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On the time-optimal control problem for a fourth order parabolic
equation in a two-dimensional domain
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Previously, boundary control problems for the second order parabolic type equation in the bounded domain
were studied. In this paper, a boundary control problem associated with a fourth-order parabolic equation
in a bounded two-dimensional domain was considered. On the part of the considered domain’s boundary,
the value of the solution with control function is given. Restrictions on the copntrgl are given in such a
way that the average value of the solution in the considered domain gets a given yalue. "By the method of
separation of variables the given problem is reduced to a Volterra integral equation efpthe first kind. The
existence of the control function was proved by the Laplace transform methdd and%an estimate was found
for the minimal time at which the given average temperature in the domainis reached.
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Introduction

In this paper, we consider the fourth ordef parabolic equation in the domain Q2 = {(z,y) : 0 < x <
T, 0<y<m}

Ut(%y,t) =+ A2’U/(.’L',y7t> = 07 (%%t) € QT =0 x <O7OO)7 (1)

with boundary value conditions
U(O, Y, t) = ¢(y) V(t)7 U;B(TF, Y, t) =0, umr(oa Y, t) = 0, Ugsz (7T7 Y, t) =0, (2)

w(z,06d) = 0, wuy(z,m,t) = 0, uy(x,0,t) = 0, wuyyy(z,m,t) =0, (3)

and initial value condition
u(z,y,0) = 0, 0<uzy<m, (4)

where A%u(z,y,t) = Upzax(T, Y, ) + Uyyyy (7,9, 1), ¥(y) is a given function and v(t) is the control
function.

Suppose M > 0 is a given constant. If the control function v(t) € W4 (R, ) satisfies the conditions
v(0) = 0 and |v(t)] < M on the half-line ¢t > 0, we call it admissible control. We will prove later in
Section 2 that the function v belongs to the class W3 (R,).

Now we present the following minimum time problem.
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Time-Optimal Problem. Assume that # > 0 is given constant. Then, find the minimal value of
T > 0 such that for ¢ > 0 the solution u(x,y,t) of the problem (1)—(4) with a control function v(t)
exists and for some 77 > T satisfies the equation

[ [uwyvayaz=o. T<e<m (5)
0 0

It is known that fourth-order parabolic equations were introduced to describe the epitaxial growth
of nanoscale thin films [1]. Therefore, interest in materials science has been increasing in recent years.

Control problems related to second-order parabolic type equations were first studied by Fattorini
and Friedman [2,3]. Control problems for the infinite-dimensional case were studied by Egorov [4], who
generalized Pontryagin’s maximum principle to a class of equations in Banach space, and the proof of
a bang-bang principle was shown in the particular conditions.

The optimal time problem related to the second-order parabolic type equation in the bounded
n—dimensional domain was studied in a new method by Albeverio and Alimow [5] and the optimal
time’s estimate for achieving a given average temperature was found. In {6, %}, nf&thematical models of
thermocontrol processes for the second order parabolic equation are considered? The control problem
for the second-order parabolic equation associated with the Neumann bous@ary condition in a bounded
three-dimensional domain is studied in [8]. In this work, an estimdte ofsthe optimal time was found
when the average temperature is close to the critical value.

In |9, 10], the control problems of the second-order parabeliegd#pe equation associated with the
Dirichlet boundary condition in the two-dimensional domain asg\studied. In these articles, an estimate
of the minimum time for achieving a given average tefMperature was found, and the existence of a
control function is proved by the Laplace transformfaethod? The boundary control problem related to
the fast heating of the thin rod for the inhomogeneouspheat conduction equation was studied in works
[11,12] and the existence of the admissible controluiction was proved.

The optimal time problem for the heat equation with the Neumann boundary condition in a one-
dimensional domain is studied in [13]. The difference of this work from the previous works is that the
required estimate for the minimumytinie isffound with a non-negative definite weight function under
the integral condition. In [14], the tontré¥ problem for a second-order parabolic type equation with
two control functions was studied and, the existence of admissible control functions was proved by the
Laplace transform method:

A lot of information on ¢hetoptimal control problems was given in detail in the monographs of Lions
and Fursikov [15, 16| Préactical approaches to general numerical optimization and optimal control for
equations of the seCondserdér parabolic type are studied in works such as [17,18].

