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The article is devoted to the study of semantic Jonsson quasivarieties of universal unars and,undirected,
graphs. The first section of the article consists of basic necessary concepts from Jonsson model theory.
The following two sections are results of using new notions of semantic Jonsson quasivariéty of Robinson
unars JCyg and semantic Jonsson quasivariety of Robinson undirected graphs JCg, its elementary theory
and semantic model. In order to prove two main results of the paper, Robinson spectra RSp(JCy) and
RSp(JCs) and their partition onto equivalence classes [A]y and [A]es bygeosemantieness relation were
considered. The main results are presented in the form of theorems 11 and 134and’imply following useful
corollaries: countably categorical Robinson theories of unars are totally'categorical; countably categorical
Robinson theories of undirected graphs are totally categorical. The obtained results can be useful for
continuation of the various Jonsson algebras’ research, particularly. semantic,Jonsson quasivariety of S-acts
over cyclic monoid.
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Introduetion

This paper and focuses on the studyyof ‘model-theoretic properties of well-known and sufficiently
simple classes in the sense of the sighature of‘algebras, namely unars and undirected graphs. One can
note that this paper is a conginuation of works [1-4].

At one time, the famous mathematician-logician H.J. Keisler, in his review article "Fundamentals
of Model Theory" in the foursvolume monograph "Reference Book on Mathematical Logic" (edited by
J. Barwise), defined the basi¢ concepts and directions of the development of model theory. H.J. Keisler
identified two histori¢al trends'in the development of model theory. They are called "western" and
"eastern" model theorymThis division is due to the fact that A. Tarski lived on the west coast from
1940, and A. Robinson lived on the east coast from 1967 until his premature death in 1975. This
distinction h@s longlost its geographical significance, but it is useful from a mathematical point of
view.

"Western" model theory develops in the traditions of Skulem and A. Tarski. It was mostly motivated
by problemsdn number theory, calculus and set theory, it uses all the formulas of first-order logic.

"Fastern" model theory develops in the traditions of A.I. Mal’tsev and A. Robinson. It was
motivated by problems in abstract algebra, where the formulas of theories usually have at most two
blocks of quantifiers. It emphasizes a set of quantifier-free and existential formulas.

Jonsson theories as an object of research were first considered in the works of Jonsson [5] and Morley,
Voot [6]. In the mid-80s of the twentieth century, the works of T.G. Mustafin identified a new direction
in the study of Jonsson theories. In particular, he defined a natural subclass of Jonsson theories, which
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he called perfect. The main method of his research was the following: the study of the properties
of arbitrary Jonsson theories by transferring the properties of the central completion of this Jonsson
theory. In the early 90s of the twentieth century A.R. Yeshkeyev obtained a criterion for the perfection
of the Jonsson theory [7]. In particular, there was obtained a complete description of the Jonsson
universal unars in the works [2,3] by A.R. Yeshkeyev, T.G. Mustafin, as well as the relationship between
the theory of unars and their center in the language of stability. On the other hand, one of the weak
points in the study of Jonsson theories within the framework of the method proposed by T.G. Mustafin
was the presence of an additional axiom about the existence of a strongly inaccesible cardinal to the
axioms of Zermelo-Frenkel set theory in the definition of a semantic model. It should be noted that
during the talk of R.M. Ospanov at the "5th Kazakh-French colloquium on model theory well-known
experts in the field of model theory Ye.A. Palyutin and B. Poizat pointed out the neéd to ¢hange this
definition. The realization of this remark was the output of the work of Ye.T. Mustafim[8|, in which
he redefines the concept of k-homogeneity and semantic model. Accordingly, the modified definition of
the perfection of the Jonsson theory appeared in [9], in which the main results obtained earlier in [10]
were re-demonstrated within the framework of the new definition.

The results discussed here relate in their content to the "eastern" model‘theory.Various properties
of unars from the perspective of "western" model theory (the case when the complete theory of some
unar is considered) were obtained in the works of Yu.E. Shishmarey [L11}¢"A.N. Ryaskin [12].

The notion of countable categoricity in "western" model theory distinguishes probably the narrowest
class of theories, and it is well studied. In the case of "eastern'ymodel theory (meaning studies of
Jonsson theories), it should be noted that Vought theorem on‘the relationship between completeness
and categoricity of the theory does not hold, since Jonssontheories; generally speaking, are not complete
and have finite models. The following question of Ye.A. Palyutin'is well-known: is there an w-categorical
universal K that is not wy-categorical? If this,questionjis projected into the framework of research on
the Jonsson theories, then one can notice some,interesting connections between the Jonsson theory
itself and its center appear.

In this regard, A.R. Yeshkeyev [13] obtained the following results:

Theorem 1. If the Jonsson theory This w-categorical, then T is perfect.

Theorem 2. If the Jonsson théory I is k-categorical, then the #-companion of the theory T is
k-categorical, where k > w.

