UDC 51

S.Sh. Kazhikenova!, M.I. Ramazanov?, A.A. Khairkulova!, G.S. Shaikhova!

! Karaganda State Technical University, Kazakhstan;
2Ye.A. Buketov Karaganda State University, Kazakhstan
(E-mail: aitbekovna3@mail.ru)

e-Approximation of the temperatures model of inhomogeneous
melts with allowance for energy dissipation

Accumulated facts and information about the Navier-Stokes equations, together with a large number of
experiments and approximate calculations, made it possible to reveal some discrepancies_between the
mathematical model of a viscous melt and real phenomena in the nature of real molten systems. There
are many reasons for this. One of them is the nonlinearity of the Navier-Stokes equations. And for non-
linear equations it is known that in non-stationary problems, a solution satisfying it can exist not on
the entire interval ¢ > 0. Over a finite period of time, it can either go to infinity, or crumble.A solution
lose regularity and no satisfying the equations and begin branching. It is mathematically proved that if
this solution exists for ¢ > 0, then it may not seek to solve the stationary problem when stabilizing the
boundary conditions and external influences. The solutions of the nonstationary problem obtained even
with a smooth initial regime and smooth external influences can become less regular with time, and then
generally go into irregular or turbulent regimes. The actual implementation of this or that branch of
the solution depends on extraneous reasons not taken into account in the Navier-Stokes equations. In the
proposed paper, we constructed a numerical scheme with good convergence. The regularization of the initial
systems of differential equations by e-approximation is constructed. The Galerkin method is implemented
ensuring the correctness of boundary value problems for an incompressible viscous flow both numerically and
analytically. A splitting scheme for the Navier-Stokes equations with a weak approximation is constructed.
An approximation is constructed for stationary and nonstationary models of an incompressible melt, which
leads to nonlinear equations of hydrodynamics to a system of equations of Cauchy-Kovalevskaya type.

Keywords: energy dissipation, system approximation, Cauchy inequality, Galerkin method, a priori estimates.

It is known that the Navier-Stokes equations are analytically insoluble, and if they are solvable, then in
relatively simple cases.

To solve the Navier-Stokes equations, a nonconformal finite element method was proposed in [1]. It is based
on the modification of the Navier-Stokes equations with the introduction of weight functions. The solution of the
Navier-Stokes equations with respect/to natural variables, from which pressure is excluded, is considered in [2].
This approach is already knewn. Thus, the Navier-Stokes equations system is integrated numerically using a
finite-difference method using splines. Other methods are also being sought. An attempt is made to derive the
Navier-Stokes equation itself using the variational method, as presented in [3].

We investigate the initial-boundary value problem for nonstationary Navier-Stokes equations in this section.
Let us consider the temperature model of an inhomogeneous melt [4] in the region Q C R2.

p((a;t)+(v-V)v):uAU—Vp+69p+pf; (1)
ap o
L (0 V) p=0; (2)
divv = 0; (3)
00 )
p ((% +(v-V) 0> = div (A (0) V) + po; (4)
2 fou v\
”:Z<a;-+a?> ; (5)
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with initial-boundary conditions
Uli=0 =vo (2),plt=0 = po (2),0|t=0 = 00 (2);

00
U|s 20787|S ZO,tE[O,T], (6)

where o— energy dissipation; v (x,t) — velocity vector; 6 (z,t)— temperature field; p (x,t) — density field;
p (x,t) — pressure field; f (z,t) — mass force vecto; p— melt viscosity; A (6) — thermal conductivity coefficient;
n is the outer normal to the boundary S, e = {0,1}.

Solvability of the problem (1)—(6) was studied in Sh.S. Smagulova and A.B. Kazhikhova [5, 6].

The system of equations (1)—(5) is non-evolutionary, therefore direct application of the method<of fractional
steps is difficult. In connection with this we study the approximation of the system (1)—(5).by a system of
evolutionary type and study the existence theorem for the solution of the auxiliary problem. Let the motion of
the melt occur in a bounded region Q C R?with a sufficiently smooth boundary S. For simplicity we assume
that the boundary S is impermeable and there is no mass transfer between the melt and the external medium.

We consider a system of equations with a small parameter approximating the system ‘of equations (1)—(5):

a 154 154
p° ( (;; + (v°- V) ’UE) = pAv® —Vp*+eb°p° + p°f — ps%divva; (7)
0% () o
o T V)T =0 (8)
ep® + divv® = 0; (9)
06° ‘
p° 5 T (v° - V)6 ) =div (X (05) VEO?) + po; (10)

with initial-boundary conditions:

V° =0 = vo (@) 0% lt=0= po (x), 0 |1=0 = b0 (2);

06
v |S Oa on |S 07 S [07 } ) ( )

Before proceeding to the proof of the theorem, we formulate an important definition.