Boundary controlyproblems related to the second-order pseudo-parabolic equation in a bounded
domain are studied in detail in works [19-21]. In these works, the existence of the control function is
proved using the method of Laplace transform.

In [22], Guo considered the null boundary control problem for a fourth order parabolic equation
in one-dimensional bounded domain by the method reducing the control problem to the well-posed
problems, proposed by Guo and Littman [23]. In [24], the null interior controllability for a fourth order
parabolic equation was studied. The method that they used is based on Lebeau-Rabbiano inequality.
The initial boundary value problem for equations from a class of fourth order semilinear parabolic
equations was studied by Xu, et al. [25], and the global existence and nonexistence of solutions with
initial data in the potential well are derived. Further research results on the global dynamic behavior
of solutions associated with fourth-order parabolic equations for the epitaxial thin film model were
studied by Chen [26].

In this work, the boundary control problem for the fourth-order parabolic equation is considered.
The difference between this work and the previous works is that in this problem, the control problem
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associated with the fourth order parabolic type equation is studied. In Section 1, the boundary control
problem studied is reduced to the Volterra integral equation of the first kind by the Fourier method.
In Section 2, the existence of a solution to the Volterra integral equation is proved using the Laplace
transform method. Section 3 gives an estimate of the minimum time required to reach a given average
temperature of the plate.

We now consider the eigenvalue problem

A’X(z,y) = AX(2,y), (z,9) €Q,
with the boundary value conditions
X(0,y) = Xuz(0,y) =0, Xu(m,y) = Xpza(m,y) =0,

and
X(2,0) = Xyy(2,0) =0, Xy(z,7)=Xyyy(z,7)=0, (x,y) &N

Then we have the eigenvalue and eigenfunctions defined as follows @ \

2 N /2n+1\4 2m+1
)\mn=< m ) +< "t ) Xy (1) = sin 2 &y mon=0,1,...

Suppose that the function 1 € H*(Q) satisfies the follovvl tions
¥(0) = 9V (m) = Wy 2 0,
where 1, is the Fourier coeflicient of the function d as follows

W@Q%z ydy, n=01,... ()
We set &
3 @ m —0.1... (7)
where 1, is defined by (6)0%

Theorem 1. Let,

Set

1 0 \o
Ty = ——1In(1— .
0 o ( ﬁOM)

Then a solution T,,;, of the time-optimal problem exists and the estimate T}, < Tp is valid.

1 Main integral equation

In this section, we consider how the given control problem can be reduced to a Volterra integral
equation of the first kind.

By the solution of the initial-boundary problem (1)—(4), we mean the function u(z,y,t), which is
expressed in the following form

u(@,y,t) = Py v(t) —w(z,y,t), (8)
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where the function w(x,y,t) with the regularity w(z,y,t) € Cﬁ;i(QT) NC(Qr) and Wy, wy, € C(Q)
is the solution to the initial-boundary problem

wy(z,y,t) + AMw(z,y,t) = ¥(y) v/ () + oW (y) v(t),

with the boundary value conditions

I
=

w(anvt) = wxw(()?y?t) = 0, wx(ﬂayat) = wwmx(ﬂ'ayat)

w(z,0,t) = wyy(x,0,t) = 0, wy(z,7,t) = wyyy(z,7,t) = 0,

and the initial condition
w(z,y,0) = 0.

As a result, we get the following solution

t
4 2 2 1
w(w,y,t) = ;mz_: 2m+1</e—kmnt 2 )ds> smﬂzﬁk\@ gt
° 2%)

oo o0

¢
1 (2n+ 1), o (t—) +1 . 2n+1
+EZZW /e v(s)ds oL sin——0—y. 9)
m n= 0

By (8) and (9), we have the solution of the initial-b & roblem (1)—(4) (see, [27]):

u(z,y,t
4§:§: W (/tA d F1 . 2n+1
—— e -mn s sm T sin y—
7Tm:0n:02m+1 ) 4 2
1 = o= (20 + 1) 2 1 2n+ 1
E E (2n + e~ Amn(t=s) l/(s)ds) sin m2+ x sin n2—i— y.