Theorem 3. In the case of a negative answer to question of Ye.A. Palyutin for a Jonsson theory that
satisfies the conditions of/thequestion, the center of the Jonsson theory cannot be finitely axiomatized.

There is considered a class’of existentially closed models of an arbitrary universal theory in the
work of A. Pillai [14], and, for this class he develops a forking theory with a suitable concept of the
simplicity of the theory, S. Shelah [15], E. Hrushovski [16] studied classes of existentially closed models
of Robinson €heory. A theory is called a Robinson theory if it is universal and admits AP and JEP.
Fromfhere it isteasy to see that any Robinson theory is a special case of the Jonsson theory. And
if weitake into account that unars and undirected graphs are Jonsson universals, then obtaining a
description of their existentially closed models within the framework of the above topic is an urgent
task. Thistarticle discusses the description of an existentially closed model of a countably categorical
universal of unars, as well as undirected graphs.

All definitions that were not given in the current article can be extracted from [7,17-27].

1 Necessary concepts of Jonsson model theory

Let us recall the conditions, that should be satisfied in order for a theory to be Jonsson.

Definition 1. [5] A theory T is said to be Jonsson, if:
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1) T has at least one infinite model,
2) T is V3-axiomatising;

3) T has JEP property;

4) T has AP property.

For example, the following theories are Jonsson: unars, graphs and their various subclasses, groups,
abelian groups, Boolean algebras, linear order, fields of characteristic p (p is a prime number or zero),
ordered fields. In addition to these natural examples and rather broad classes of algebras, we may also
notice that for an arbitrary theory T its scolemization and morleization are also examples of Jonsson
theories.

V-axiomatizing Jonsson theory is called the Robinson theory.

By virtue of theorem of Morley and Vaught [6] an arbitrary Jonsson theorysZ" has T-umiversal,
T-homogeneous model € in some inaccessible cardinality. Let us consider elementary theory Th(C).
We denote it as 7%, i.e. T* = Th(C).

The next definitions belong to T.G. Mustafin.

Definition 2. [7] 1) Let T be a Jonsson theory. A model €7 of power 2/Tljs calléd to be a semantic
model of the theory T if €7 is a |T'|"-homogeneous |T|*-universal modél 6f, thé,theory 7'

2) The elementary theory of a semantic model of the Jonsson'théory 7' is called the central
completion or center of this theory. The center is denoted by T, i.e. Th(€) = T*.

In the "west" model theory, when isomorphic embedding intthe definitions of universal and homogeneous
model changes to elementary embedding, and also the definition,of the homogeneous model changes,
then the following theorem is true:

Theorem 4. |7] A system 2 is saturated iff it is hemogeneous and universal.

Unfortunately, in the "east" model theory T=universal, T-homogeneous model does not have to be
saturated model. The following notions are required,for proofing the main theorems of this paper.

Definition 3. |7] Jonsson theory T is called perfect theory, if its semantic model €p is saturated.

Theorem 5. |7] Let T be arbitrary Jonsson theory, then the following conditions are equivalent:
1) Theory T is perfect,
2) T* is model completiomef theory 7.

The following criteriumgis,nedded for clarification of constructing semantic Jonsson quasivariety.
Theorem 6. |7) T is Jonsson iff it has a semantic model €.

Since we will work with Robinson theories of unars and undirected graphs, let us recall the definition
of universal.

Definitionng. |2} M T = Ty, then T is said to be universal.

The nextptwornotions of k-categorical Jonsson theory and existentially closed model of theory T
are nedded for obtaining main theorems of this paper.

Definition 5. [7] Let £ > w. Jonsson theory T is called k-categorical, if any two models of power &
of theory 1" are isomorphic to each other.

Definition 6. [7] Model A of theory T is called existentially closed model of theory T, if for any
model B of theory T such that A C B, for any 3 - formula 3zp(z,7), for any @ from A (I(a)) = (I(y))
from B = Jxp(z,a) follows that A = Jzp(x,a)

We will denote a class of existentially closed models of theory T as FEr.
Since the current research is connected with consideration of Robinson spectrum for classes of
algebras, let us give the following conditions of Jonsson theories cosemanticness.
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Definition 7. |7| Let Ty and T» be Jonsson theories, €7, and €p, be their semantic models,
respectively. 71 and T3 are said to be cosemantic Jonsson theories (denoted by 17 <1 T3), if € = €.

Theorem 7. [7] Let T} and T, be Jonsson theories, €7, and €7, be their semantic models, respectively.
Then the next conditions are equivalent:

1) Q:Tl > QtTQ;
2) ¢ =5 Cpy;
3) €, =Cp,.

Let K be a class of models of fixed signature . Then we can consider Jonsson spectrum for K,
which can be defined as follows.

Definition 8. 28] A set JSp(K) of Jonsson theories of signature o, where
JSp(K) = {T |T is Jonsson theory and K C Mod(T)},

is called the Jonsson spectrum for class K.

