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A different look at the soft topological polygroups

Soft topological polygroups are defined in two different ways. First, it is defined as a usual to
usual topology, there are five equivalent definitions for continuity, but not all of therfipar
established in soft continuity. Second it is defined as a soft topology including conceptSsuc
neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space an ir tionship
with soft continuous functions in soft topological polygroups.
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1 Introduction

The real world is full of uncertainties. To support thes certainties, we insert soft sets into
mathematical structures. As polygroups have the closest iesito groups among all hyperstructures,
we combine polygroups with soft sets and usual to introduce soft topological polygroups
and provide their examples. We are interested in connections between complete parts in
polygroups with closure of soft topological po ntinuous function, and usual topology. Then
we enter the soft topology and present a combina he polygroups and the soft sets with the soft
topology and another definition of the softétopological polygroups.

The efforts of many scientists were gise this direction, including G. Oguz [1], Heidari et al. [2],
Cagman et al. [3], Wang et al. [4], Sha aheen [5], Davvaz [6], Maji [7], Mousarezaei and Davvaz
ows the relations between polygroups, topology and soft sets,
ed by many authors.
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Topological Polygroups

Soft Topological Polygroups

Figure 1. Relations between polygroups, topology, and soft sets
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In [8], R. Mousarezaei and B. Davvaz made a soft topological polygroup over a polygroup. The ideas
presented in this article can be used to build more polygroups and more soft topological polygroup.
This paper aims to combine soft sets, topology, and polygroups from different point of view. Also,
the concepts of soft neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space
appear and their relationship with soft continuous functions in soft topological polygroups are studied.
To consider soft topological polygroups which represent a generalization of topological polygroups,
this paper is constructed as follows: after an introduction, Section 2 contains a brief review of basic
definitions related to soft sets and polygroups that are used throughout the paper. Section 3 studies two
different definitions of the soft topological polygroup. Attributes are given for each definition along with
examples. In continuing the connection between the complete parts and the soft continuous ction,

soft Hausdorff space, soft Ty space, soft 71 space, soft open covering, soft compact, ed in
soft topological polygroups are studied. 4 &
2 Basic definitions %\
2.1 Soft Sets
Let U be an initial universe, P(U) denote the power set of U, and ower set without @.
Suppose that F is a set of parameters and A is a non- empty subse A air (F, A) is said to be a
soft set over U, if F: A — P(U) is a function.
Let (F, A) and (G, B) be soft sets over U. In this case, W
e (IF, A) is a soft subset of (G, B) and denoted by (T,
a € A.
o (F, A) is soft super set of (G, B) and denoted B) If (G B)C(F, A).
o (F, A) is soft equal (G, B) and denoted if (IF,A) (G, B) and (G, B)C(F, A).
e (F, A) is a absolute soft set and denoted = U for all a € A. The set Supp(F, A) =
{a € A : F(a) # @} said to be the support of th et (F, A). A soft set is called non-null if its
support is not equal to the empty set.
e (F, A) is a null soft set and deno 7 if F(a) = @ (null set) for all a € A. If A is equal to F

we write F instead of (I, A).
eletf:U +—> U’ be afu esp ) be a soft set over U(resp.U’) with a parameter set I,
Then (F)(resp.0~1(F)) is th '(resp.U) defined by (6(F))(e) = 6(F(e))(resp.(0~1(F'))(e) =
01 (F (e)))-

e Use hat ( ) to distingafishf!'soft"objects from usual ones. For example, for a subset X of U, X
denotes the soft isf; at X(e) =X forall e € E.

e We write he soft intersection of F; and Fa, where it is defined by (F11Fs)(e) =
Fi(e) NFa(e) € E.

he F; and Fy, will be denoted by F1URy, is defined by (F;UF3)(e) = Fy(e) UFa(e)

following compliments:

))1fACBand]F a) C G(a) for all

se the symbol F€ to denote soft complement of F and is defined by F¢(e) = U\ F(e)(e €

e Let be a soft set over U and z be an element of U. We call x is a soft element of F, if x € F(e)
for all parameters e € E and denoted by 2€F.