Definition.A function (v, p, p,0) ,that is summable together with the derivatives entering into the system of
equations (1)—(6) satisfying (1)—(5).almost everywhere in the corresponding measure is called a strong solution
of the problem (1)—(6).

The definition of the strong solution of the problem (7)-(12) is defined similarly.

Theorem 1. Let f € Ly (Q),Q C E? o (x) € W, (2),0 < m < po(x) < M < o0,A(f) — is continuously
differentiable with respect to

0,00 (x) €W, (R),p > 2, A (0) ~ 6,atd — 00,00 (x) € Lo, (Q),00 € Ly (), >0,5 € C?, pu>0.

Then a unique strong solution of problem (7)—(12) exists and we have the estimate for the solution, where
C — the constant, does not depend on

ove
ot

.
Nz, 0wz + 2 1divvilln, o L) T 10 Twar @) + 167wz ) < € < oo

L,(0,T,L,(2))

The proof of the theorem is constructed from three stages: obtaining a priori estimates, applying Galerkin’s
method for constructing approximate solutions and limiting the transition.

A priori estimates.

We have by the maximum principle:

0<m<pg(r) <M < 0.
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We multiply equation (7) scalarly in v¢ (x,t) space and integrate by parts. Applying the Cauchy inequality:

/Q/f(f,ve)dx < </Qp€|v€2dfl7>é (/Q,fJ'glJ”QciI)é

We have the estimate on the basis of imbedding theorems:

(> 1 N 13
IEllz, 07,0 + 2 ldwvtlL, 01,1, <€ <o (13)
We obtain further multiplying (10) by 6%, integrating by parts :

1d e 52 552 o

1 2
:/ 7{)\/(95)9; -Hf}dx—i—/uUEQfdx—/pa (v® - V) 6° - 07 du.
Q2 Q Q

We estimate the integrals on the right-hand side and integrate with respect to thewvariable t:

2
|0

30 <C.

£ 2
Joax 105

We will write down the energy equation:

P05 — (A (0°) AG7) = po® — p© (v° - VF X (6°) - 05
and multiply it by lAQE. We have After integration €:

€ 5 € _ g . e ! (peN pE? 1 e
th/e dm+/ () = (AH)dx—/Q{p(U V)6 — pio A(H)Gm}prde.

We find after integrating over the variable ¢, estimating the integrals on the right-hand side:

£ F
0r<nta<x 105 ||QQ + | A0 Hz,Q

<C.

We conclude as a result:
H€5||Wg,1(Q) < C < o0 (14)

We obtain multiplying equation (8) by u, integrating by parts Q:
1d
2dt

/ (v® - V) p*ApSdz = 0.
Q
With allowance for the estimate (13)/by virtue of the maximum principle it follows that:
162y < € < . (15)
We have estimating p® from the negative norm, as in [7]:
Ip°ll < C{IVP®|| < oo. (16)

It is known that if v¢, p®—solution of the following linear Stokes problem:

pAvE — Vp® = f; (17)
ep® + divv® = 0;
ap*
€ —_n = 0’ B = 0’
v° |s5=0 o |s
then provided that f € L, (Q)the following inequality holds:
Hvellwgm% +lpllw, < Cllfl, - (18)
P
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We take the function as a function f in problem (17):

f=-r (5;; + (v* - V) U€> —00°p° — p°f — ps%dimﬁ.

We estimate the right side by the Cauchy inequality using the maximum principle:
191,y < € (107 + [ (105107 4 1124 01657) ). (19)

We have the following estimate taking into account the inequalities of the embedding and the obtained
estimates (13)—(14):

2 2 2 2 2
P IvePde < P Ve de < |of ; V| <
A e o A PP R -
< led Jo? Cs vfl% . 20
P (20)

We multiply equation (7) scalarly by v® (t)in space Lo (€2) . Then we estimate the integrals in absolute value
from above and, applying the inequalities of imbedding theorems, we obtain the following estimate:

g g g g g g
19 e da < C IV 0y mgbor o,y <

1 1

< Cllve]|? vE||? € U5 < 21

< I IV o 10 i 0 < @1
pl P,

2

2
<Ol @ Foll7ll, A0 AW (@)
P Pl

+Cs [[v°]%
w

1

©°

P

We finally get an estimate following the evaluation methodology in the works [8, 9]:

”UtSHLp(O,T,Lp(Q)) + HUE”LI)(O,T,WE(Q)) + ||VPE||LP(0,T,LP(Q)) <O < oo, (22)

where C' does not depend on the value ©f the small ¢.