Hence, in the particular case, when the Jonsson theory is V-axiomatising we get the concept of the
Robinson theory, respectively, the notion of the Jonsson spectrum allgws us to ¢onsider the Robinson
spectrum.

Definition 9. [4] A set RSp(K) of Robinson theories ofsignature o, where
RSp(K) = {T |T is Robinson theorysand VA € K, A = T'},

is called the Robinson spectrum for class K.

Based on theorem 7, we can consider the éosemanticity relation on Jonsson spectrum JSp(K) and
obtain a partition of JSp(K') onto equivalence classes. we get a factor-set, denoted as JSp(K) /sa- The
factor-set RSp(K) g will be obtained correspondingly.

Let K be a class of quasivariety in the sense of [29] of first-order language L, Ly C L, where Ly is
the set of sentences of language L. Let usyconsider the elementary theory Th(K) of such class K. By
adding to Th(K) V3 sentences of Janguage L, that are not contained in the Th(K), we can consider
the set of Jonsson theories J(ZTh(K)) defined as follows.

Denotation 1. [4] A set J(Th(K)) = {A | A — Jonsson theory, A = Th(K) U {¢'}}, where
o' € Y3A(Lo) and ' ¢ Th(K), i € {0,1}, Th(K) is elementary theory of class of quasivariety K,
V3(Lo) is a set of all Y3 sentences of language L.

Let us consider thesset of such semantic models and denote it as JC.
Denotation 2.°|4] Ayset JC = {Ca | A € J(Th(K)),€a is semantic model of A}.

Weswill callithe set JC semantic Jonsson quasivariety of class K if its elementary theory T'h(JC)
is Jonsson theory.

2 Countable categoricity of semantic Jonsson quasivarieties of universal unars

Let 2 be some unar, i.e. the model of signature o = {f}, where f is a unary functional symbol. Let
foz) =z, f**Y(z) = f(f*(z)), n € w. Elements a,b € 2 are called 2-connected in X if there exist
natural numbers m and n such that (f™(a) = f*(b)) and f°(a) = f™(a), f°(b), ..., f*(b) € X.

A set X C 2 is called 2A-connected if any two elements from X are 2A-connected. A subsystem
B C A carrier of which is the maximal 2-connected subset of carrier 2l is called a component in 2. If
B is a component in system 2, then the set {a € B : A = (f"(a) = a) for some n € w is called a cycle
of component. By K(a,2l) we denote the restriction of 2 to the set {b € A : A = (f"(b) = a) for some
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n € w} and we call it the root of the element a in the unar 2(, while the element a is called the vertex
of the root K (a,2).

We will write down the special connections between the elements of the unar in the form of 3-
formulas:

1) the property of the elements to be at "the beginning of the cycle":

DY (2) = B"(2)&eTy=Dly)&f(y) = 2, where B"(2) = (f*(2) = 2)&(F(2) £ 2).(f71(2) # 2);

2) "z has no less than k different immediate representatives":

O(z) = 31, o, Ik (Nigjca®i # Tj AN f25) = );

3) "there are exactly k different elements between z and the beginning of the cycle":

Ui(x) = 32Tyr Fye(Nirjea (Vi # 45) A FH(2) = 1i AN (i) # Flyien) ARG(2) A flur) =.2).

By virtue of works [2,4] we can use the conclusion that V-axiomatisability of elemantaryatheory of
unars, Thy(4) is the Robinson theory of unars.

Thus, we consider a set JCy = {€a, | Ay € J(Th(K)),Ca,is a semantic model Ay} of'signature
oy =< f >, where Ay is a Robinson theory of unars, f is unary functional symbol.Such»JCy defines
semantic Jonsson quasivariety of Robinson unars as in [4].

We are using the definition of the Robinson spectrum of the set JCg [4]:

Definition 10. |4] A set RSp(JCy) of Robinson theories of signature gy, where
RSp(JCy) = {Ay |Ay is Robinson theory of unars and V€, @dCy, Ca, = Ay},

is called the Robinson spectrum for class JCy, where JCy( is sémantic®Jonsson quasivariety of Robinson
unars.

Further we obtain a factor-set, denoted as RSp(JCy) /s« andieonsisted of equivalence classes parted
by cosemanticness relation [Ay] € RSp(JCy) jpq-

Remark 1. Everywhere in this section [AgJidenotes an equivalence class of Robinson theories of
unars parted by cosemanticness relation on Robinsen spectrum RSp(JCy). €a, denotes semantic
model and Ea, denotes a class of existentially closed models of class [Ay].

Further we obtained two useful theorems, concerning the equivalence class [Ag] of Robinson theories
of unars parted by cosemanticness gélation on Robinson spectrum RSp(JCy).
We will use the denotations from [2-4].

