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In this paper, we give the sufficient conditions for the compactness of the commutators of the
singular integral operator Calderón-Zygmund in generalized Morrey spaces.

The compactness of the commutator for the singular integral operator Calderón-Zygmund on
the Morrey spacesMλ

p was considered in (4). The boundedness of the singular integral operator
Calderón-Zygmund in generalized Morrey spaces was discussed in (1). The pre-compactness of
sets on the generalized Morrey spacesMw(·)

p was examined in (2).
Definition 1. Let 1 ≤ p ≤ ∞ and let w be a measurable non-negative function on (0,∞) that

is not equivalent to zero. The generalized Morrey spaceMw(·)
p ≡M

w(·)
p (Rn) is defined as the set

of all functions f ∈ Llocp (Rn) with ∥f∥
M
w(·)
p

<∞, where

∥f∥
M
w(·)
p

= sup
x∈Rn, r>0

(
w(r) ∥f∥Lp(B(x,r))

)
.

The spaceMw(·)
p coincides with the Morrey spaceMλ

p if w(r) = r−λ, where 0 ≤ λ ≤ n
p
.

By Ωp∞ we denote the set of all non-negative, measurable on (0,∞) functions, not equivalent
to 0 and such that for some t > 0,

∥w(r)r
n
p ∥L∞(0,t) <∞, ∥w(r)∥L∞(t,∞) <∞.

The spaceMw(·)
p is non-trivial if and only if w ∈ Ωp∞ (3).

Next, we will provide the definition of the singular integral operator for the Calderón-Zygmund
T , which plays a crucial role in harmonic analysis and potential theory.

Tf(x) = p.v.

∫
Rn

f(y)K(x− y)

|x− y|n
dy.
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Let Sn−1 = x ∈ Rn : |x| = 1 be the unit sphere in Rn with surface measure dσ. Suppose that
K satisfies the following conditions:

(i) K is a homogeneous function of degree zero on Rn\0, i.e.,

K(µx) = µK(x), ∀µ > 0 and x ∈ Rn\{0} (1)

(ii) K has zero on average on Sn−1, i.e.,∫
Sn−1

K(x′)dσ(x′) = 0 (2)

(iii) K ∈ Lip(Sn−1), i.e.,

|K(x′)−K(y′)| ≤ |x′ − y′|, ∀x′, y′ ∈ Sn−1, (3)

where x′ = x
|x| for any x ̸= 0.

Definition 2. For a function b ∈ Lloc(R
n), letMb denote themultiplication operatorMbf = bf ,

where f is a measurable function. Then, the commutator for the singular integral operator T and
the operatorMb is defined by the equation:

[b, T ] (f)(x) = b(x)T (f)(x)− T (bf)(x) =

∫
Rn

(b(x)− b(y))K(x− y)f(y)

|x− y|n
dy.

A function b(x) ∈ L∞(Rn) belongs to the spaceBMO(Rn) if∥b∥∗ = supQ⊂Rn
1
|Q|

∫
Q

|b(x)− bQ| dx <

∞, where Q is ball in Rn and bQ = 1
|Q|

∫
Rn
f(y)dy.

Definition 3. Let VMO(Rn) denote the BMO-closure of the space C∞
0 (Rn), where C∞

0 (Rn)
is the set of all functions from C∞(Rn) with compact support.

Theorem Let 1 < p <∞, w1, w2 ∈ Ωp∞. Let also, for s ≤ p, the pair w1(r), w2(r) satisfy the

condition
∞∫
r

(
1 + ln t

r

) ess inf
t<τ<∞

τ
n
p

w1(τ)

t
n
p+1 dt ≤ C 1

w2(r)
, and, for 1 < p < s, the pair w1(r), w2(r) satisfy

the condition
∞∫
r

(
1 + ln t

r

) ess inf
t<τ<∞

τ
n
p

w1(τ)

t
n
p−n

s +1 dt ≤ C r
n
s

w2(r)
, where C does not depend on x and r. K

satisfies the conditions (1), (2), (3), b ∈ VMO(Rn).
Then the commutator [b, T ] is a compact operator fromM

w1(·)
p toMw2(·)

p .
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This article presents the results of studies of inverse problems for a fourth-order parabolic
equation with a variable complex-valued coefficient. The existence and uniqueness of the solution
of inverse problems for a one-dimensional fourth-order equation is established

ut (x, t) +
∂4

∂x4
u (x, t) + q (x)u (x, t) = f (x) (1)

with Dirichlet boundary conditions

u (−1, t) = 0, u (1, t) = 0, uxx (−1, t) = 0, uxx (1, t) = 0, t ∈ [0, T ] . (2)

We have to find a pair of functions u (x, t) and f (x) satisfying equation (1) in the domain Ω
and conditions

u (x, 0) = φ (x) , u (x, T ) = ψ (x) , x ∈ [−1, 1] , (3)
where φ(x) and ψ(x) are given sufficiently smooth functions and q (x) = q1 (x) + iq2 (x). We will
useΩ = {−1 < x < 1, 0 < t < T} to denote an open domain, and Ω̄ = {−1 ≤ x ≤ 1, 0 ≤ t ≤ T}
to denote a closed domain.

Let us introduce a non-self-conjugate fourth-order differential operator Lq : D (Lq) ⊂
L2 (−1, 1) → L2 (−1, 1) by the formula

Lqy = yIV (x) + q (x) y (x) , −1 ≤ x ≤ 1,

with the domain of definition

D (Lq) =
{
y (x) ∈ C3 [−1, 1] : yIV (x) ∈ L2 (−1, 1)

}
.

Theorem. Let q (x) ∈ C4 [−1, 1], and functionsφ, ψ are such thatφ, ψ, Lqφ, Lqψ ∈ D (Lq).
Then inverse problem (1), (2), (3) has a unique solution, which can be represented as Fourier series

u(x, t) = φ (x) +
∞∑
k=0

φk − ψk
1− e−λkT

(
e−λkt − 1

)
Xk (x),

and

f (x) = Lqφ (x)−
∞∑
k=0

φk − ψk
1− e−λkT

λk·Xk (x) .

Funding: This research has been funded by the Science Committee of the Ministry of Science
and Higher Education of the Republic of Kazakhstan (grant No. AP19674587).

Қарағанды, 2025

Buk
eto

v U
niv

ers
ity