We establish one more estimate of the global time character, the constant in which depends only on the data
of the problem. This estimate in the future guarantees compactness in space Lo (Q)sequences of approximate
solutions, which are built according to the Galerkin method.

Lemma. For any §, such-that the following condition holds 0 < § < T', the inequality holds:

T—6 .
/ 0% (t+8) — o° (|2 dt < C5%.
0

Evidence. We fix 6,t in such a way that inequality 0 < ¢ < T — ¢§. Consider equations (7)—(11) on the time
interval 7 € (¢, ¢ +9) .We multiply equation (7) scalarly by ®an arbitrary function in spaceLs (2) .
We arrive at the inequality after simple transformations:

1,
2 (P55 ®) ) = (07 (V7 V) @,0%) ) + 5 (PP divn™ - 0%, @), ) +

+ (0, @)y 0) = L0, ), 0) — H V5, @) 1,0 + (P, div®) 1 (o)

where ® = v (t+9) — v (t).

We integrate this identity with respect to the variable 7 ranging from t before ¢+ §, and then put
S =0 (t+9)—v°(¢).

We write expression p (t + &) v° (t + ) — p° (¢) v (t) in the following form p° (¢t + §) (v° (t + &) — v° (t)) +
+(p° (t+9) — p°(t))v° (t) and then we find the difference between p° (t + ) — p° (¢) by integrating equation
(8) in the range fromtbefore ¢ 4+ 0.The resulting relation is integrated with respect to the variable tfrom 0
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beforet + dand for each term on the right-hand side, we use estimates from [10, 11], on the basis of which we
derive the estimate of the lemma.
We now turn to the construction of approximate solutions by the Galerkin method.

0
Let {¢; };)';1 — orthonormal basis in space Ly (Q2) of W2(Q2) (W (£2) and the following is true:
pl

(@jma‘*&)Lz(Q) = (‘Pj7WJ)L2(Q) :

Approximate solution v™>¢ (¢) looking for in the form:

CY (t) e,

M=

vNoE (t) =
k=1

where CYY (t) € C1 [0, T] .Densityp™ ¢ (t) —there is a classical solution of the problem:

ap™= (t)

o+ (M) V) e () =0 (23)

PN =0 = p5' (2)
where p) (x) —smooth initial function [12].
Sequence p) (z), M = 1,2... converge to p,(z) in the norms L,(Q), W}r(Q),pd (x) € C*(Q).
Pressure p™V-¢ () — there is a classical solution of the problem:

divo™E = ep™e; (24)

/ pNedx = 0.
Q

Temperature V¢ (t) —is defined as the classical solution of the problem:

N,e
p'e <89 5 O (v™Ve () - V) 0* (t)) =div (A (0™ (t)) VO (1)) + po™; (25)
s, W) s,

where 6} (z) — an initial smooth function satisfying the equation:

99" (¢)
—0,t€[0,7].
EOYR 0.7
Functions CY (t)., k' =1,2,...,N,are determined by a system of ordinary differential equations with

coefficients that depend in afioperator way on p™V-¢ (t) ,p™Nc (¢) :

ot
+VpNE (8) — 0™ (8) pNo (8) + p™F () fr 05 ) ) = O-
We can select subsequences for which we have based on the Schauder principle, using the obtained a priori
estimatoshiom the sequenceS{UME} , {pN,s} 7 {pN,a} ) {eN,a}:
UNaE — ’aneaklyatLp (07 Ta W]? (Q))’
oNe 0= weaklyatW ! (Q) ;
p™NE — p* *weaklyatW ! (Q);
oNe UsstrongatLp (0,T7 Lp (Q) )
oN-= — Oestrongat Ly, (0, T, L, (2));
v — viweaklyat Ly, (0, T, Ly, ());
pNas — pEWeaklyatLp (07 T7 W}} (Q)) :

(pN’E (t) <6UN’€ (t) + (UN’E (t) - V) vle (t) + %UN’E (t) diva’€> — ,uAvN’E (t)+
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This completes the proof of Theorem 1.

The following is valid.

Theorem 2. Suppose that all the conditions of Theorem 1 are satisfied. Then the strong solution of problem
(7)—(12) converges to the strong solution of problem (1)—(6) for ¢ — 0.

Evidence. Because of the a priori estimates obtained earlier, we have:

v® — v weakly at L, (0,7, W2 (Q));

0° — 6 weakly at W' (Q);

p° — p weakly at W' (Q); v° — v strong at Ly, (0, T, Ly, (Q));

0° — 0 strong at L, (0,T, L, (2)),

vi = v,weakly at L, (0,7, L, (Q));

p® — pweakly at L, (0,7, W} (Q)).