m 0n=0
Using condition (5) a %utlon to problem (1)—(4), we can write
%t) = / / ey tydody = vle) [ [ o) dody-
00 00

t

16
2:2: —Amn(t—s)
_ mn d_
T 2m+1 2n+1 /e (s)ds

mOnO 0

oo [e.9] ¢

1 (2n +1)3 4, Amn(t=5) ,
—;ZZ 2m+1) /e (s) ds. (10)
m=0n=0 0

From the definition of the function v(¢) and from (10), we may write

- ut)O/O/%/)(y)dxdy—V ;; 2m+1 2n+1)+
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¢
1 & (2m+1)2 9, “Ann(t—s)
-I-; z:gz%w/e v(s)ds. (11)
m=0n= 0
Note that
16 o w— Yn
= 12
[ [ewarr = 25 Gy 02)
0 0 m=0

Then, from (11) and (12), we obtain

¢
1 2m + *Amn(t*S)
- Z Z o T 1 /e v(s)ds.

m=0n=0 0

We set
o o
= 23 Bme 120 e X (13)
m=0n=0 \
where S, is defined by (7).

Let there exist My > 0 constant. Denote by W (M) the set tion h € W3 (—o0, +00), which

satisfies the condition
Whllwaci, < Mo, B(t) =0, {&

Thus, we have the following Volterra integral equ Q

¢
/B (t—s)v(s) h(t), t>0, (14)
0

Q

where h(t) =0 for T <t <Tj Q
Theorem 2. Assume that My >& . Then, for any function h € W (My) the solution v(t) of
integral equation (14) exists and es the condition

04? lv(t)] < M.
2 Proof of Theorem 2
Proposition 1. Suppose that a € (2,1). Then for the function B(t) defined by (13) the following
estimate

0<B(t)< Cut™, 0<t<1, (15)
is valid.

Proof. Using the definition (13) and Ay, = (2"§—+1)4

2n+1\4 ;
+ ( 5 ) , We may write

1 i om + 1) 2 - (2metly tz Un, (2n+1)4t
— 2 .
P 21"

:]

We set

D 150
Z2n—i—1 ’ ’
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Clearly, for any 0 < ¢t < T, this function satisfies the following inequality

0 < AT) < A(t) < A(0). (16)

—6t

Let § > 0 be constant. We know the maximum value of the function ¢(t,d) = t“e™°" is reached at

the point ¢ = § and this value is equal to ‘g‘—ze

As a result, for any o € (%, 1), we have the following estimate

-

© o
Yo @m 12 FED = e N 2 1)2 g0 e (D <
m=0 m—0

16%a%e™ <= (2m + 1)?
= e (2m + 1)te =

m=0

2 2m+1)? & . \
mZ:(2m—|—1)4°‘_Z(2m+14a2< OO\
Then the required estimate (15) follows from (16) and (17). @

Proposition 1 is proved.

As we know, the Laplace transform of the function v t) is !@ as follows
v(p) = /ept v(t)dt, wher \T, TeR.
0

< Ot (17)

where

We rewrite integral equation (14) as folloSS
1/(5 = h(t), t>0.

Then we use Laplace t\@d obtain the following equation
t
)= [ ePd t/B (t — s)v(s)ds = B(p) v(p).
0

)= L)

Thus, we have

~—

v(p
(p)
and
1 0'+ZOO,H( n
1 .
v(t) = — / p) / (0407) (o+in gy (18)
211 / B(p (oc+1iT)
g—1 00
Then we can write

e p+)\mn Z /an ,
P+ Amn

sy
S
|
\
)
=
S:
sy
3
s
\

m,n=0
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where B(t) is defined by (13) and

= .- o~ Bon 0+ Amn)_; S Brrn
B(a+z7)=m’zn:0m z; CESw. +72—17m§;0(0_+)\mn)2+72
= ReB(o +i7)+ilmB(o +iT1),
where
o0 o\ o0
ReB(o +i7) m; UTAm: mnT)z, ImB(o +i71) = —71 mz U—l—)\f:zn Pl

Obviously, the following inequality holds

(04 Amn)? + 72 < (0 + An)2 + 1](1 + 72),

and we further have
1 1 1 *
24 2 = 2 : \ (19)

(0 + Amn) 1472 (04 Amn)? +
Thus, due to (19), we can obtain the following estimates K