2.2 Polygroups

e Let H be a non-empty set, the couple (H, o) is called a hypergroupoid if
o: H x H+— P(H*) be a function, the combination of two subset A and B of H is defined as

AoB=|JaoBandaoB= |J aob.
acA beB
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e A hypergroupoid (H,o) is called a quasihypergroup if for every h € H, ho H = H = H o h and
is called a semihypergroup if for every ¢,u,w € H, to (uow) = (t ou) o w. The pair (H, o) is called a
hypergroup if it is a quasihypergroup and a semihypergroup [11,12].

e Let (H, o) be a semihypergroup and A be a subset of H. Say that A is a complete part of H if
for any n € N and for all ay,...,a, of H, the following implication true:

AﬁHai#®=> HaZQA
=1 =1

The complete parts were introduced for the first time by Koskas [13].
e Let (P, o) be hypergroup and have other additional features. If there exist uni
on P and e € P with the property that for all p,q,r € P, the following items be MK
(A) (peg)or=po(gor),
(B) eop=poe=p,
(C) Ifpeqor,theng€portandrecqglop.
In this case, hypergroup P is called polygroup.
e The following results follow from the above axioms:

ecpoptnpltopel=ec(p') ! =p, and (poq)~! =g LopA onempty subset @ of a
polygroup P is called a subpolygroup of P if and only if for all x,y s that zoy C @Q and for
all x € Q follows that =1 € Q. ) 4

e Let P be polygroup and (I, A) be a soft set on P. T
on P if F(z) is a (normal)subpolygroup of P for all

) 1s called a (normal)soft polygroup

{e,;a} ¢ {b,c}

C e a

b,c} a {e,a}
Then P is a polygroup. Let b set over P, where A equal with P and define F : A — P(P)
by F(z) = {y € P|zRy or all z € A. In this case, we will have F(e) = F(b) = {e} and
F(a) =TF(c) = {e,a} are roups of P. In conclusion, (F, A) is a soft polygroup over P [4].

8 Soft Topological polygroups

be attepological space, where (P, o,e,”!) is a polygroup. Then the (P, T) is called a
if the following axioms hold:

pping o P x P +—— P(P) is continuous, where o(z,y) =z oy,

pping ~! : P+ P is continuous, where ~!(z) = —u.

Definition 1. [8] Let T be a topology on a polygroup P. Let (I, A) be a soft set over P. Then the
system (I, A, T) said to be soft topological polygroup over P if the following axioms hold:

(a) F(a) is a subpolygroup of P for all a € A,

(b) The mapping (z,y) — z oy of the topological space F(a) x F(a) onto P*(F(a)) and mapping
x — 1 of the topological space F(a) onto F(a) are continuous for all a € A.

Topology 7 on P induces topolgies on F(a), F(a) x F(a) and P*(F(a)).

Ezxample 2. Let P be {1,2} and its hyperoperation be as follows:
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Hyperoperation % : P x P — P(P) and inverse operation ~! : P — P are continuous with topology
Ti ={@,P,{1}} but % : Px P — P(P) is not continuous with topology T2 = {&, P,{2}}. Therefore,
P with T1, Tais,Tnais is topological polygroup. Subpolygroups of P are &, P,{1}. Let A be arbitrary
set and a1, as € A and define soft set [F:

{1} if z=ay,

Flx)=<¢ P if z=ay,
o) otherwise. ‘\

Therefore, (F, A, T7) is a soft topological polygroup.
Example 3. Let l/)z be {1,2,3,4,5} and its hyperoperation be as follows

x| 1]2]3]4 5
1/1]2[3]4 5
21211413 5
313[4[1]2 5
41413121 5
5/5[/5[5|5

Hyperoperation * : 1/3\4 X 1/9\4 — P(l/)\4) is not coninuous with the following topologies:

Tl = {2, D, {1}} T, {2, D1, {2}}
= {2, D4, {3}} 1 =1{9, D4, {4}}
e b, T — {2. D {1.2}}
T = T — (2. Dy, {14}
T Tio = (2. Di. {2.3))
Ti1 T2 = {Qa l/)ih {27 5}}
7 Tia = {2. D0, (3.5))
{ 7%7{47 5}} Tie = {@,%,{1,2,3}}
1 3D47{15274}} 718 = {@,D4,{1,2,5}}

= {2,D1,{2,3,4}}  Too = {2, D1,{2,3,5}}
751 = {galzilv {2543 5}} 752 = {Qa&lv {37475}}
7-23 = {®7D47 {1727374}} 7-24 = {@,D4’ {17273’5}}
Tos = {9, D, {2,3,4,5}}.

This m at (1/3\4,7:11-3) and (l/)z,ﬁldis) are topological polygroups. Subpolygroups of l/?z are &,
Dy, {1},{1,2},{1,3},{1,4},{1,2,3,4}. Let A be a arbitrary set and aj,as,as,as,a5 € A. Then we
define a soft set F by

({1} ifx=a

{1,2} ifx=as

) {1,3} if x = ag

F(z) = {1,4} ifzx=ay
{1,2,3,4} ifz=uas

%) otherwise.
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Since restriction of topology 75 = {@, Dy, {5}} to subspaces F(x) are discrete or anti-discrete topologies
(F, A, Ts) is a soft topological polygroup. With this method we can make many examples of soft
topological polygroups.