Passing to the limit as ¢ — 0 in the corresponding identities, we establish that the limit functions
v, p, p, — there is a strong solution of problem (1)—(6).

Theorem 2 is proved.
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C.II. Kaxuxenosa, M.U. Pamazanos, A.A. Xaiipkymosa, [.C. [llauxosa

OHepPTUugHbI AUCCUTIAIUSIAYFa apHAJIFAaH »KOJIMEH OipTEeKTI eMmec
OaJKblJIaMaJap/IblH, TEMIIEPATYPAJILIK, MOJIEJIH £-)KYBIKTaY bl

YkeH canJapMeH ToxKipube >KoHe XKybIKTay ecenreysep rkacayra Oaitnanbictel HaBbe-CToke Tenueyi Ty-
pasbl KUHAKTAJIFAH MOJIIMETTEP/IeH TabUFaTTarbl HAKTHI KYOBLIBICTAPABIH HAKTHI OajKbIMaIap Kyieci
MeH TYTKBIp OaIKbIMaJIapIbIH MaTeMaTHKAJIbIK MOJEl apachblHIAFbl COUKeCTIKTI Oailkayra MyMKIHIIK Oe-
peai. By ymin xenreren cebenrep 6ap. Osap/piy 6ipi — cer3bikTbl eMec HaBbe-Croke Teneyi. ChI3BIKTbL
eMec TeHJIeyJIep YIIIiH CTaIllMOHaPJIbl eMeC ecenTep/i KaHAFaTTaHIbIPATHIH memiMaepi ¢ > 0 mHTepBaIbIHIA
GapJIBIFBIH I8 O0IMaybl MYMKiH ekeHi Genrii. COHFBI yaKbIT apaJjbIFbIHIa IIEKCI3MIKKEe YMTBHLIYBl MYMKIiH
HeMece KYJIIbIPAii/Iibl, SFHU TYPAKTBLIBIFBIH YKOFAJITA/Ibl, TEHJIEY/l KaHAFaTTAHIbIPMA/Ibl XKOHE TapMaKTa-
Ja Gacraiizpl. Erep ocer memtim ¢ > 0 Gosiranma, OHZA OJI CHIPTKBI 9Cep MEH IMEKAPAJIBIK, IapPTTAP/IbI
TYPaKTaHIBIPY Ke3iHJe CTAIMOHAPJIbI €CENTIH IIeniMiHe YMThIMAYbl MaTeMATHKAJIBIK, TYPFbIIA JoJIeJIIeH-
Ji. AJbIHFAH CTAIMOHAPJIBI EMEeC €CENTIiH IIeNTiMi Teric 6acTalmKbl TOPTINTE KOHE TETiC CBIPTKBI 9CepIepie
VaKBIT ©T€ TYPAaKTBUIBIFBIH a3aiita 6epemi. Coman KeifiH TypakChbi3 HeMece TYPOYJIEHTTi peXKIMIe, KOIIeIi.
ITemimuiy 6ip HEMece GipHelIe TapMarblH HaKThI icke ackipy HaBbe-CTOKC TeHeyiH/ie eCKepliMereH Ke3
KeJIreH cebenrepre OalIaHBICTHI. ¥ CHIHBIIFAH MaKaJIa1a »KaKChl YKYBIKTAY apKbIIbl CAHIBIK CXeMa KYPBLI-
el e-2KybIKTaybl apKbUIbl AuddOepeHIInaIIbK, TeHIEYIeP/IiH OaCTAKEI XKy Helepi PeryIapu3alisIaH/Ibl.
CaHJIbIK YKOHE aHAJUTUKAJIBIK TYPJIe ChIFbUIMANTHIH TYTKBIP aFbIM YIIIH MIEKAPAJIBIK, €CETITEP/IIH Iy PHICThI-
FBIH 3epTTeyAl KaMTaMach3 ereTin amepkun omici eHrisisai. Ouici3 xkybikraybl 6ap Hasbe-Crokc TeHzeyi
yiria 66y cxeMachl Kypbuiabl. ['maponnHaMuKaHbBIH CBHIBBIKTEL eMec TeHaeyin Kommu-KoBameBckmit TunTi
TeHJeyJIep XKyileciHe KeITipyre 00aThIHIAN CHIFBIMANTHIH OAJIKBIMAHBIH CTAI[MOHAPJIBI YKOHE CTAIMOHAD-
JIBL eMeC MOJIEJIIEPIH JKYBIKTAY KOJIIaHBIIIbL.