ReB(o +ir)|= ) _

m,n=0

1 i Brue _ 20)
1472 - :0( +A)®+1 1+72
and Oo
ImB(o +iT B >
m,n= O U+>\m”) +T2 N
ng |7’|
= = 21
%m (0 + )\mn +1  1+727 (21)
where ' ,, Ca, are defin o OWS
Coo = S
m G Gom X G
From (20) and (21), we have the following estimate
= . 2 = . 2 = . 2 min(012070220)
|B(c +i71)|* = |ReB(0 +i7)|* + |ImB(o +i7)|* > #,
-
and o
Blo+ir > —2 _ where C,=min(Ci,,Csy). 22
| ( )| = m ( 1, 2, ) ( )
Proceeding to the limit as ¢ — 0 from (18), we have
1 G
(t) = — / PGT) ivt gy (23)
27 B(iT)
—00
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Proposition 2. [20] Assume that h(t) € W(My). Then for the imaginary part of the Laplace
transform of function h(t) the inequality

“+oo
/ RGNV + 72 dr < C1 hlhwaa)

is valid, where C > 0 is a constant.

Proof of the Theorem 2. Now we prove that v € W4 (R ). By (22) and (23), we obtain

—+00
/yu 1+\T|)dT=/

Co = min(C1 o, Ca,0) which is defined by (22). Further,

iin) |

B(iT)

+o00
(L+[r*)dr < Co / RGP+ 7P dr = Collhlfp gy

, . \
v(t) —v(s)] = /V'(&)df < HVIHLz(t_%\
From (22), (23) and Proposition 2, we have the estimate : é

litin) in)lV/1+ 2dr <

‘()"% | VB

Cq C1 My
<
B 27['00” | 2(Ry) = 21y =M,

where O/l 0rC
mCo

= M.
\ 0=

Theorem 2 is proved. @
9& 8 FEstimate for the Minimal Time
Now we intro

where B(t) is defined by (13).
We set

owing integral equation

t
/B(t—s)y(s)ds =0, T<t<T,
0

Bo = Boos Ao = Ao,
where [, defined by (7).

Proposition 3. The following estimate is valid:
B(t) > foe ™,

where the function B(t) is defined by Eq. (13).
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The proof of this proposition follows from the fact that the functional series defined by (13) is
positive for all £ > 0.
We introduce the following function

H(t) :/tB(t—s)ds:/tB(s)ds.
0 0

It is known that the physical meaning of this function is the average temperature in a bounded
domain  (see, [5]). It is known H(0) = 0 and H'(t) = B(t) > 0.
We set

t—o00

H* = lim H(t) = /B(s)ds.
0

The average temperature in the bounded domain does not exceed H*. Clearlyy H* is finite. Indeed,

where B,y is defined by (7) and Ay, = (2m2+1) n (2n2+1) . @

Proposition 4. Assume that 0 < 6 < MH*. Then the e& > 0 and a control function v(t) and

the following equality 9
0 (24)

is valid.
Proof. The proof of this follows du@ from the properties of the function H. Indeed, if we set

v(t) = M then
@ ds—M/ (t—s)ds=M H(t),

and because of (24) T > 0 so that M H(T
Proposition 4

Remark 1. Tt is ¢ that the value T, which was found in Proposition 4, gives a solution to the
problem. That is T is the root of the following equation

H(T) = ~—. (25)

Lemma 1. Let

Then there exists T' > 0 so that

and Eq. (25) is fulfilled.
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Proof. Using Proposition 3, we can write the following inequality

¢ t
H(t) = /B(s) ds > ﬁo/e_)‘osds =
0 0

Bo — ot
=—(1—e 7", 2
ol1-e (20)
To determine Ty, we consider the following equation:
Ho N0 T, 4
—([1—e 00 ) = —. 2
" e % (27)
Then we get
1 0 Ao
To=——1In(1- .
MDY n( fo M >

In accordance with (26) and (27) we have
0< —< H(T )
Z‘ ( J— 0 .