Theorem 8. Let [Ay] be a’class ofdRobinson theories of unars, [A{] its center. Then

1) [Af] is model completion of {Ay];

2) [A{] allows quantifiepfelimination (i.e. submodel complete);

3) [Af] is wAstable.

Proof. 1) Let € be semantic model of [Ag]. Then [A{[] = Th(€). Let € be saturated model of [Af].
We can assume that ¢*C €. It easy to understand that if a € €*, then tp% (a, @) = tp%(a, @) = x(a).
Hence 0%(a) =0 (@), whene C*(b) by definition is {c € 2 : 3In,k <w f"(c) = f¥(b)}. The quantity
of pairwise dsemorpic components is uniquely defined by char[Ay|. Hence €* ~ €. It means that [A]
is perfect Jonsson theory and [A{] is its model completion.

2) follew$ from 1) and Robinson theorem |[3].

3) Let H be arbitrary subunar of €. From lemma 5 [2| we have

|S¢(H)| < (1 +w?) + (1 +w) + |H|, because
{f(a):ac &} -]Q <1+w?
Hpla,H) :a €€} <1+ w,
|{enter(a, H) : a € €}| < |H|.

From this, if |H| <, then |S®(H)| < w.
The theorem is proven.
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Theorem 9. 1) The quantity of pairwise different [Ag] classes of Robinson theories of unars is equal
to 2¢.

2) The quantity of pairwise different maximal [A] classes of primitive Robinson theories is equal
to 2¢.

3) The quantity of pairwise different maximal [Ay] classes of Robinson theories of unars is equal to w.
Moreover, these are precisely the classes of theories, that have following characteristics: m,, {mom 1 <
m<wh {mpm 1 <n,m < w}, where

Ty Q={whv(m) =0 Ym < w, p(w) = 1, = 00;

Tom : Q= {(0,m)},v(m) = 0,if k #m,

0,m)=0,e =0;
00,if k=m; w )

Tt 0= {(0,m), .., (n,m)}, v(k) = {0’# k#m,
’ 1,if k=m,
Lif k<n-—1,
p(k,m) =14 o0,if k=n—1, ¢ =0.
0,if k=n,

4) Maximal V-complete [Ag] classes of Robinson theories of unarsfisgthe only class, that has
characterstic .

Proof. 1) It is easy to note that the quantity of pairwise different characteristics is equal to 2%,
By theorem 3 [4] the quantity of [Ag] classes of Robinson theories of unars is equal to 2.

2) Let [Ay], = (Th(€;))y where €, is semantic model‘of class of Robinson theories of unars of
characteristic . Obviously [Ag]% is V-complete primitive. By lemma 1 [3] [Ag]. is class of Robinson
theories of unars. By Proposition 3 [3] [Ay¢ | is maximaliclassiof primitive Robinson theories. If 71 # 72,
then [Au%l] # [Au;@], since ([Au;rl])v # ([AL%])V, hence, the quantity of maximal [Ag] classes of
primitive Robinson theories is equal to 2¢.

3) Let us consider partial order on set ofiall characteristics in following form. Let m; = (4, v4, w4, €i),
i = 1,2. Then suppose m1 < my < Q1 C Qo & Vm < w(ry(m)) < 1o(m)) & Va € Q(u(a) <
p2(a)) & e1 C ea. From definition of classa[Ay; in the proof for theorem 3 [4] it easy to see that

[Ag,, 2 [Ay,, & m <m.

Case 1. € = 0.

Among such characteristics themminimal is the only characteristic .

Case 2. € = 0.

In this case @, ¢ 2 andw|f)] < w. By condition 10) from definition of characteristic [3] either
30 <k <w (v(k) =wo)either 3(k,1) € Q, (u(k,1)) = c0).

Case 2.1. 31 <k <w (v(k)) = 00)).

Ameng such characteristics the minimal are characteristics mpm,1 <n <w,1 <m < w.

Qase 2.2, 'k <w,1 <l <w (pk,1)=00).

Inithe set of such characteristics the minimal are characteristics mp m,1 <n <w,1 <m < w.

4) Noteshat the class [Au}ﬂ, that has characteristic m, is complete, in particular V-complete.
Therefore it is maximal among classes of Robinson theories of unars. Classes [Agy, .0 < n <
w,1 < m < w are not V-complete, since [Ag), U331, ..., Tmi1(Ai<icj<mt1(wi # ;) and [Ay, U
Va1, ., Zmt1(Vi<i<j<m+1(x; = x;)) are consistent. The theorem is proven.

By consideration of theorems 9 and 10, we can obtain the following result:

Theorem 10. Let [Ag] be a class of w-categorical Robinson theories of unars. Then the following
conditions are equivalent:

1) A € Ea,, where 2 is a model of class [Ag];

2) 2 is disjoint union of components with cycles of the same length.
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Proof. The proof of this theorem is based on the following theorem, three facts and three lemmas.

