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ON COMPACTNESS OF COMMUTATORS FOR SINGULAR INTEGRAL
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In this paper, we give the sufficient conditions forthe'eompactness of the commutators of the
singular integral operator Calderon-Zygmund ifigeneralized Morrey spaces.

The compactness of the commutator for the Singular integral operator Calderon-Zygmund on
the Morrey spaces MpA was considered in (4). The boundedness of the singular integral operator
Calderon-Zygmund in generalized MoTrey Spaces was discussed in (1). The pre-compactness of
sets on the generalized Morrey spacesul,’ ) was examined in (2).

Definition 1. Let 1 < p <gcofandlet w be a measurable non-negative function on (0, 00) that

is not equivalent to zero¥THe gén€ralized Morrey space M, 0 = M, 0 (R") is defined as the set
of all functions f € LW )\with || f||, w() < 0o, where
p

1l = 5w (w0) 1l ey ) -

zeR™, >0

The space M, ©) coincides with the Morrey space M; if w(r) =r=* where 0 < \ < %.
By (2, we denote the set of all non-negative, measurable on (0, co) functions, not equivalent
to 0 and such that for some ¢t > 0,

[w(r)r? || L0 <00, W) || Lo (t00) < 00

The space M, “) is non-trivial if and only if w € ) (3).
Next, we will provide the definition of the singular integral operator for the Calderon-Zygmund
T, which plays a crucial role in harmonic analysis and potential theory.

Tf(x) :p.v./%c@.
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Let S"~! = 2 € R™ : |z| = 1 be the unit sphere in R" with surface measure do. Suppose that
K satisfies the following conditions:
(¢) K is a homogeneous function of degree zero on R™\0, i.e.,

K(px) = pK(z), Yu > 0and x € R™\{0} (1)
(17) K has zero on average on 5", i.e,,
K(2')do(2") =0 (2)
Sn—1
(iii) K € Lip(S™), ie,

[K(2') = K@) < o’ —y|, ¥a',y' € 5", (3)

where 7' = E ‘foranyx#o

Definition 2. For a function b € Ly, (R"), let M, denote the multiplication opérator M, f = bf,
where f is a measurable function. Then, the commutator for the singulagintegral operator 7" and
the operator M, is defined by the equation:

() ) K (@~ ) 1)

n y.
|z —y|

b, 7)(f)(«) = b(x)T(f)(x) = T(bf)(x) = /

Afunctionb(z) € Loo(R") belongs to the spaced MO (1" ) if [|b]|, = supgc po éf —bg|dr <
Q
00, where () is ball in R" and by = \Tél [ {(y)dy
Rn

Definition 3. Let VM O(R") dengte thesB M O-closure of the space C§°(R"), where C§°(R")
is the set of all functions from C®(R") with compact support.
Theorem Let 1 < p < oo, Uy Dy € (L. Let also, for s < p, the pair w; (1), wo(r) satisfy the

condition [ (1+ Int) K;ﬁ—jﬁwlmdt <Cum 1 7, and, for 1 < p <'s, the pair wy(r), wa(r) satisfy

n

o ess inf
the condition {31/ t) TEL’W t<Cots T 7, where C' does not depend on z and r. K

T
satisfies the conditions (1), (2), (3),b € VM O(R”).
Then the commutator [b, T is a compact operator from M, 10 o M0,
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This article presents the results of studies of inverse problems fot & feurthtorder parabolic
equation with a variable complex-valued coefficient. The existence apd*uniqueness of the solution
of inverse problems for a one-dimensional fourth-order equationyis established

4

u (, t)—l—ﬁu(x t) +q(x)u (&S (2) (1)
with Dirichlet boundary conditions
u(—=1,t) =0, u(l,t) =0, g (—IN) 5.0, u,, (1,t) =0, t€0,7]. (2)

We have to find a pair of functions u (x,  \and f () satisfying equation (1) in the domain
and conditions
u(x,O):cp(x),u(x,T):@D(x),xE[—l,l], 3)
where ¢(x) and ¢(z) are given sufficiently smooth functions and ¢ (z) = ¢ (z) +igs (). We will
useQ) = {—1 <z <1, 0<t < odenote anopendomain,and 2 = {-1 <z <1, 0<t < T}
to denote a closed domain.

Let us introduce a nou=self-conjugate fourth-order differential operator L, : D (L,) C
Ly (—1,1) — Ly (=14l) by, the formula

Ly =y" (z)+q(x)y(z), -1<z <1,
with the domain of definition
={y(z) e C°[-1,1] : y" (z) € Ly (-1,1)}.

Theorem. Let ¢ (= ) € C4 [—1,1], and functions ¢, ¢ are such that o, ¥, Lyp, Ly € D (L,).
Then inverse problem (1), (2), (3) has a unique solution, which can be represented as Fourier series

) = p(a) + 30 L (M 1) Xi )
k=0
and
f (@) Z ”‘Akﬁmm
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