Definition 2. Let (IF, A,T) be a soft topological polygroup over P. Then the closure of (F, A, T)
denoted by (F, A, 7) and defined as F(a) = F(a) where F(a) is the closure of F(a) in topology defined
on P.

Theorem 1. |2] Let A and B be subsets of a topological polygroup P with the property that every
open subset of P is a complete part. Then
(1) AoBC Ao B,

(2) (A=A N
Theorem 2. |2] Let P be a topological polygroup with the property that every K set of\P is

a complete part. Then
(1) If K is a subsemihypergroup of P, then as well as K,
(2) If K is a subpolygroup of P, then as well as K.

Theorem 3. [8] Let (F, A,T) be a soft topological polygroup over olégical polygroup (P, 7)
and every open subset of P is a complete part. Then the followmg I
(1) (F, A, T) is also a soft topological polygroup over (

(2) (F, A, T)C(F,A,T).

e Now instead of the usual topology we use the soft top \eﬁne the soft topological polygroup
based on [10].

o A family 6 of soft sets over U is called a soft if the following axioms hold:

(1) @ and U are in 6,

(2) 6 is closed under finite soft intersection,

(3) 6 is closed under (arbitrary) soft union.
e We will use the symbol (U, 0, E) to ote a soft topological space and soft set F is called a soft

close set if F€ is soft open set, where ber of # said to be a soft open set.

Ezample 4. Let U be Zs and {62} X ZQ,ZQ} where E' = {e1,es} and {es} X Zy be soft
set F: B —— P(Z2) with th \ t F(e1) = @;F(e2) = Za. Then (Z9, 6, E) is soft topological
space.

Example 5. Let P be yperoperation % be as follows:

(x 1] 2 |
1|1 2
2 2112}
pol ith topology 0 = {&, {ea} x P, ﬁ} is a soft topological space.

Eza . Let P be {e,a,b,c} and hyperoperation o be as follows:

lofle[ o [b] ¢ |
el e a b c
allal|{ea}|c|{bc}
bllb c e a
cllc|{bc} |al{ea}l

polygroup P with topologies 8; = {@, {e1} x P, 13}, 0y = {3, {ea} x P, ﬁ} are soft topological spaces.
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e The closure of F is denoted by F and is defined by soft intersection of all soft closed supersets of
F, where F is soft set over U.

e A soft set F said to be a soft neighborhood of x if there exists a soft open set G with the property
that z€GCF, where z be an element of the universe U. The soft neighborhood system of z we will
consider the collection of all soft neighborhoods of .

e Let V be a subset of the universe U. A soft set F said to be a soft neighborhood of V' if there
exists a soft open set G with the property that VCGCF (i.e. Ve € E : V C G(e) C F(e)).

In this section, we will define soft continuity and express its equivalent theorems, then define
soft topological polygroups with the idea of Hida [10] and study the properties of soft topological

polygroups.
Definition 3. Let Pj, P» be polygroups and (Py, 61, E), (Ps, 02, E) be soft top&o ls

function ¢ : (P, 01, E) — (P, 02, F) said to be a soft continuous function if for 2, P, and for
all soft neighborhood F,) of ¢(z), there exists a soft neighborhood F, of = roperty that
@(Fw)ng(x)

Theorem 4. Let <p (P1,01,E) — (P2,02, FE) be a function such that open set F' € 0y
the inverse image ¢~ !(F’) is soft open set if and only if for every sof IF’ the inverse image
¢ 1(IF") is soft closed set.

Proof. This is easily seen to be an equivalence relation. ‘¢

Theorem 5. Let ¢ : (Py,61, E) — (P»,09, FE) be functlo y soft closed set F’, the inverse

|ﬂ)

image ¢~ !(F’) is also soft closed if and only if for all sof

Proof.
(i) <= Let F’ be a soft closed set. Then we have

)

"))CF'. The soft closeness of F, together

Therefore, it holds that ¢—1(F/)Cep~? L(F’), which shows that ¢~ !(F’) is soft closed.
(ii) = We have FCp~! : t set F. Since (for every soft closed set F’, the inverse

image ¢~ !(F’) is also soft closed, 0 Y(p(IF)). Thus, we have
\W(F Co(¢p™ (p(F)) 20 (F).

Theorem 6. Let go P2,92, E) be a function. If for all soft open set F' € 65, the
inverse image ¢ open set then ¢ is a soft continuous function.