Theorem 11. [30] In order for the algebraic system 2l to be some w-categorical universal, it is
necessary and sufficient that the following conditions will be satisfied:

1) 2 is locally finite;

2) there is a function g : w — w such that for every a € 2 and for every finite subset X C 2 the
type tp(a, X,2l) is realized in every subsystem B C 2 that contains X and has a power > g(|X|).

Fact 1. |13] If the Jonsson theory T' is w - categorical, then T is perfect.

Fact 2. [30] Let T' be a Jonsson theory. Then the following conditions are equivalent:

1) T is perfect;

2) E(T) = ModT*;

3) T* is a model companion of the theory T.

Fact 3. [31] Let T' be V3-complete Jonsson theory. Then the following conditions are equivalent:

1) T is w-categorical;

2) T* is w-categorical.

We get as a consequence of these facts (1 - 3) that, since [Ag] is w-categorical, [Ay] is an equivalence
class of perfect Robinson theories, and Ea, = Mod(Ay)) is w-categorical universal. Thus, if A € Ea,
then 2 € Mod(A{)). Consequently,  satisfies the conditions of E.AL Palyutin criterion (Theorem 11).

By virtue of these arguments, it is sufficient to prove the following lemmas to prove Theorem 10.

Lemma 1. Let 2 € w-categorical Jonsson universal, z € AT hen'3n, k w : f*(z) = f*(x).

Proof. By virtue of E.A. Palyutin criterion, 2 is locally, finite. Now suppose that Vn,k € w :
() # f¥(x). This means that there is a set Y = {y1342, ..., Un, ...} C A, where f(y;) = yir1, and
yi # yj if © # j, where i € {1,2,..}. But then an‘element, for example y;, generates an infinite
(countable) set Y. And this contradicts the local finiteness of unar 2.

Lemma 2. Let 2 € w-categorical Jonsson universal. Then for any element a € 2, the root K (a,2A)
is finite.

Proof. Let us assume the opposité.“luet there be an element a € 2 such that the root K(a,®) is
infinite. Then there are two possible cases:

1) Ug(x) : k € w is realizéd in unar 2A;

2) Ok(x) : k € w is realized in unar2(.

By virtue of the Palyutinicriterion, there exists a function ¢ : w — w such that for any n € w,
for any subunar B [3] of anurar 21 with a power of at least ¢(n), for any type p € S’(b) (b € B)
from the fact thag A k= p(@)gwit follows that there exists a b € B such that 2 = p(b). Let ¢(0) = s.
Then according to the €riterion for any subunar B of a unar 2 with a power of at least s for any type
p€Si(b) (be BY& F=p(a) = b€ B:2A = p(b)(i.e. any type of element of unar 2 is realized in B).

1) Consider the ¢hain I'. Let I's be a subchain I" with a cycle, and the number of elements in I'y is
equal'to s,

Itohas the form:

A type containing the formula Wy, 11(z) cannot be implemented in I'y (i.e., there are exactly
s —n + 1 different elements between x and the beginning of the cycle).
2) Consider a subset where the number of elements of the preimages with a cycle is s:
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It is clear that no finite unar realizes the set of formulas {O(z) : k € w}. We get a contradiction.

Lemma 3. Let 2 € w-categorical Jonsson universal. Then:
1) each element of 2 enters some cycle;
2) all cycles of unar 2 have the same length.

Proof. By virtue of the previous lemmas, each component of the unar 2/ is finite'and hasythe form
D,, & K, where D, is a cycle of length n, a is an element of the cycle, K is the'finite root of a.

Dn

Let b € K and b # a. b is not included in any cycle. Then there exists k such that f¥(b) = a
and f*(b) # a for s < k. Consider the formula Jy(f8(y) = adeicrnfi(y) # a)&fF(a) = a&eleicr fi(a) #
a,k > 1. It is clear that in the infinite subunar A’ €2, obtained by combining only the elements
included in some cycles, this formula is not realized. Which contradicts condition 2) of the criterion.
Thus point 1) of the lemma is proved.

2) Let us assume the opposite: there are at least two cycles of different lengths. Then there are two
possible cases:

2.1) For some n there is a finiteamumber of cycles of length n. Then for some ng (with a non-empty
set of cycles of length ng), we remove all\cycles of length ng from unar 2. We get an infinite subunar
in which the formula f"0(z) = &&&j<ngf () # x is not realized.

2.2) (Negation of the fizstycase) Let ng be a number for which there is an infinite set of length ng
in 2. By assumption, there ig'ataleast one cycle k # ng in 2. Remove all cycles of length k from 2. We
get an infinite subunaff in‘which the formula f*(x) = 2&&; <1 f*(x) = Z is not realized.

There is obtained ascontradiction to condition 2) of the criterion in each of the two cases.

Let us prove‘sufficiency. If unar 2 is a disjunctive union of an infinite number of components that
are a cycle ofithe same length, then 2 is w-categorical universal.

We will show, the satisfaction of points 1) and 2) of the criterion.

