomials, associated with a regular third-order
differential operator on an interval

In this paper, we consider the question on study of zeros of an entire function of one class, which coi-
ncides with quasi-polynomials of exponential type. Eigenvalue problems for some classes of differential
operators on a segment are reduced to a similar problem. In particular, the studied problem is led by the
eigenvalue problem for a linear differential equation of the third order with regular. boundary value condi-
tions in the space W3(0,1). The studied entire function is adequately characteristic determinant of the
spectral problem for a third-order linear differential operator with periodic boundary value conditions. An
algorithm to construct a conjugate indicator diagram of an entire function of one class is indicated, which
coincides with exponential type quasi-polynomials with comparable exponentsaccording to the monograph
by A.F. Leontyev. Existence of a countable number of zeros of the studied entire function in each series is
proved, which are simultaneously eigenvalues of the above-mentioned third-order differential operator with
regular boundary value conditions. We determine distance between adjacent zeros of each series, which lies
on the rays perpendicular to sides of the conjugate indicator diagram, that is a regular hexagon on the
complex plane. In this case, zero is not an eigenvalue of the comsidered operator, that is, zero is a regular
point of the operator. Fundamental difference of this workis finding the corresponding eigenfunctions of the
operator. System of eigenfunctions of the operator corresponding in each series is found. Adjoint operator
is constructed.

Keywords: entire function, zeros, quasi-polynomials, indicator diagram, series, operator, regular periodic
boundary value conditions, eigenvalues, system of eigenfunctions.

Introduction and Formulation of the problem

We consider the question on,distribution of zeros of an entire function of the following form:
A()\) = \S/X((k’g - kg)ekl VA + (]{31 - ]{Jg)e(k2+k1) %—‘r

-l—(kg _ kl)ekzw + (k3 o kl)e(k3+kl)\3/X + (kl _ kz)eksw + (kg _ kg)e(kﬁk?’)%),

where ky = 1, ky = —% 4433 k3 = —1 3,
Eigenvalue problems for some classes of differential operators on a segment are reduced to a similar problem.
In particular, the following problem on eigenvalues in the space W3(0, 1) leads to the studied question:

Lou=1(u) =u" () = —du(z), 0 <z < 1, (1)

Ui (u) = u(0) = 0, Uz(u) = u(1l) =0, Us(u) = u'(0) = u'(1), (2)
where U; (u), Ua(u), Us(u) are linear forms, which are regular, according to J.D. Birkhoff [1, 2]. An important
result established by Birkhoff was to estimate resolvent of a regular differential operator and to establish
asymptotics of the spectrum. In the monograph by M.A. Naimark [3; 67], a subclass of regular boundary
conditions, so-called strongly regular boundary conditions, was singled out, where it was noted that for an odd
order of the equation all regular conditions are strongly regular.

Connection between zeros of quasi-polynomials and spectral problems was reflected in [3—15]. Zeros of entire
functions having an integral representation were studied in [16-23].
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Main Results

We consider the question on distribution of zeros of the entire function A;(\) = A\g%) on the complex
plane .

A1(N) = (kg — kg)em\?ﬁ ¥ (k- kQ)e(k2+kl)%+
+(k3 — k1)6k2% + (k’3 — kl)e(ka-i-kl)% + (kl _ k/,z)eksw + (k2 _ kg)e(k2+k3)% =0. (3)

In [11, 14] the following was proved:

Proposition 1.

1. There are infinitely many zeros of an entire function Aj(A);

2. Distance between two adjacent zeros of the same series (j — const) is exactly %‘;

3. Zeros of each series lie on the rays perpendicular to the segment, that is, perpendicular to sides of the
hexagon containing

(K1, (ks + k1)); (ks, ks + k1); (ko + kss ks); (k2, ko + k3); (ka, ko + k1); (Ko +k1 sk )-

The rays which are perpendicular to the indicator diagram are called critical: According to the result of the
monograph [6], there are exactly six critical rays on the plane ), that is arg /A= T 5, n=0,1,2,45
In [11, 14| the zeros of the entire function A()):