Proof. For a

and a soft open nelghborhood F’ of p(x), o~ 1(F’) is a soft open set having x
(¢~ (F'))CF, give F = o~ '(F) in this case o(F)CF'.

opposite Theorem 6 is not true.
{e},01,{a1, a2} > and P, be < {e},02,{a1, a2} >, where

01 = {@a {(a17 6)7 (a2’ 6)}}7
o = {@7 {(a27 e)}7 {(a17 e)? (a27 6)}}

The unique soft neighborhood of the point e is {a1, a2} x {e} in O2. The inverse image of {a1,as} x {e}
under id : P — Py is {a1,a2} x {e}. Thus id : P, — P» satisisfies in the second part of Theorem 6,
but id~!({(az,e)}) is not soft open in P;.

Definition 4. A bijection ¢ : Py — P» said to be a soft homeomorphism between (Pi, 61, E) and
(Ps, 0o, F) if ¢ and ! are soft continuous.
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Theorem 7. Let ¢ : (P1,01, E) — (Pa,02, E) be a soft continuous function. Then for all soft open
set Fy € 6, there exists a soft open set Fq € #; with the property that for all € P;; z€F; if and only
if CI}'/E\QO_I(FQ).

Proof. For every x € Py with o(x)€Fy, choose a soft open F, € 6; with the property that 2€F,
and (P(Fx)Q]FQ. Then define F; = (J{F.|z € Py, o(z)€F2}, Fy; has the required properties.

Definition 5. Let (P,o,e,”!) be a polygroup and 6 be a soft topology on P with a parameter set
E. Then (P, 6, E) is a soft topological polygroup if the following items are true:

(i) For each soft neighborhood Fjo4 of p o ¢, where (p,q) € P x P there exist soft neighborhoods

F, and F, of p and ¢ with the property that I, o F,CFpoq,
(ii) The inversion function ~! : P — P is soft continuous.
'&\ ological
d 6 is the soft

Every soft topological group is a soft topological polygroup. *

Ezample 8. Let E be {e1, ea} and @ be {&, {(e1,1)}, Z;} In conclusion, (Zs, 6,
polygroup.

Ezxample 9. Show that (R, 0, F) is a soft topological group, where E e1,e
topology generated by the following subbase:

(B, RYU{{(e1,7), (e2,2)|r — e < & < r + e}|r.cl R >T0}.

Ezample 10. Every polygroup with discrete or anti-discaet ology 1s soft topological polygroup.
Ezample 11. Let P be {e,a,b,c} and hyperoparation o b fo

Let E be {e1, ea,e3}. Then polygr

01 = {@7{ E}
b2 = { 7P} .
03 =49, x {a,b}, P}
0 {es} x {a,b}, {er} x {e, b}, P}
04 % {63} X {av b}a {61} X {6, b}? {62} X {6, b, C}: ﬁ}
are soft topologica ps.
Theorem 8. ( is a soft topological polygroup if and only if for all z,y € P and for each soft
open setl e 1@5‘, there exist soft open sets F,,[F, with the property that :U/E\Fw,y/élﬁ‘y and

rom item (i) of Definition 5 we know that there exist soft open sets F,F, -1 with the
property thiat x€F,, y_l/éIFy—l and Fy oF, 1 CF. From item (ii) Definition 5 we know that there exists
a soft open set F, satisfying y€F, and (]Fy)_léFy—l. In conclusion, z€F,, y€F, and F, o (]Fy)_léFw o
Fy CF. <= Let I be a soft open set with the property that z7'€F. Since 7! = eox ™!, there exist soft
open sets F,,F, with the property that e€F,, 2€F, and F, o IE‘;1§]F. In conclusion, F;léFeg F;lélﬁ',
which that the item (ii) of Definition 5 is proved. Let F be a soft open set satisfying = o yCF. Since
zoy =xo(y Y~ we can find soft open sets Fy,F,—1 with the property that m@Fm,y_léFy_l and
F,o (Fy_1)_1§16‘. Since ! : P — P is soft continuous, we can find a soft open set [F, with the property
that y/éIFy and F;lilﬁ‘yq. In conclusion, F; o Fy=F, o ((Fy)_l)_lgﬁ‘z o (Fy—l)_léF.
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Definition 6. Let (P, 6, E) be a soft topological polygroup and for all z,y € P with x # y, there
exists a soft open set F with the property that either z€F A\ Ve € E(y ¢ F(e)) or y€F AVe € E(x ¢
F(e)) holds, then (P,0, E) is a soft Tpspace.

Theorem 9. Let ¢ : (P1,01, E) — (Ps, 603, E) be a soft continuous injection and (P, 02, E) be a
soft Tospace. Then (P10, E).