Then obviously there exists T, 0 < T' < T, which is a solution™o equation (25).
Lemma 1 is proved.
The proof of Theorem 1 follows from Lemma 1,
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Ekiemmmemai ob6abIcTarbl TOPTIHIMNI PETTI MTapadoiadbIR TeH/JIey YIMiH

68

OHTAMJIBI YaKBITTHI ODacKapy MocCeIeCi=TypaTbl

@ .H. Jlexxkonon

Hamarezarn memaexemmir ynusepcumems, Hamanean, O3bexcmar

Bypsin mekresren obsbicTarsl eKiHmi peTTi HapabosIablk, THILT TEHYey YIIH IIeKapaJiblk, OaKblIay ecer-
Tepi 3eprrenmai. Bya KymbicTa mmekTesreH ekiemmeMal OfTBICTABLI TOPTIHIN pPeTTi mapabosasiblK TeHJIe-
yMeH OailJIaHBICTHI IIeKapaJIbIK OakbLIay ecebi KapaCBpIpbiIrait KapacThIpblIaThiH OOJIBIC IIEKAPACHIHBIH
Geuiringe 6ackapy dyHKImsICH 6ap memimMHig MaHI 6epliirery Bakpuiayars! mekTeyiep KapacThlPbLIaATHIH
OBJIBICTAFBI MIENTIMHIH OPTAIa MOHI HAKTHI MOH/I1 afaThIHAAN eTin Gepiiai. AfHbIMaIbLIAPABI 66Ty diciMeH
Oepisiren ecen G6ipinii TekTi BosbTreppa nHTErpasIbiK ®eHeyine kearipineni. Backapy dyHKIUSACHIHBIH 6ap
6osysl Jlamrac Typiaesaipy o/iciMen JpieseH i »KoHe 0bJibicTa GepilireH opraliia TemMiepaTrypara XKeTy 1iH
€H a3 yaKbITBIHBIH 0arachl TAOBLIIbI.

Kiam cesdep: GacTanmkbI-IIeKapaJsiblig 6Gell, FOPTIHIN peTTi NapabosasiblK, TEHJIEY, €H a3 YaKbIT, PYKcaT
erinren 6akpuiay, BosbTeppa MHTErPAWILIK TeHIEYi, JlamiacTblH TypIeHipy OIici.

O 3asade OBICTPoOAEiicTBIA MAapabOJIMIEeCKOro yYpaBHEHMSI
fi6LBePTOTO MOPAIKA B AByMEPHOIT 0bJiacTu

®.H. exkoHon

Hamanzanckut 2ocydapemeentvill ynusepcumem, Hamanean, Ysbexucman

Panee Gbn ucciieioBanbl 33/ IPAHUYIHOTO YIIPABJICHUs Jjid YPaBHEHUs NapaboJIMd4ecKOro THIla BTO-
pOro mopsijika B orpaHudeHHoil obsacru. B mamuoit pabore paccMoTpeHa 3aada IPAHMTIHOIO YIIPABIEHUS,
CBsI3aHHAS C MAapabOIMIECKUM YpaBHEHIEM YeTBEPTOrO MOPsIKa B OIPAHUYEHHON AByMepHOit obmactu. Ha
YaCTH PAHUIBI pACCMAaTPUBaeMOil 00JacTu JaHo 3HadeHMe pelneHus ¢ GpyHKued ynpasienus. Orpanu-
YeHUsI Ha YIPaBJEHHUe 33JIal0TCsS TaKUM 00pa30M, ITOOBI CpejiHee 3HAUYEHUe DEIIeHNsI B PacCMaTpUBaeMOn
obJracTy TOJIydaso 3aJaHHOe 3HadYeHue. 3ajada, 3ajJaHHasi METOJOM pa3esieHus TepeMEeHHBIX, CBOIUTCS
K MHTerpaJbHOMY ypaBHeHHI0 Bosbreppa mepsoro poma. Meromom mpeobpasoBamnus Jlamraca mokasaHo
cylecTBoBaHue (DyHKIMH YIPABJICHUs ¥ HajJIeHa OIleHKAa MUHUMAJILHOIO BPEMEHU JIOCTHKEHUsI 33/ IaHHON
CpeJiHell TeMIepaTypbl B 00JIaCTH.

Karouesvie croea: HagaIbHO-KPaeBas 33,1298, 1apaboJIndecKoe ypaBHEHNE Y€TBEPTOrO MOPSIIKA, MUHAIMAJIb-
HOe BpeMsl, JOIIyCTUMOE YIIpaBJIeHne, HHTerpajabHoe ypaBaenue Bosbreppa, Meros npeobpasoBanus Jlaria-
ca.
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