(In|zj| + i(Arg(z;) + 27k))3

Ajk = pE , k=0,4&£1,£2,..; 7=1,m (4)
were found, and conjugate indicator diagram—hexagon was constructed on the complex plane .
Taking k1 = 1,ky = f% + ’i§7k3 = 75 - z@, into account, due to the formula (4) and Proposition 1,

we have that along the ray perpendicular to the segment passing through the points 2; 1 — iv/3 there are zeros
of the quasi-polynomial (\/3 + 3i) - e(HVIA _9./3. e?X ‘they are majorizing exponents. In this case, other
exponents from (3) do not contribute along this ray. Let’s find zeros of the quasi-polynomial:

(\/§+ 3i) - e(1+i\/§)>\ —9V/3. 2 =

(V3 43i) - eIHVIX = 91/3. 2

ik ||+ iarg( 245
“14 V3 —3+iV3
2v3

Which are zeroes of the first series, where In |2 \f Y 3| 4iArg( Tarai ) = const. Similar procedure is performed

Al = , k=1,2,3,..

on the other sides of the hexagon, and along other perpendicular rays we have the corresponding series of zeros
of the quasi-polynomials from (3):

e segment [~1 — iy/3; 1 — i1/3], 2-nd series of zeroes Ay = % + 2&17;%), k=1,2,..,(14+iV/3)

o segment [—1 +4+/3; 1 + iv/3], 3-rd series of zeroes \p3 = ikm + const, k=1,2, ...,

e segment [=2; —1 — i/3], 4-th series of zeroes \py = 11’5\7} + fizlf/%, k=1,2
e segment [2; 1 + /3], 5-th series of zeroes \ps = —i’f\% - fj:?\s/%, k=1,2
e segment [—1 + zf —2], 6-th series of zeroes \gg = 11’?\% + 2(‘131’;5\%), k=1,2,..,

The zeros that were found are adequately eigenvalues of the operator Lo [11].
Fundamental difference of this section from [11, 14, 22, 23] is the determination of eigenfunctions of the
operator Lg. The following theorem takes place.

Theorem. Let the entire function Aj(\) = 20

I
of the spectral problem (1), (2) and all points of Proposition 1. be satisfied, as well as zeros of the characteristic

polynomial (4) be the corresponding eigenvalues of the operator Lg. Then the system of eigenfunctions of the
operator Lg of each series:

in (3), according to [11, 14], be a characteristic polynomial
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o (5] romis (A ) () - B 3)-

sm\f( k\f T )x ch\f( 6)x+cos<k27T—76r>x cosf(—k\[—k

s

Ups () = CrehV3® . =5 [cos <k27r - 17;) x +isin (k; — 17;) 1;] + {02 [cos <IZT_
—i)x-co \[(km[—gx>~ch\@<kzr—27;)x+sin(lzr—24)x smf(km[
—g)m-sh\f(—m> i(cos(kz—%) - sin f(km\f 78T>x~sh\/§<kzr—

- )l () e (M T s (- 1))

k. krv/3 @ km T . km
cos<4 24>z sm\f( 8>'ch\/§(424)x+sm<4

_|_

+Cs

ugs () = C4 (cosQ (kw— g)x—i—isinQ (Imr— g) :c) + [Cgch\/g(lm— g) T

- COoS (kﬂ—%)x+035h\/§(k7r—g)x~sin(k7r—g)x—i—i(Cgsh\/g(k‘ﬂ'—%) -
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y/: x k
Ugg (T) = Cye" e o m2he {cos2 (; — g) x4+ isin2 (

- cos (IWT*g)SE*CzCh\/g(lmrfg>x-sin(lm—g> x)},

o™y el e hm
D) 6 T 2 | COS 2

™3 k3 T kr w . ™3
*u)”‘mﬁ(‘*m)“hﬁ<2‘6>m‘5m <z+u>
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k\f T km
smxf( 5 4\/§>x.5h\/§<2_
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cos<2+”1\2f> f( BS 4})

+7T> h\f<+771‘2[>:c+z‘<sin(lzr+

{02
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) & kﬂ'+
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12
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. shv3 (lzr + ﬂf) x>‘| } efkﬂTﬁz . eiﬁx;

uge () = C’wiQkﬂTV§z - 212 [0052 (2 + 12) x4 isin2 (; 12) +
k k
+{C'2 cos <7r2\/§7r1\g§> cosxf( < 7”[ il 3) T+

2 12 12 12 2

H>x~cos 3(’”) hf(k”‘[ Ng):c

+sin<k7“/§7”/§>x mf<> hf(kﬂfm>x+i<sin<kﬂ\/§«

2 12 12

(55 i (5 ) (- 25).)