Proof. Let (Py,05, E) be a soft Topspace and ¢ be a soft continuous injection, if z,y € P; and
x # y then ¢(x),p(y) € Py and ¢(x) # ¢(y), on the other hand, (P, 02, FE) is a soft Tpspace hence
there exists a soft open set F with the property that ¢(x)€F or ¢(y)E€F. Without loss of generality let
©(z)€F then since ¢ is continuous, there exists F, € ; with the property that x€F, and C
hence z€F A Ve € E(y ¢ F(e)).

Definition 7. Let (P, 6, E) be a soft topological polygroup and for every distinc ints
P, there exist soft open sets Fy,Fo with the property that both z1€F; AVe €
19€Fy A\ Ve € E(x1 ¢ Fa(e)) hold, then (P, 0, E) is a soft Tispace.

Theorem 10. Let ¢ : (P1,01, F) — (P, 02, E) be a soft continuous injegsi Py,605,F) be a
soft Tispace. Then (P, 01, F).

Proof. 1t is simillar to the proof of Theorem 9.

Definition 8. Let ¢ : (P1,01, E) — (Ps, 62, E) be a soft continuguSifijecion and for every distinct
elements z1,x9 € P, there exist soft open sets F1,Fy € 0‘Wit r1&lF, 5 and F1NFy = @, then
(P,0, F) is a soft Hausdorff (or soft Taspace [14]).

Ezxample 12. Let R be real number, E be {ej,ea}, the soft topology generated by the
following subbase:

{8.R}U {{(e1,7), (ez,

It can be shown that (R, 0, F) is a soft Haus

Theorem 11. Let ¢ : (P1,01, F) — (Ry, 02, F)
soft Hausdorff space. Then (P, 01, F).

<TF+elreR,e> 0}
ce.

e a soft continuous injection and (P, 03, E') be a

Proof. Take distinct elements z_an P;. We can separate ¢(z) from ¢(y) by soft open sets,
Fo@), Fo(y)- Since ¢ f’ soft conti e have soft open neighborhoods F;,IF, of x,y, respectively,
satisfying that ¢(IF;)CF () F - Clearly F, and F, separate x from y.

Definition 9. Let (P, 6 topological polygroup and for every x € P, every soft neighborhood

of x contains a soft close orhood of z, then (P, 6, E) is a soft regular space [14].

E be {ey, e, e3}. Define soft topology 6 on P by 6 = {@, {(e2, 1)}, P}.
group, every point x € P has only one soft clopen neighborhood P, it is

n F € C with the property that z€F.

1. A soft space (P, 0, E) is soft compact if for any soft open covering C of (P, 6, E),
..., F,, € C with the property that {Fq,...,[F,,} is a soft open covering.

Theorem 12. 1f V is soft compact with respect to 61, then so is (V') with respect to 62, where
¢ : (P1,01,FE) — (Pa,02, E) be a soft continuous function and V' C P; be a subset.

Proof. Let C’ be a soft open covering of (V). For every v € V, there exists an G;(v) € C’ with
the property that QO(’U)/E\G; ()" Since ¢ is soft continuous, there exists a soft open neighborhood G, of
v with the property that @(Gv)éG; () Then the family {Gy|v € V'} is a soft covering of V. V is soft

compact with respect to 61, there exist vy, ..., v, € V with the property that {G,, }? is a soft covering

of V. Thus we have cp(Gvi)QG:&(vi), in conclusion {G:o(vi}ln=1 is a soft covering of ¢(V).
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Definition 12. If for any soft open covering Fi,F2 of X subject to the condition that Pz €
X (x€F; \ v€Fy), either Vo € X(x¢F;) or Vo € X(x¢F3) holds, then subset X of P said to be
soft connected.

Ezample 14. Let E be {e1,ea} and 0 be {3, {(e1,1), (62, 0)},{(e1,0), (e2,1)}, ZQ} on Zsy. In this
case, since both 0 and 1 have only one soft neighborhood Zg the soft topological polygroup (Zs, 0, E)
is soft connected.

Ezample 15. Let Z be integer numbers and consider Eoft topological polygroup (Z,0, E) where
E = {e1,es} and 0 = {3, Z} U {{e1} x S|S C Z}. Since Z is the unique soft neighborhood of i € Z
thus (Z,0, E) is soft compact and also soft connected.

