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Abstract. The paper studies the numerical solution)ofithe inverse problem for
a linearized two-dimensional system of Navier—Stékeswequations in a circular cylinder
with a final overdetermination condition. For a Biharmonic operator in a circle,
a generalized spectral problem has been posdd. Fer the latter, a system of eigen-
functions and eigenvalues is constructed, which's used in the work for the numerical
solution of the inverse problem in a ¢irculartgylinder with specific numerical data.
Graphs illustrating the results of calculations are presented.
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1. INTRODUCTION

The theory of the Navier-Stokes equations attracts unrelenting interest and attention
not only from@gheareticians but also from applied scientists. The literature on inverse
problems for thepNavier—Stokes system of equations is quite extensive and numerous.
As i§ known\Wliese equations describe the motion of a fluid, taking into account
its presSure,)as well as many accompanying processes, such as thermal conductivity,
electromagnetic phenomena, etc. To date, although many qualitative issues of solutions
to initial boundary value problems have been studied, at the same time, a number of
open problems remain unresolved [13,16,24]. In the last three or four decades, inverse
problems for the system of Navier—Stokes equations have been actively studied. First
of all, we want to note a series of remarkable and, to a certain extent, pioneering works
devoted to the theory of inverse problems for several equations of mathematical physics
[20, 21, 28], including linearized and nonlinear Navier—Stokes equations, and which
are directly related to the subject of our work. One should also point to the works
[2,3,8-10,12,18,19,22], devoted to inverse problems for parabolic equations. Note that
various issues related to the solvability and approximate solution of inverse problems
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for partial differential equations, including for the two-dimensional Navier—Stokes
system, are considered in [4, 5, 14, 26, 27]. In [23], the spectral problem for the
Stokes operator is solved in the case of periodic boundary conditions (on a torus). We
also note the monograph [25] devoted to the general theory of ill-posed problems and
various questions about its connection with inverse problems.

In this work, in a circular cylinder, we consider an inverse problem for a linearized
two-dimensional system of Navier—Stokes equations with a final overdetermination
condition. The main purpose of our work is: to algorithmically implement the numerical
solution of the inverse problem, because it is known that such algorithms play an
important role in applied problems. We are solving a generalized spectral,problem
for a biharmonic operator with Dirichlet conditions in a circular®omain: we, are
finding the eigenfunctions that make up the orthonormal basis in the spage ofisolutions
of the Navier—Stokes equations, and their corresponding eigenvalues. Fomthe numerical
solution of the inverse problem, we use an optimization method ,associated with
minimizing the discrepancy of the solution of the directgproblem with the final
condition and based on the Pontryagin maximum principle [6/14].

This paper is organized as follows. In Section 2, the fermiulation of an inverse
problem is given. In Section 3, using a stream function, we give a statement of the
generalized spectral problem for a biharmonic_opesator with Dirichlet conditions
corresponding to a two-dimensional linearized systent of Navier—Stokes equations.
Section 4 is devoted to the solution of the 'Spectral problem under consideration, in
which a system of eigenfunctions is cemnstructed and the corresponding eigenvalues
are found. Section 5 contains the resultstef applying an optimization method based
on the optimality conditions of theyPontryagin maximum principle. An example of
a numerical solution to the invexse problem with specific numerical data is given in
Section 6. The results of the gmmerieal solution in the form of graphs are also given
here.

In this paper, we restriet oursélves to considering only the linearized Navier—Stokes
model. As for the mgfe gomplex inverse problem for the complete two-dimensional
nonlinear system of Navier—Stokes equations, we propose to devote a separate paper
to it. In this case, of course, we will actively use the results of the presented work,
especially those related to the generalized spectral problem for the biharmonic operator.

In the notation of spaces, we adhere to works [1,16,24].

2. STARBEMENT OF THE INVERSE PROBLEM

Let © = {|y| < 1} C R? be an open bounded domain with boundary 9. We introduce
the notation of spaces V, H, L(2), H}(Q) and H?*(Q):

V={v:veH}Q) = (Hé(Q))2 , dive = 0},
H={v:veL?Q),divv =0},
L2(0) = (1()", HA(9) = (17(@)".
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The following dense embeddings take place
VCH=H cV/, H(Q) cL*Q) = (L}(Q)) cH (),

and (-,-), ((-,+)) are scalar products in spaces H, L?(Q) and V, H}(Q), respectively.
The Helmholtz decomposition of space L2(Q): L?(Q) = Ho H*,

H* is an orthogonal complement to H in the space L2(Q)7
L ={v:vel?Q),v=Vu,uc H(Q)},
HoHY) = (L) =L*Q)=HoH'.