19 + Cjy

R W trvs 75\ LA 23
)x sin 3< > hf( ) +s1n< )

2

( km/3
c0s —

12 2 12 12 2 12
km krv/3 /3 A kﬂ\/§ ™3 T
- oS 3<2—12> h\f( —12> +z<sm< 5 ETH m\[<2
o kmv/3 w3 kﬂ\@ ™3
B _ Ve _ M0
12>xCﬁ< 2 12) COS( 2 12 xcof( 12)
kmv3 w3 kn/3
h _ ' = xr
for each series, where k =1,2,3,....
Here is the scheme of the proof:
General solution of the equation (1) has the form:
u(m) = C1e* + (CycosV/3Ax 4+ Cysiny/3Az)e 2. (5)

Substituting the zeros of each series into (5) in order and satisfying the equation (1), as well as the boundary
value conditions (2); we lobtain the corresponding eigenfunctions of the operator Lg.

Remark. Questions. of completeness, uniform minimality, and basis property of systems of eigenfunctions
of the operator Lg remain open. Note that questions of the basis property of systems of root vectors of the
multiple differentiation operator with regular, but not strongly regular boundary value conditions were studied
in [24-30]

Conjugate problem

1 1
By using integration by parts, we obtain the Lagrange formula: [I(u)v(z)dx + [u(z)l*(v)dz = u”(1)v(1)—
0 0
—u"(0)v(0) = [v"(0) = v (1)] - w'(0) + u(1)v" (1) — u(0)v"(0).
Here [*(v) is an adjoint differential expression:
Fv)==v"(z), 0<z<l1. (6)

Consequently, an operator Lf, adjoint to the operator Lg is given by the differential expression (6) and
boundary value conditions:

Vi(v) =v(1) = 0, Va(v) = v(0) = 0, V3(v) = v'(0) —v'(1) = 0.
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H.C. Unanbaes'?, E. Kypmprr!

L Owmycemix Kazaxemarn aemaexemmix nedazozuranos yrusepcumemi, Ilvmrenm, Kazaxeman;
2 Mamemamura scone MamemMamuraivy modesvdey uncmumymot, Aivamo, Kazaxcman

Kecingizeri ymriamnm peTrTi peryisapJbl guddepeHimanabik
onepaTopMeH OailJIaHbICKAH, SKCIOHEHIINAJI bl TUIITET]
KBa3UKOIIMYIIIeJIIKTepMeH coiikec KeJieTiH OyTiH (byHKINSHBIH,
HOJIJIepl >KaliJIbl