Theorem 13. If both X; and X5 are soft connected then X7 U X5 is soft connect and
X, are subsets of P having non-empty intersection. *

Proof. Suppose that {F1,F2} be soft open covering of X; U X5 Since {F;,Fy} i N covering
also of X71. Without loss of generality assume Vz € Xl(z%Fl). In particul P olds for every
r € X1 N Xo. Suppose that for the contradiction that there were a z € wit property that
2€F;. Since {F1,Fa} is a soft open covering of Xs, it would hold that (2¢F3). In particular,
x%Fg holds for every x € XlAﬂ X9, which gives a contradiction. The Wz € Xg(zéIFl) holds; so

has obtained Vz € X1 U Xo(2¢F1).
Theorem 14. If ¢ : (P1,01,E) — (P,02,F) is a s&tc\ us and X subset of P is soft

connected, then ¢(X) is soft connected.

Proof. Let X be a soft connected subset of B;. S
of ¢(z). By Theorem 7, there exist soft open set
Vy € Py(yEF, if and only if y€p(F;))(i = 1,
holds. Since X is ioft connected, there is no /l\o
have Yy € o(X)(y¢»(F1)), and Vy € o(X)(y¢F7).

Theorem 15. If ¢ : (P1,61,F) (P, 02, FE) is a soft homeomorphism, then X C P is soft
connected if and only if ¢(X) is soft.co

Proof. We have showed a left

arbitrary soft open covering {F/,F,}
61 with the property that /(\p(IFZ)QIF,’L and
every x € X, exactly one of x€F; and z€lF,
ality in assuming Vo € X (z¢F;). Therefore

follows from the same argum 0
Definition 13. We sa; ty P of soft topological polygroups is a soft topological property
if the following condltlo r any soft space (P,0, E).
A soft space property P if and only if every soft space which is soft homeomorphic
(P, 0, F) has th
Theorem pactness and soft connectedness are soft topological properties.

wion every soft topological polygroups (P, 01, E) and (P, 02, E), the set {F xFq|F; €
\ ene ates a soft topology 6* over Py x Ps. The soft space (P, X P2, 6%, F) said to be
t of (P1,61,F) and (P, 6y, E), where F1 x Fy is the soft set on P; x Py defined by
(IF1><IF‘2 o) = F1(e) x Fa(e )foreveryeEE

Theorem 17. The soft product of every two soft Tospaces is a soft Tospace.

Proof. Suppose that (P,0, E) and (P',0', E) are soft Tospaces. Take distinct points (z,2'), (y,y') €
P x P'. Without loss of generality, suppose that x # y. Since (P, 0, F) is a soft Tgspace, there exists a

soft open set F with the property that either 2€F A Ve € E(y%F(e)) or y€F A Ve € E(x%F(e)) holds.
Thus we have:

(z,2)€F x P AVe € E((y,y) ¢ F(e) x P)
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or

(y,y/)EF x P AVe € E((z,2') ¢ F(e) x P).
Theorem 18. The soft product of every two soft Tispaces is a soft Ty space.
Proof. 1t is clear.
Theorem 19. The soft product of every two soft Hausdorff spaces is a soft Hausdorff space.
Proof. 1t is clear.

Theorem 20. Let h be an element of a polygroup P and (P, 6, E) be soft topological p8lygroup.
Then:

(i) ¢n(h) : P — {hoz}ep;x — hox( pr(h) : P — {hoxlzep;z Q—> soft
homeomorphism.

(ii) ¢(h): P+ {hoxoh '},cp;z—> hoxoh™!is a soft homeomorphi

Proof. For every h,xz € P and a soft neighborhood F of h o z, by the d 0 oft topologlcal
polygroup, there exist soft nelghborhood Fp and F, of h and x w1th the prop! ty t nolFy CIF Thus,
we have @ (h)(F,) = (h o F,)CF, o F,CF, in conclusion ¢y (k) is Soft S. Slnce <pL is soft
continuous for each h € P, for both h and h~!, the first case follow e y (pr(h) ' =¢ L(h h.

The second case can be proved similarly.

Theorem 21. For every soft topological polygroup (P, 9,2 wing items are equivalent:
(i) (P,0,E) is a soft Tospace, \

(ii) (P,0,E) is a soft Tyspace,

(iii) (P, 0, F) is a soft Hausdorff space.