Further, let Qy: = Q x (0,T), ¥,r = 9Q x (0,T). The following i v&
determining functions {w(y,t), P(y,t), f(y)} is considered: é

Oyw — vAw = g(t) f(y) — (2.1)
divw =0, (y,t) € Qu, é (2.2)
w(y,t) =0, (yt)€ ZQA (2.3)
w(y, 0) =0, (2.4)
with overdetermination condition:
w(y, B)=wrly), (2.5)

where g(t) = {g1(¢), g2(t)} and wr(§) are given functions.
So, in the weak version %e problem (2.1)—(2.5), the vector function
w = (w,wy) € L*0,T;V, , the scalar functions P € L2(0,T;H(Q)),
g € L?(0,T) and the fu @ ={f1(y), f2(y)} € H are unknown.
Let us formulate the& oblem: Disperse the liquid filling the domain € from
cribed by (2.1)—(2.4), and bring it to the desired state

the initial state of re i
wr(y X time t = T.

boundary value problem (2.1)-(2.4). For this purpose, in the domain @, we introduce
the scalar stream function U (y, t), defined up to an additive constant, by the following
equations [16,24]:

(9le = —waq, ayzU = w1q. (31)

Differentiating with respect to yo the first equation and with respect to y; the second
equation of system (2.1), and summing them taking into account (3.1), we obtain the
following equation for Uy, t):

—0;AU + AU = Gy, t) = =0y, F1 + 0y, Fa, (Y1) € Ques (3.2)
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with boundary and initial conditions
U= Oa B'FiU = 07 (y7 t) € th (33)

U=0, yeQ, t=0, (3.4)

where F; = g;(¢)f;j(y), j = 1,2, and 7 is the unit vector of the outward normal to the
circle |y| = 1.

To solve problem (2.1)—(2.5) numerically, we must be able to approximately solve
boundary value problem (3.2)—(3.4). For this we will use the Faedo—Galerkin method,

which is provided by solving the following spectral problem: \
AV (y) = (=AY (y), yeQ={lyl <1},

07V (y) =0, at |y| =1,

V(y) =0, at |y| = 1. é (3 7)

<
4. SOLVING GENERALIZED SPECTRAL PRO .5)—(3.7)
We rewrite equation (3.5) as a system for wn functions {V (y), W (y)} :
AV (y) =W (y), W (=W (y), ye (4.1)
So, we get spectral problem (4.1), (3.6) and (3.7). We write this problem
in the polar coordinate syst = rcosf, yo = rsinf} in the domain
QH={0<r<1,0<0<2
1 1.,
—=0 (10, = —=0yZ(r,0)=Y (r,0), (r, 0) €, (4.2)

7" s 7"2 b ) b )
—4 (o0, 0)) riQagy (r,0) = 12V (r,0), (r, 0) € O,

(4.3)

is bounded in the neighborhood of the point r = 0, (4.4)
0Z (r,0) =0, at r=1, (4.5)

Z(r,0) =0, at r=1, (4.6)

where Z (r,0) = V(rcosf,rsinf), Y (r,0) = W(rcosf,rsinf).
Problem (4.2)—(4.6) will be solved by the method of separation of variables:

ZRZJ r)©z; (0 ZRYJ 1Oy (0). (47

Substituting (4.7) into (4.2)—(4.6), we get

_@gj (0) = MQZ]’@ZJ' (0), 0¢€(0,2m), Oz; (0) = Oz (2m), (4.8)
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~Oy; (0) = 1i¥;0y; (8), 0€(0,2m), Oy;(0) =0y, (2m), (4.9)
TQRZJ (r)+rR'z; (r)— u%ijj (r) = —T2RYj (r), (4.10)
PRy, (1) + 7R y; () + (1% = ;) Ry; (1) =0, (4.11)

Rz (r) is bounded in a neighborhood of zero, (4.12)
Rzj(1)=0, R'z(1)=0. (4.13)