Maxkasnaa KepceTkinrepi esmeM/1i SKCITOHSHITHAJIBI TUIITETT KBA3NKOIIMYIIIETIKTEPMEH CoKeC KeJIeTiH Oip
KJIAaCTArBl OYTiH DyHKINAIAPABIH HOJIJIEPIH 3ePTTEY Macesieci KapacThIPhLIAbl. MyHIaFrbl KapacThIPHIIATHIH
MoceJTe, KOl »Karaaiiaap/ia, Keibip Kiaactapaarbl Kecimieri auddepeHnnaIblK OnepaTopIap/IblH MEHIITIK-
Ti MOHIEpiH 3epTTEyTe OepinreH ecenTepieH TybIHAaN . lomipek affTKanga, KapacTHIPBUIATHIH MOCeJIere
W23(0, 1) kenicririnzeri pery/spJbl MeETTIK mapTTapMeH Gepiired yImiHI PeTTi ChI3BIKTHIK auddepenim-
aJIABIK TEeHJIey/IiH MEHIIKTI MOHJIEPIH 3epTTeyre apHaJFaH ecellKe aJbll Keyedi. 3eprreseTiH 6yrin dyH-
KIIWsI, TiKesIel eproATHIK METTIK ITapTTapMeH OepireH ChI3BIKTHIK, AuddEPEHITNAIbIK, YIIIHII PETTI orme-
paTop VIIIH arajfaH CIeTPaJIbIK eCelITiH XapaKTePUCTUKAJIBIK aHBIKTAYbIIIbL 60kl Tabblnanbl. A.D. Jle-
OHTBEBTIH, MOHOTDADUSICHIHIAFBI HOTUYKECIHIH, HET131HIe, KAPACTHIPBIIBII OThIPFaH 6Ip KIACTAFbl OJIIIEM/I
KOPCeTKimTepi 6ap 9KCIOHEHIWAJIBI THUITEr KBA3WKOIMYIIEJTIKTEPMEH COMKeC KeseTiH OyTiH (yHKIms-
HBIH TYHiH/IeC NHINKATOPJIBIK, JUArPAMMAaChIH KYPY/IBIH aJropuTMi KepceTiireH. ByTin GyHKIuAHBIHE 9p0ip
CepUsiTaFbl CAHAJBIMJIBI HOJIAEPIHIH 6ap GOIyBI J9JIEIIEHTEH YKOHE OJIAP/IBIH KECIHIIIEr] peryIspIibl mepu-
OATBIK IIETTIK MapTTapMEH OePireH ChI3BIKTHIK, YIMTHII PETTi qudHepeHITnaIIbIK, OTePATOPIBIH, MEHITKTI
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MOHEP] eKeHIri cumaTTaarad. ByTiH (QYHKIUSHBIH 9p CEPHUSIAFbl KOPIIIeC KATKAH HOJIIEPIHIH apaka-
MIBIKTBIFbI AHBIKTAJFAH YKOHE Op CepHusl KOMILIEKCTI »KA3bIKTBIKTArbl TYWIHIEC WHINKATOPJIBIK, JIHArpaM-
MAaHbBIH, SFHU JYPbIC aJITBIOYPBINITHIH KaObIpFajapblHa MEePIEHINKY/IAP, KOOpAUHATAJap 0ac HYKTeCiHeH
MIBIFATHIH CoyJIesIep 6OJIaThIHIBIFB KOPCeTireH. Ataliia, HOJ1 HYKTeCl »KOFapblia Al ThIIFAH KApaCThIPhLIA-
TBIH OIEPATOP/IbIH, MEHIIIKTI MOHI OOJIMANTBIH/IBIFDI, SIFHU HOJI OIEPATOP/LIH PEryJsipJibl HYKTeCi eKeH/Iir
caTIaTTaJraH. ByJ1 >KyMBICTarbl ajIbIHFAH HOTMXKEHIH €pEeKIIeJIiri, onepaTop/IblH, 9P CepUsIarbl MEHIIIKTI
MOHJEpPiHEe CoKec MeHIMKTI GpyHKIusIap XKyieciniy Tadbburybiaga. CoHmail-ak, OCbl KYMBICTBIH 3€PTTEY
HBICAHBIHA afHAJIBIIT OTHIPFAH OIEPATOP/ILIH, TYHIHIEC OIepaTOPhl KYPbLIFaH.

Kiam ce3dep: 6yTiH DyHKIUSHBIH, HOJIIEPi, KBASUKOIIMYIIETIKTED, WHINKATOPJIBIK IUarpaMMa, CEpHsi, Ole-
parTop, peryJspjbl TEPUOATHIK, IIETTIK MapTTap, MEHINKTI MOHJIEp, MEHIITKTI (DyHKITUIIapIAbIH KYiieci.

H.C. Nman6aes'?, E. Kypmpir!