Proof. (i) = (ii) We prove that @ is so

this, note that every x # e can be separated
from e by a soft open set. Take an = € p\ {e ly. By the item (i), there exists a soft open
set F with the property that either 2€F A Ve € ¢ F(e)) or e€F A Ve € E(z ¢ F(e)) holds. If
the first happens, it is done. In the second\property, the soft continuity of ¢ (x) and the inversion
~1: p+—— P guarantees the existence set I’ satisfying that z€F’ and z o (F’ )_1@?. Thus, we
have F'CF~1 o 2. If € were in IF’ e ¢ € E, then we would have e € u™! o x for some u € F(e).
g the assumption that Ve € E(x ¢ F(e)). Therefore, e is not

AF’ = & holds for this soft neighborhood F’ of x. Take every

Thus z is equal to u(e F(e

in F'(e) for any e € E, in conclusi

distinct z,y from P. Sm@ soft subset of a soft open set {e}c the soft continuity of ¢y, (x -1
fi

implies the existence open set F with the property that y€F and 2~ !o ]Fg{e}c. In conclusion,

E(x ¢ F(e)).

this soft open setllf satis
(1) => () ityis

— T
# y from P. Since e # 27! oy, item (ii) implies that {z—! oy} is soft open.

hood F of e with the property that F o ]F_lé{:cfl?y}c. Suppose that for the
or some e € E, the soft sets z o F(e) and y o F(e) had a common element, say g. Take
ok for h,k € F(e). However, then we would have

g te oz l,geyokThusec h ™ tox loyokthen h € 7! oyok: hence hok™ 1 Cx 1o
and ho k™! C F(e) o F(e)~! and F(e) o F(e )_1C{x_1oy}3then (hok™h) C (z7toy)n{z~to }
This is a contradiction. In conclusion o Ffiy o F=3. The soft continuity of ¢ (z (resp.or(y™)
presents a soft open F,(resp.F,) with the property that z€F, Czo F(resp. yEIF Cy o IF. Obviously, F,
and Iy are soft disjoint, as

Y
);

F.AF,Cx o Fiiy o F=3.

(ti1) = (d1) it is clear.
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Definition 15. The soft connected component of x, is the largest soft connected subset of P
containing x, for every x € P.

Definition 16. The soft connected component of P is the soft connected component of e € P.
Theorem 22. Let N, be the soft connected component of P. Then, for each ¢ € P the connected
component of g is g o V.

Proof. If Ny be The soft connected component of ¢ by Theorems 14 and 20 ¢ o N, C N, since
go N is a soft connection containing of q. Notably N, oq C N, Nonetheless, N, C N, og~' C N, then
N. = N, 0g ! in conclusion N, ogq = N,.

Theorem 23. If N is a soft connected component of P, then N is normal subpol

2
Proof. Suppose that a,b € N Since ' : P — P is soft homeomorphism and \
(¢]
e

are soft

aoa_l, we

or(h) : P —— {hoalzep;x —> hox(resp.pr(h) : P — {x o h}zep;
continuous. By Theorems 14 and 15 a o N~! is soft connected. Since a o N~1
have a o N1 C N. Obviously, a o b=' Cao N~ thus have aob ' Cao L C

his proves that

N is a subpolygroup of P. Note that both a™! o Noa and ao Noa™? offyconnected, and contain
e. Above all N is the largest soft connected subset containing e, we oNoagand aoNoa™!
are a subset of N, in conclusion, N is normal subpolygroup of P.

Theorem 24. Let H and K be soft connected subsets of ? gical polygroup P. Then Ho K
subset of P is soft connected.

Proof. Suppose that {Fi,Fs} is a soft open co f with the property that fig € H o K
satisfies both g€F; and g€Fs. Due to the Theoremypl4, %o K = (¢r(h))(K) is soft connected for

each h € H. Note that {F;,Fa} is a soft cov or all h € H. Take an h € H arbitrarily.
We suppose that Vg € ho K (ggé\IFl) without nerality. Assume for the contradiction that
39’ € W o K(g'€Fy) holds for some h' € H 4Select a g from h' o K, and deposit ¢’ € k' o k/(k’ € K). In
conclusion, both (V¢ € ho k' )t%Fl and b’ o kA > ¢'€F; are true, contradicting the soft connectedness of
Hok'. Thus, Vg € h o K(g¢F;) holds fo h € H. Notably, Vg € H o K (g&F;). Therefore, H o K

is soft connected.

Theorem 25. If H is a s& of P with the property that H is soft open, then H is soft
closed.

(Uaeq H 0 9a) is a right coset decomposition. First, prove that @
Q. all h € H, from the soft continuity of pr(g; "), it can be select a soft
Ja with the property that Fjog, 0 galCH Above all for every |/ h € H, we

Proof. Suppose th
is soft open for
neighborhood F

have h/éohe Fhoga CH. Therefore H= UheHFhoga ogr!, and H o g is soft equal to UheHIFhoga
As a i open sets Foq, , H 0 gq is also soft open.

aeﬂ@ is soft open as it is the soft union of soft open sets. Therefore H =
G\ U, « 18 soft closed.