The solutions of problems (4.8) and (4.9) coincide and are equal to:
0,)(6) =04 (0) =1, 0 €[0,2m),
057 (6) = 617 (6) = cos 6, ©F)(6) = 641 (6) = sin 0, 6\,2

Wy =l =% jefl2,..). s

It is known that the equation (4.11) is a special case of &1 equatlon and its
general solution has the form Ry; = C1J;(ur) + CoJ; (1), =J_j(—pr)
and J;, j = 0,1,2,..., is the Bessel function 6f t order Due to the fact
that j = 1,2,..., according to formulas (12)—(1 , Chapter 7, §3] we have
J_j(—pr) = Jj(pr) for all j =1,2,... Thus, i or us to consider the system
of functions {Jo(ur), Jj(ur), j =1,2,...}.

Further, if we make the substituti = pry then by the definition of a cylindrical
function for equation (4.11) the followingystatément is true.

Lemma 4.1. Equation (4.11) hax general solution in the form of a cylindrical

function Ry ; (r) = J;(ur),j =

Substituting this soluti Lemma 4.1 into equation (4.10), we will have
a boundary value problem, f nonhomogeneous ordinary differential equation of

the second order:
r '(@{'Zj(r) —J*Rz(r) = —r?J;(ur), 1€ (0,1), (4.15)

j(r) are bounded in a neighborhood of zero, (4.16)
Rzj(1) =0, R'z;j(1)=0, (4.17)
whe 1,2,...
Fo dary value problem (4.15)—(4.17), we establish the following lemma.

Lemma 4.2. For all j € {0,1,2,...} boundary value problem (4.15)—(4.17) has
a countable family of solutions

1
Rzjr(r /G] rp) (i1 kp)dps pin g pr k=1,2,.
0

where ;1 are roots of equations Jjy1(p) = 0 and G, j = 0,1,... is the suitable
Green function.
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Proof. We seek fundamental solutions for (4.15) in the form of R () = v, where m
is an unknown number for now. Substituting ™ into equation (4.15), we find m = +j,
i.e. fundamental solutions are equal

z15(r) = r, 2o5(r) = r’ for any j € {1,2,...}, z10(r) =Inr, 299(r) = 1. (4.18)

Thus, the general solution of homogeneous equation (4.15), according to (4.18),
is written in the form

Rjg-&(r) = Cle_j + C2J'rj7 .7 € {1727 .. '}7 ROg.s.( C(10 lIl’I" +

from the boundedness conditions in the neighborhood of the pomt r
it follows that

Ci;=0, j=01,2,. g& (4.20)

Thus, the general solutions for equation (4.15), obtained is of fundamental

solutions (4.18)—(4.20) ([7, Chapter 1, §5]) and accordl ﬁrst condition from
(4.17), have the form:

) CZJTJ + Rjps.(r),
Rygs.(r) = { Ca0 + Rop.s.(7), 0 1,--s
(4.21)
where
G;(r.p) . (A22)
0<r<p<l,
e j=o, (4.23)
O<p<r<l,
pp)dp, j=1,2,...,
(4.24)

Finally, for eigenfunctions Rz;(r) from (4.21)—(4.24) we obtain:
1
RZJ /GJ ,U,p)dp, ] =12,...,
0

Ryo(r) = / Go(r. p)Jolyo)dp
0



On the numerical solution of one inverse problem. . . 715

Further, from the second condition from (4.17) according to formula (20) from
[15, Chapter 7, §3] we obtain

1
[ pJo(pp)dp =0 & Ji(n) =0,
Riz(1)=0 & {0
[P i (up)dp =0 & Jjpa(p) =0, 5 =1,2,...
0

We denote by pjx, k € {1,2,...}, the roots of equations J;(u) =0, j € {1,2,.
we get that the system of functlons {Jj(njrr), k=1,2,...} satisfies t‘h

condition with weight r, i.e.

0, atk#l
/Jj(ﬂjkT)Jj(MﬂT’)TdT = {

) d?k, at k=1,
Thus the solutions to initial boundary value problem @1.17) have the follow-
ing form ‘\

Yi=0,1,2,..., k=1,2,..., (4.25)

where d?k Sr) rdr.