1 . . .
IOoicno-Kaszaxcmanckutl 2ocydapemeentoili nedazozuneckuti ynusepcumem, Llvmxenm, Kazaxeman;
2HHcmumym MAMEMAMUKY U MAMEMATNUYECK020 Modesuposarus, Aamamoy Kaszaxcman

O Byngx mesoit GyHKIMN, COBIAJIAIONIEN ¢ KBAa3UIIOTNHOMAaMM
9KCIOHEHIINAJIbHOI0 TUIIA, CBI3aHHOI € peryjisspHbIM
anddepeHInaIbHBIM OIEPATOPOM TPEThero Mopsa/Ka Ha OTpe3Ke

B crarbe paccMoTpen Bompoc pacmpesiesieHust HyJiei 1eioi (PyHKIINT OFHOIO KJIACCa, KOTOPBIE SIBJISTIOTCS
KBa3UIIOJIMHOMAMU SKCIOHEHIIMAJIBLHOTrO Tuma. K 1momobHoi mpobiieMe peyimpoBaHbl 3a/1a4u Ha COOCTBEH-
Hble 3HAYEHUsl I HEKOTOPBIX KJaccoB JuddepeHnualibHbIX OleparopoB Ha OTpe3ke. B dacTHOCTH, K
M3y1IaeMOMY BOIIPOCY TMPHUBOIUT 3a/1a9a HAa COOCTBEHHBbIE 3HAUEHUST JUHEHHOTO MudHEPEHITNATHLHOTO YPaB-
HEHUsI TPEThEro MOPS/IKA C PErYJIAPHBIMA KPAEBBIMH YCAOBAAMU B ITPOCTPAHCTBE WS'(O, 1). Uccnenyemas
nesiast (PYHKIMsS aJeKBATHO SIBJISIETCS XapaKTEPUCTUIECKHM ONpPEIeUTeIeM CIEKTPAJbHONW 3aadm JIJIst
JIMHEWHOTO uddEepEeHNNATIBHOTO OTIEPATOPA TPETHETO, MOPIIKA C MEPUOINIECKUMA KPACBBIMU YCJIOBUSMU.
TlocTpoena conpsizkeHHast MHAUKATOPHAs JAUarpamMMa MeJoil (pyHKINNA SKCIOHEHINAIbHOIO THUIIA COU3Me-
pUMBIMEU TTOKa3aTeasiMu. J{0Ka3aHO CyIeCTBOBAHME CUETHOTO UMCJIa HYJeH UCCIeayeMOi 1esioil (PyHKIUN
B KaXKJI0f CEPUHU, KOTOPBIE SBJISIOTCS OAHOBPEMEHHO COOCTBEHHBIMU 3HAYEHUSIMH PACCMATPUBAEMOTO TUd-
dEPEHITUAIBLHOTO OIEPATOPa TPETHERO-LOPSI/IKA ¢ MEPUOJAUIECKUMHU KpaeBbIMU ycaoBusMu. OnpeneseHo
paccTosiHre MeXKJIy COCEIHMMHU HYJIsIMA KarXIOi Ccepuu, JiexKkalllee Ha JIydax, MepHeHIUuKYJISIPHBIX CTOPO-
HaM COIPSI?KEHHOW WHIMKATOPHON AMATPAMMBI, TO €CThb MPABUJIHLHOTO IMECTHYTOJbHIKA Ha KOMIIJIEKCHOMN
IUIOCKOCTH. [1pn 3TOM Hy/Ib HE SBJIIETCsH COOCTBEHHBIM 3HAYEHHEM PACCMaTPUBAEMOro oneparopa. [IpuHim-
MHUAJBHBIM OTJIMINEM HACTOSIHIEN PAOOTHI SIBJISIETCST HAXO0XK/IEHNE COOTBETCTBYIONIUX COOCTBEHHBIX (DYHKITHI
paccMmarpuBaemMoro oneparopa. IlocTpoeH CONpsKeHHBIH onepaTop.

Kaoweswie caosa: 1ieras QyHKIVS, HyJId, KBa3UIIOJUHOMBI, HHAMKATOPHASI A@arpaMMa, CEpHsl, OIepaTop,
peryJisipHbIe TIEPUOIMYECKIEe KPAeBble YCIOBHUsI, COOCTBEHHbIE 3HAUEHNsI, CUCTEMa COOCTBEHHBIX (DYHKIIHIA.
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