Kiam ceadep: sHEPTUSIHBI TUCCUTIAIIUSIAY, XKYileH] KakbIHIaTY, Ko teHcisairi, [amepkun oici, anpuop-
JILIK, OaraJsiay.

C.III. Kaxxukenosa, M.I. Pamaganos, A.A. Xaiipkymosa, [.C. [ITauxosa

8-AHHpOKCPIMa.I_II/I$[ TeMHepaTypHOﬁ MOJeJIn HEOJHOPOAHDBbIX
pacCiljyiaBOB/C y4€TOM JUCCHUIIAIVNN dHEPInn

Haxkonennsie dakrer u cBesmennst 06 ypasaerusx Hasbe-CTokca, HApsiy ¢ GOJBIIMM 9UCIOM IKCIIEPUMEH-
TOB U IIPUOINKEHHBIX PACYETOB, IIO3BOJIMJIA BBISIBUTH HEKOTOPBIE HECOOTBETCTBUS MEXK/Iy MaTeMAaTHIECKON
MOJEJIBIO BSI3KOTO PACILIaBa M PeANbHBIMU SBJIEHUSIMU B IPUPOJIE PeaIbHBIX PACILIABIEHHBIX cucTeM. U 3To-
My ecTb MHOrO npuunt. QHa n3 HUX — HeJIUHeHHOCTh ypaBHenuit Hasbe-Crokca. A jijist HeJTMHEHHBIX ypaB-
HEHUI U3BECTHO; YTO. B HECTAIIMOHAPHBIX 33/[a9aX Y/IOBJIETBOPLIONIEE UM DEIIEHNE MOXKET CYIIeCTBOBAThH He
Ha BceM mHTepBaje t > 0. 3a KOHEUHBIH MPOMEXKYTOK BPEMEHN OHO MOXKET JIMOO YHTH B GECKOHEUYHOCTD,
OO0 PACCHIIATHCS, T.€. MOTEPITh PETYIAPHOCTh W MEPECTATH YAOBJIETBOPSITH YPABHEHUSIM U HAYATH BET-
BUThCA. MaTemaTudeckn 10Ka3aHO, YTO €CJIU 2Ke ITO PellleHHe CyIlnecTByeT npu t > 0, TO OHO MOXKeT He
CTPEMUTBCS K PEIIEHUIO CTAIMOHAPHON 3a/1a4y TPU CTaOMIM3aIlii KPAaeBbIX yCJIOBUI M BHEIIHUX BO3JIEl-
crBuii. [lomydernbie pereHns HecTAITMOHAPHON 3319 TaKe MPU TVIAIKOM HAYAIBHOM PEXKUMeE U TVIAIKUAX
BHEIIHNX BO3JEHCTBHUSAX MOI'YT CO BPDEMEHEM CTAaHOBUTHLCS MeEHee PEryJIsiPHBIMH, & 3aTeM BOOOIIEe IepedTn
B HEperyJIsipHble WX TypOy/IeHTHbIe pekuMbl. PakTUIeCKasl pean3alisi TOW WM WHON BETBU PEITeHUsI
3aBUCHAT OT IIOCTOPOHHMX IIPUYMH, HEYYTEHHbIX B ypaBHeHusx Hasbe-Crokca. B npeyiaraemoii crarbe mo-
CTpO€Ha dYHCJIEHHAs cXeMa, o0Jajaromias xopomeil cxomuMocTbio. [locTpoena perynspusamus MCXOIHBIX
cucreMm uddepeHInaIbHBIX YPABHEHUN TyTeM e-anmpokcumanun. Peanmmsosan meron [anepkuna, obecie-
YUBAIOMINI M3y4ueHne KOPPEKTHOCTH KPAEBBIX 33/1a49 /I HEC2KMMAEMOTO BS3KOTO MOTOKA KaK YHUCJIEHHO,
Tak ¥ aHajuTudecku. [locrpoena cxema paciemuienus st ypasaenuii Hasbe-Crokca co csraboit anmpokcu-
marnmeir. [locTpoena anmpokcuMarust CTaIlMOHAPHON U HECTAIMOHAPHON MoJeseil HeC2KMMAaeMOro PacIliaBa,
9TO MPUBOJUT HEJIMHEWHBIE yPABHEHUs THAPOINHAMUKN K cucTeMe ypasuenuil tuna Komm-KoBanesckoii.

Kmouesvie carosa: quccunanys SHEPTUH, AIITPOKCUMAIINsT CUCTeMBI, HepaBeHCTBO Kormu, metos ['anepkuna,
allpUOPHBIE OIEHKH.
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