L

1
Rzjw(r /GJ 7, p)Jj(Kj+1,6p)
0

where (41,1 are roots of equati
O
Remark 4.3. We will @t 6 € [0, 2m). We represent the interval [0, 27) as

a union of sets

7r/2 2m)U (7/2, 3w/2) U{r/2} U{37/2}. (4.26)
Then on t ) to define 6 we get the following formula:
[0 7T/2) Y1 > Oa Y2 > 07
(37T/27 27T)? Y1 > 07 Y2 < 07
AS (7T/27 37T/2) ) y1 < 0, (427)
7'('/27 = O, Y2 > 07
37 /2, y1 =0, y2 <O0.

Note that (4.27) takes into account the fact that an angle 6 is determined using

function arctan (y ) taking into account the signs of coordinates y;, y2 and values of

arctan (SyLl) This function will be denoted by arctan (%), i.e. § = arctan (g—f)
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Theorem 4.4. From solutions (4.14) and (4.25) of boundary value problems (4.8)—(4.9)
and (4.10)—(4.13), respectively, we obtain the following system of eigenfunctions and
the corresponding eigenvalues:

{RZOIC(T)7 Rij(T) cosj&, Rij(T) Sinjaa /‘L%](H lu’?—i-l,k} ) ja ke {1) 27 .. } . (428)

In the Cartesian coordinate system, respectively, we obtain

{U;k_)(y) = Rz;k(|y|) cos (;ﬁ& <y2

U](;r) (y) = Rzjk (|y|) sin (] arctan MJ+1 & \

jefl2,. .} kefl,23,.. }|y|<1

(U W) = RzorllyD i}, =0,k € {12, |< Lo (430
Now, according to formulas (3.1) and (4.29)(4.30)§ e a system of eigen-
fo

functions w(y) = {w1(y), wa(y)} for the weak fornpof. ectral problem (3.5)—(3.7),

which (it is not difficult to verify) is equivalent to ing:
a(w,v) = pu*( v ) (4.31)
where
— ; O
a(w,v) = ((w,v)) = dy, w,veV

=19 Oy; Oy;
Remark 4.5. Spectral problem ) is posed for the self-adjoint Stokes operator.
Therefore, its solution, i.e. s @ of eigenfunctions, constitutes an orthogonal basis in
space V with real eigen& ge, for example, [24, Chapter 1, 2.6]).
Further, from T 4 we finally get the following result.
Theorem 4. r {0,1,2,...}, k€ {1,2,3,...}, ly| <1, the eigenfunctions

W () = 0,U% (), i) () =0, U5 ()} (4.32)

wii) (1) = 0,,U5 ). i) (0) = =0, U5 W)} (4.33)

- — - Y2
ngIz (y) = 3y2 Uék )(y) = RIZOk(|y|)m, (4.34)

=) () = - y
whold (9) = =00 U () = —R'z00 (1) 1 (4.35)
in pairs constitute an orthogonal basis in space V, where
=) c T (Yo
03 (1) = Rz (o) 22 cos (arctan (2 )

(4.36)

~ Rap () sin <3At/n (y)) i
Yy
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0uUS (4) = Rz (o) {2sin (y arctan (g—))

+Rij(|y|)COS< arCtan< )) [yl?

8y1UJ(,;) (y) = —R’'zjk (|y|) " |cos (] arctan <y_>>

+ Rz (Jy]) sin (y arctan <z_> jy_22 ’

(4.37)

=N

(4.38)

_aleJ(l—:) ( ) _R Zjk (|y|> |y|SIH <.7 m yl ‘

— Rzjk (|y|) cos (jm <% %
Y1 |y

R'zjx (lyl) /3|y|G (Iyl, p) J (n g+s
"”' (4.40)
+ 8Iy\ @( Hi+1,kp) dp,

l\)

1 lyl
Re () = [ G (ol 7 Q o [ Gy Whp) s (ssran)dp, (441
|yl 0
1 lyl
R’ zor (ly]) = /3| Jo (11kp) dp+/5|y\Go(|Z/| p) Jo (nikp) dp,  (4.42)
ly 0
|yl
Rz g; (lyl, ) Jo (pakp dp+/Go lyl, p) Jo (n1kp) dp (4.43)
0
0 v to Remark 4.5 the system of elgenfunctlons (4.32)—(4.43) must be orthog-

of the system of eigenfunctions (4.32)—(4.43) also follows from 1ts construction, and
this property is verified by direct calculations.