1), Consider a finite subset of {a1,...,a,} C . Each of the elements generates a cycle of length n.
Therefore, a subsystem generated by a finite subset of {a1, ..., a,} contains no more than nk elements.

2) Find'the function g, the existence of which is required by the criterion. Consider a finite subset
of elements X3 = {ay,...,ar} C 2. It is not difficult to understand that the total number of different
types over X does not exceed the number n(k + 1). Then any submodel contains cycles "connected"
with elements from X}, and one cycle independent of them realizes all n(k + 1) types. Therefore, g(k)
will be equal to n(k + 1).

In connection with the above question by Ye.A. Palyutin, from the description of the existentially
closed unar model (Theorem 11.), it can be noted that

Corollary 1. Countably categorical Robinson theories of unars are totally categorical.
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3 Countable categoricity of semantic Jonsson quasivarieties of undirected graphs

® graph is further understood as an algebraic system of the signature < R >, where R is binary
symmetric relation, i.e. an undirected graph. Further, the elements of the graph are called vertices,
and pairs < z,y > such that R(x,y) are called edges. A graph set of edges of which is empty is
called a quite disconnected graph. A path in graph G is an alternating sequence of vertices and edges:
Tiy < Tj, Tit1 >, Titl, < Titl,LTir2 >,.... A path is called a chain if all its edges are different, and a
simple chain if all vertices (and therefore edges) are different. A graph & is called connected if any pair
of its vertices is connected by a simple chain. A graph is called acyclic if there are no cycles in it. A tree
is a connected acyclic graph. The maximal connected subgraph of a graph & is called a connectivity
component, or simply a graph component. A subgraph of a graph & is a graph in which%all vertices
and edges belong to &. The degree of a vertex in a graph & is the number of edges‘ineident to this
vertex. A vertex of degree I is called a pendant (or end point) vertex.

Countably categorical graphs were studied in [32]. The main result of thig'work, is‘the following
theorem:

Theorem 12. Let & be an arbitrary countable graph in which each.component contains a finite
number of cycles. Then & is w-categorical if and only if & is bounded and asfinite number of I-types
is realized in it.

By virtue of works [3,4] we can use the conclusion thatV-asiematisability of elemantary theory of
graphs, Thy(®) is the Robinson theory of graphs.

Thus, we consider a set JCg = {Cp,, | As € J(Th(K)), €a, 18a semantic model Ag} of signature
< R >, where Ag is a Robinson theory of unars,“R, is‘binary symmetric relation. Such JCg defines
semantic Jonsson quasivariety of Robinson undirected graphs as in [4].

We are using the definition of the Robinsonispectrum of the set JCg as in [4].

Definition 11. A set RSp(JCg) of Robinson theeries of signature < R >, where
RSp(JCg) = {As |Ag is Robinson theory of graphs and V€a, € JCg,Ca, = As},

is called the Robinson spectrum for class'JCg, where JCg is semantic Jonsson quasivariety of Robinson
undirected graphs.

Further we obtain a factorsset, dénoted as RSp(JCg) . and consisted of equivalence classes parted
by cosemanticness relation JAs) € RSp(JCe) o

Remark 2. Everywhere in this section [Ag]| denotes an equivalence class of Robinson theories of
undirected graplis parted by cosemanticness relation on Robinson spectrum RSp(JCg). €a, denotes
semantic model and,Ex,, denotes a class of existentially closed models of class [Ag].

Let us comparestheorem 12 with the following theorem.

Theorem 18. Let [Ag] be a class of w-categorical Robinson theories of undirected graphs. Then the
following eonditions are equivalent:

1) B € Ep,, where B is a model of class [Ag];

2) B is infinite quite disconnected graph.

Proof. To prove this theorem, the same scheme is used as in the proof of Theorem 10 of the
previous paragraph, i.e. it is enough for us to prove the following lemmas.

Lemma 4. The following conditions are equivalent:
1) & is a countably categorical universal graph;
2) & is infinite quite disconnected graph.
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Let us prove the necessity.

Let us assume the opposite. Suppose that there is a pair < z,y > in graph & such that xRy.

The following statement is known: If & is a countably categorical universal graph, then from the
fact that & has an infinite number of disconnected components follows that & is quite disconnected.

Thus, & consists of a finite number of components, but then, due to the infinity of the graph &,
there must be at least one infinite component. Possible cases:

1. There is a bound for the lengths of the chains.

2. There are chains of any given length.

Consider the first case.

Let us take an arbitrary point a from this component. Consider the set of all paths passing through
a. The set of all points included in these paths coincides with the component, therefore, ispinfinite.
Since the lengths of the paths are limited, an infinite number of paths pass through a.The ends of
these paths are pendant vertices:

Consider a subgraph I' consisting only of these pendant vertices.

Obviously, if there are a € & and b € & such that'R(a,b), then the type tp(a,b/D) is not realized
in I'. Which contradicts the criterion of Ye,A. Palyutin.