Theorem 26. Let H be a subpolygroup of G. His Soft open if and only if there exist an h € H and
a soft neighborhood F of h with the property that IFCH

Proof. = Select h and F as above. For every h' € H, there exists a soft neighborhood F}, of A’
with the property that ho(h')~ oIF'?L,C]F as or(ho(h)™1) : P+ {ho (h’) Lox}eep is soft continuous.

Since IF;l,Ch’ oh~1oF and H is a subpolygroup we have F;,Ch/oh~! o FCH. Thus H= UheH , 1s soft
open.
<=: It is clear.
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Conclusion and Future Work

This study presented two different definitions of the soft topological polygroup. The authors
provided attributes for each definition along with examples. The connection between the complete
parts and the concepts such as soft continuous function, soft Hausdorff space, soft 7y space, soft Tq
space, soft open covering, soft compact, soft connected in soft topological polygroups was examined.
Lastly, necessary arrangements were made.

N =

W

10
11
12

13

14
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Mamemamuxa 2viavimoapov. xKagedpaco, Hesd ynusepcumemi, HUesd, Hpan

2KyMcak TomoJIornsJiblK, MOJIMTPYyIIIaJIapFra Tarbl 0ip Ke3Kapac

2KyMcak TOIOJIOrUsIJIBIK, IOJTUTPYIIIAJIAp €Ki TYpJi »KOJIMEH aHBIKTaJIa/Ibl. BipiHIi aHbIKTaMaa TYPaKTh
TOTIOJIOT WS, aJT €KIHIIT aHBIKTAMaJIa »KYMCAK, TOmoIorust 6ap. EKiHIm aHbIKTaMa 18 XKYMCAK, MAHAN, KYMCAK,
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y3imiccizmik, »KyMcak KOMIIAKT, KYMCakK OaijlaHbIC, »KYMCAK, XaycJaopd KeHICTIr CHUSIKTBI YFbIMIApP Maii-
Ja 6oIaIbl 2KOHE OJIAPJIBIH XKYMCAK, TOTOJIOTHSIIBIK, TOJTUIPYIHAJapIaFbl XKYMCAK, Y3/IIKCI3 (OyHKIUIIAP-
MeH OaitaHbIChl 3eprrestedi. KomgiMri Tomoorusiaa y3aikci3aikTin 6ec baiaMalibl aHbIKTaMachl bap, bipak
OJIapAbIH OapJIbIFBI MIHAETTI TYP/E »KYMCaK Y3iIicci3iiKTe aHbIKTaJIMaFaH.

Kiam ceadep: »KyMcak »KUBIH, )KYMCAK, Y3LIiCCI3/IiK, »KyMCaK TOMOJIOIUSIIBIK IOJUIPYIIIAIap, XKYMCAK Xa-
ycaopd KeHICTIri, XKyMCakK, alllbIK Ka0bIH, YKYMCaK, KOMITAKT, >KYMCaK, OailJIaHbIC.

P. Mycapeszan, b. /laBBaz

Hesderut ynusepcumem, Hesd, Hpan

¢
Jpyroii B3ryisga Ha MITKHA€ TONOJIOTHYEeCKUe MOJIUT \

Msirkue TOmoOJIOruYecKre MOJUIPYIIILI OIPEIEIISIIOTCS JABYMsI PA3HBIMU CIIOCOOAM peJlesieHue
“MeeT OOBITHYIO TOIOJIOTHIO, & BTOPOE — MSTKYIO TOMOJIOTHio. Bo BTOpoM ompeeaeHnn mo; TCSI TAKWE
MOHSATHSA, KAK MATKasg OKPECTHOCTDb, MATKAs HEIPEPBIBHOCTh, MATKUN KOMITA
KO€ XaycaopdOBO IPOCTPAHCTBO, U U3Y4YaETCsl UX CBA3U C MATKUMU HEIIPEP
TOIOJIOTUYECKUX TTOJUTPYNIaxX. B 0OBIYHOM TOIOIOTUN €CTh TSITh SKBUBAJIET
HOCTHU, HO HE BCe€ OHU OOS3aTEILHO YCTAHOBJIEHBI B MATKOI HENPEPHIBHO!

as CBA3HOCTb, MsI-
IUAMA B MATKUAX
OHpeeIeHAN HellpephbIB-

Kmouesvie cr06a: MArKoe MHOZKECTBO, MATKAS HenpeprBHOCTb,ﬁ K
KO€e XaycIopdOBO MPOCTPAHCTBO, MSITKOE OTKPBITOE MOKPBITHE, M 1 KO

OruveckKue IOoJIMIrpyIIIbl, M-
aKT, MATKad CBA3HOCTb.
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