Remark 4.7. In Section 6, in the numerical example, for convenience, we introduce
the following notation for the eigenfunctions that correspond to the eigenvalues u? 1k

wor(y) = wiy) (1), wo(y) =wi) (), wily) =wiP @), k=123
(4.44)

where wj(;)(y), wﬂr) (y) and wo (y) are defined according to (4.32)—(4.35).
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5. AN OPTIMIZATION METHOD FOR SOLVING THE INVERSE PROBLEM.
OPTIMALITY CONDITIONS

We proceed to solving inverse problem (2.1)—(2.5) by the optimization method. We re-
place the fulfillment of the overdetermination conditions (2.5) by the minimization of
the following regularized functional

Hwd)= [ D) —wr@Py e [ sl
lyl<1
on a pair of functions {w(y,t), f(y)} that satisfies boundary value probl
where 7 = « fOT lg(t)|?dt, a is the initial regularization parameter. W ¢ the
Hamilton—Pontryagin functlon %
H s ¥ s = - 7T 7 )
[w, ¢, f,y] = —w(y, T)Y(y w(y, T y)l (5.2)
+ F@)Brlg(®w(y. 1]~ @

According to (5.1)—(5.2) and in accordance ylt the results of the Pontryagin
maximum principle ([6,17]), we need to solve t ing optimality conditions
(5.3)—(5.11): the direct boundary value proble

90 g
Ow — Aw = 2 P, ) € Qut, (5.3)
div 0, (y,t) € Que, (5.4)
(y,t) € Zye, (5.5)
=0, Jyl<1, (5.6)
and the adjoint boun problem
W — Ay ==V5,  (y,t) € Qu, (5.7)
divey=0, (y,t) € Qut, (5.8)
=0, (y,t) € Xy, (5.9)
where thé unknown function f(y) is determined by formula
1
fly) = %BT[ 9()¥(y,1)]. (5.11)

Using the Riccati transform [17] (this is an artificial trick for splitting (5.3)—(5.6)
and (5.7)—(5.10)) we get

{ wz(yvtawz) = E’L(y7t)w2 + ri(yvt)7 = 1727

8 (5.12)
S(y,t;w) = (S(y,t),w) + S3(y, 1),
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where

S' = {Slv‘S?}a (S’,w) = Sjw; + S27~U27

E= {E17 E2}7 r= {T17 T?}) 5’17527‘5137

are unknown functions to be determined. We will split optimality conditions
(5.3)-(5.10):

_atE(y) t) - AE(y) t) = —V(Sl + SQ)) (y7 t) € Qyta (513)

divE = O) (y? ) € Qyta 14)

E(y,t) =0, (y,t) € Xy, @ (5.15)

E(y,T)=-2, yeq, @ (5.16)
—Or(y,t) — Ar(y,t) + @E( t)‘ tHw(y,t)
tT\Y, Y, 27 Y, & Y, Y, (517)
+ T(y, t)] = _VS3? (y?t) QQ
divr =00, (v, t) € Que, (5.18)
T(Q& (y:t) € Ty, (5.19)
) wr(y), yE€Q, (5.20)

where in equation (5 ctlon w(y, t) is given at the first iteration only, instead
of which in subse tions we will take the solution of the following boundary

value proble
After solvin dary value problems (5.13)—(5.20), by using (5.12), from
QJ‘

(E(y,yw+r(y, )] = VP, (y,t) € Que, (5.21)
divw =0, (y,t) € Qut, (5.22)
w=0, (y,t) €3y, (5.23)

Note that in boundary value problem (5.21)—(5.24) only the functions w(y,t),
P(y,t) are unknown.
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6. EXAMPLE: CALCULATION RESULTS AND GRAPHS

For a numerical example, assume that g(t) = {g1(¢), 92(t)} = {1,1}. Above, based on
relations (4.32)—(4.44), we have constructed an orthogonal basis

{wie(y), j=0,+1,+2,..., k=1,23,.}

in space V. By using this basis, we introduce an approximate solution

N N
wn(y )= Y gpnOwiy), Ex(yt)= > ejnnl
j=—Nok=1 j=—Nk=1 ©

N
vt = Y hien(Owi(y), 6\

j=—N,k=1 g
for direct boundary value problem (5.21)—(5.24) and adjoi ary value problem
(5.13)—(5.20), formulated in a weak form:

2

(8th’ ’U)lm) + ((’LUN, wlm)) :2

6.1)
N, m=1,...,N,
WN 6.2
—(8tEN,'LUlm)+((EN,w1 )):Oa _N<l<N7m: ) 7N7 6.3
0T) = -2, (6.4)
1
— (at’l"N,’LUlm&me)) :2_nyN (BT[EN’LUN + ’I“N]N,wlm) y (6 5)

@ _N<I<N,m=1,...,N,
(6.6)

TN(y,T) = QwTN.