Consider the second case. To do thisywe will prove the following lemma.

Lemma 5. Let [Ag] be a class of w-categorical Robinson theories of undirected graphs. If & = [Ag]
and without cycles, then there.are no infinite chains in &.

Proof. Let {z;}icw be a.chain. Consider the subgraph {z;}icw \{Z3k tkew, which has the form:

We'select adisconnected subgraph I' in the chain, then the type tp(a,b/@) is not realized in I". By
virtae of infinity, I" contradicts universal categoricity (Palyutin criterion).

The' lemma is proved.

Let ["bé a connected component, Br be a set of pendant vertices.

Lemma 6. Br is an infinite set.

Proof. Suppose the opposite: Br is finite. Since the component is infinite, and the set of Br is
finite, therefore, there is an infinite set E of I" vertices that are not pendant. Let E' = {ej,ea,...}. But
I' is a connected component, which means that the set of non-pendant vertices forms an infinite chain,
which contradicts the last Lemma 5.

So, we have obtained that if a graph & has a pair < z,y > such that z Ry, then the graph does not
satisfy the assumption condition of Lemma 4 on the countably categorical universality of the graph.
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Therefore, if the graph & is a countably categorical universal graph, then & is a quite disconnected
graph.

Let us prove sufficiency.

If the graph & is an infinite quite disconnected graph, then & is a countably categorical universal
graph.

Let us show the satisfaction of the conditions:

1) universality and 2) categoricity.

1) The universality of the class of quite disconnected graphs follows from the fact that it is
axiomatized by the universal formula VaVy—R(x,y).

2) Take two subgraphs I'y, I'y such that |I'1| = |I'3] . The set-theoretic mapping of I'y to Iy gives
us an isomorphism of I'y and I's as graphs. The theorem is proved.

Just as in the case of unars with respect to the question of Palyutin, from the,des¢ription of an
existentially closed graph, the following obviously takes place

Corollary 2. Countably categorical Robinson theories of graphs are totally (categorical.
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CeMaHTHKAJIBIK, MOHCOHABIK, KBa3NKOIITYPJILIK asgCBIHAA YHUBEPCAJI
yHapJap MeH OarbITTaJMaraH rpadrap YIIiH KATeropusIbIK,
MaceJieliep TypPaJibl

MaxkaJta yHUBEpCaJIbl YHAPJIAp MEH OaFbITTaJMaFaH rpadTaplIblH CEMaHTUKAIBIK HOHCOHJIBIK, KBa3UKOII-
TypainikTepin 3eprTeyre apuasaran. Makasanbiy Oipinmri 6esriMi TOHCOHABIK MOIEIbIED TEOPUICHIHBIH HEri3-
ri KaxkeTTi yrbIMJapbiHaH Typasbl. Keseci eki Gesrimjie pOOMHCOHMBIK, YHAPJIAPIbIH CEMAHTUKAJBIK HOH-
COHJBIK KBa3WKOINTYPJLIIKTEPIHIH jy >K9HEe POOUHCOHIBIK MOaFBITTAMMAFaH rpadTapIblH CEeMaHTUKAJIBIK,
MOHCOHIBIK, KBasukKenTypJijaikrepiniy JCg, OHBIH 3jeMeATap TEOPUACHI MEH CEMAaHTHUKAJIBIK, MOJEIHIH,
JKaHa YFBIMJAPBIH KOJIJIAHY/IbIH HOTHXKesepi Oepiiirer.. MakajlaHblH €Ki Heri3ri HoTUXKeCiH J1pJ1iesjiey YIiH
RSp(JCy) »xone RSp(JCg) pOOGHHCOHABIK CIEKIDIIEP] KOHE OJIAP/IbIH, KOCEMAHTThHI KATHIHAC apKbLIBL [A]y
xkoHe [A]s 9KBUBAJEHTTIK Kjacrapra Gesinyl KapacTeipbuisbl. Herisri mHormkenep 11 xone 13 Teopema-
Jlap peTiHJ/le YCBIHBIJIFAH >KoHe KeJjeci Nmaiijiajbl cajigapsiap TYbIHIANIbI: yHAPJIap/blH CaHAJIBIMJIbI KaTe-
TOPUSIJIBIK, POOMHCOHIBIK, TEOPUSLIAPBI TOTAJIIBI KATETOPUSIIIBIK; OaFbITTaIMaraH TPadTAP/IbIH CAHATIBIMIbI
KaTerOpUsLIbIK, POOMHCOHIBIK, TEOPHUSIAPHI TOTAIIBI KATETOPUSIBIK, AJIBIHFAH HOTUXKEJEP 9PTYPJIi HOHCOH-
JIBIK asiredpaJjiap/ibl, aTall afiTKaH 18 UK MOHOU ] apKbLIbI aHBIKTAJFaH TOJTUTOHIAPIBIH CEMAHTUKAJIBIK,
MOHCOH/IBIK, KBA3UKOTY PJILTIKTEP/IL 3€PTTEVIL KAJTFACTBIPY VIIMIH Taigaabl 60Tybl MYMKIH.

iam ce3dep: MOHCOH/IBIK TEOPHUsl, YHapJap, rpadrap, barbIrrajMarad rpadra; HUBEPCAJIIbI TEOPUs, PO-
K a b b 76 b 9y
OMHCOHILIK TEOPUsl, KBA3UKOITYPALLK, CEMaHTUKAILIK, HOHCOHABIK, KBA3UKOIITYPJILIK, HOHCOHILIK, CIIEKT

b 2 tl b
POOHMHCOHIBIK, CIIEKTP, KOCEMAHTTBLIBIK, KATEIOPUSIJIBIK, CAHAJIBIMIbI KATErOPUSIJIBIK,

A .P. Emkees, A.P. fdpymmna, C.M. Amanbekos

Kapazanduncrkul yrusepcumem umenu axademura E.A. Byxemosa,
Hnemumym npuraadnoti mamemamuru, Kapaeanda, Kazaxcman

O KaTeropmYHOCTU YHUBEPCAJbHBIX YHAPOB 1 HEOPUEHTHUPOBAHHBIX
rpa¢doB C MO3UIUUA CEMAHTUYIECKOTO HOHCOHOBCKOTO
KBa3uMHOT'000pa3us

CraTbst MOCBSIIEHA U3YYEHUI0 CEMAHTUIECKUX HOHCOHOBCKUX KBAa3UMHOI00Opa3uil yHUBEpCaIbHBIX YHAPOB
¥ HEOPUEHTUPOBAHHBIX TrpadoB. llepBriit pasmesn crarbum cocTONT u3 6A30BBIX HEOOXOAMMBIX MOHSITUHA W3
HOHCOHOBCKOM Teopuu mozesteit. Ciieyromume gBa—3T0 pe3yJIbTAThl UCIOJIb30BAHUs HOBBIX HOHSITHN CeMaH-
THYECKOI'0 HOHCOHOBCKOI'O KBa3MMHOI0o6pa3ust pobnnconoBckux yHapoB JCgy U ceMaHTHIeCKOro 1OHCOHOB-
CKOTO KBa3UMHOT000pa3ust pOOMHCOHOBCKUX HEOPUEHTUPOBAHHBIX rpadoB JC e, UX 31eMeHTapHON Teopun
U CeMaHTUIeCKO Mozenu. s Toro 4Trobbl JTOKA3aTh IVIABHBIE PE3YJILTATHI CTATHH, OBLIN PACCMOTPEHBI
pobunconosckue cuektpel RSp(JCy) n RSp(JCg) n ux pasbueHue Ha KJacchl SKBUBajeHTHoCTH [A]y n
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11

12

178

[Ale ¢ TOMOIIBIO OTHONIEHUS KOCEMAHTUYHOCTH. BB MPOAHAJIN3UPOBAHBI OCOGEHHOCTH TAKMX KJIACCOB
sxsuBasienTHOCTH [A] € RSp(JCr). OCHOBHBIE pe3yabTaThl IPEACTaBIeHbl B Buze TeopeM 11 u 13 u Bite-
KyT 3a CODOIl Clie[lyIoIye IOJIE3HBbIE CJIEJCTBUS: CIETHO KATETOPHIHBbIE POOMHCOHOBCKHE TEOPUU YHADPOB
— TOTAJIbHO KATErOPUYHbBIE; CIETHO KATErOPUIHbIE POOMHCOHOBCKHE TEOPUM HEOPUEHTHPOBAHHBIX rpadoB
— TOTAJIbHO KaTeropud4nble. llosydenuble pe3yabTaThl MOTYT OBITH IIOJIE3HBI B IIPOJIOJI?KEHHH HCCJIEIOBA-
HUSI PA3/IMYHBIX HOHCOHOBCKUX ajrebp, B YJACTHOCTH, CEMaHTHIECKOTO HOHCOHOBCKOTO KBa3MMHOTOOOPA3UST
TIOJIITOHOB HaJI, IIUKJIMYECKIM MOHOHUJIOM.

Karoueswie caosa: TIOHCOHOBCKAs TeOpusi, YHap, rpad, HEOPUEHTUPOBAHHBIN I'Day HUBEPCAJIHHAS TEOPHUS

) ) ) ) )
POOMHCOHOBCKasI TEOPUs, KBA3UMHOIrooOpasue, CEMaHTUYIECKOe NOHCOHOBCKOE KBa3MMHOroobpasue, HOHCO-
HOBCKWI{ CITEKTP, POOMHCOHOBCKUI CIEKTP, KOCEMAHTUYHOCTD, KATETOPUIHOCTD, CUETHAs] KATETOPUIHOCTD.
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