Functions s €N (t), hjen(t), =N < j < N, 1<k < N are scalar functions

1), (6.3) and (6.5) are a system of ordinary differential equations

ese functions. For each —N <[ < N, m=1,...,N from (6.1)-(6.2),
(6.5)—(6.6) we have

j=—N,k=1
1 N N
= % Z Z (BT[ejk:N (t)gnsN(t)w]k: (y)wns (y) (6 7)
n=—N,s=1j=—N,k=1

+ hnsN(t)wns (y)]v Wim (y)),
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gimn (0) =0, (6.8)
N
— [wim WP €hun &+ D (Wi (y) ,wim (1)) ejrn (£) =0, (6.9)
j=—N,k=1
() = =2 [ i)y, (6.10)
ly|<1
N 0\
— Wi () PRy (1) + w; Wi (Y) RN (t
1 (W) iy (2) jz_%;k=1< k (), Wi (Y) hjen (t)) \
1 N
“ 35 3 emliuat >(BT[ > an (6.11)
N
x> g (Bw(yt) + h ()|, wim (y
j=—N,k=1 g—ka 1
himn (T) (6.12)

Based on the relations given by formulas ( ) (6.12), numerical experiments were

carried out for N =0 and N = 1.
Figures 1-4 show the graphs ofjthe specified and calculated final functions (for
the first component of the ﬂui%ity w1 (y,t)). To obtain graphs of the second
is only necessary to swap the axes y; and ys.

component wa(y,t) in Figures™s4
Moreover, the y» axis is te gures, from left to right, and the y; axis is vertical
to the drawing plane. No at®vhen plotting graphs, the program automatically uses
pecified in (4.26)—(4.27).

S carried out for T' = 2, when 2 is a circle of unit radius
nd for different values of the regularizing parameter « in the

the formula 6 = arct
The calculati

centered at t

minimized fun

lw(y, T) = wrl®> + Yl f W, 7= 4a. (6.13)

Fig shows a graph of the change in the values of minimized functional (6.13)
(excluding the regularizing term) depending on the values of the v parameter.

Thus, we get a decrease in the difference between the final values of the calculated
and given functions ||w(y,T) — wr(y)|| in L?norm with a decrease of v parameter.

Remark 6.1. The convergence and stability of the proposed algorithm for solving
the optimization problem is ensured by the corresponding result from the book [11]
(see Chapter 2, Theorems 2.5.1-2.5.3 therein) for the Tikhonov regularization.

Note that the elements {g¢, f} in Theorem 2.5.1 from [11] in our case, namely, in
the functional (6.13), respectively, mean {f,wr}, i.e. Af = w(y,T), f = wr.
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Therefore, from [11, Theorem 2.5.1] there exists a unique f, € H, since the operator
A:H — VNH?(Q), defined by relation Af = [Al_l(gf)] =T is a linear completely
continuous operator from H to H, where Ajw = ¢f is the notation of the initial
boundary value problem (2.1)—(2.4) in operator form.

When numerically solving the example, we took into account the statements of
Theorems 2.5.2-2.5.3 from [11]. Namely, we ensured the fact that the accuracy
of the approximation of the element wr by wrs, in a sense, should be higher than
the decreasing order of the regularizing parameter v(d) at 6 — 0 (for example,

}ii% 62 /7(8) — 0, where |[wr — wrs||vamz@) < 9).
0\\

Fig. 1. Graphs of t n Fig. 2. Graphs of the given
and calculated fi and calculated final functions,
v =0.13

Fig. 3. Graphs of the given Fig. 4. Graphs of the given
and calculated final functions, and calculated final functions,
~ =0.026 v =10.014
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80| [Jw(y, T) — wr(y)||

. 5\\
D
0 1.0 2.0 3.0 4.0 (]

Fig. 5. Graph of the values of the minimized function cluding the regularizing
term)
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