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INTRODUCTION

Let x̄ = (x1, . . . , xm) ∈ Im = [0, 2π)m and θj, qj ∈ [1,+∞), j = 1, . . . ,m.

Denote by S0(R
m) the class of all Lebesgue measurable almost everywhere finite functions f

on R
m such that, for any number y > 0, the Lebesgue measure of the set {x̄ = (x1, . . . , xm) ∈ R

m :

|f(x̄)| > y} is finite; the measure of this set is called the distribution function and is denoted

by λf (y) (see, for example, [1, 2]). Functions f, g ∈ S0(R
m) are called equimeasurable if their

distribution functions are equal.

The nonincreasing permutation of a function f ∈ S0(R
m) is the function f∗ nonincreasing on

the half-line (0,+∞) and equimeasurable with |f |; it is defined by the formula f∗(t) = inf{y > 0 :

λf (y) < t}, t > 0 (see, for example, [1, 2]).

Now, consider repeated permutations of a function. Let f ∈ S0(R
m). For fixed values x2, . . . , xm,

regarding |f(x1, x2, . . . , xm)| as a function of x1, we can define its nonincreasing permutation

f∗1(t1, x2, . . . , xm) in x1. Further, for fixed t1, x3, . . . , xm, for the function f∗1(t1, x2, x3 . . . , xm),

we define its nonincreasing permutation f∗1,∗2(t1, t2, x3, . . . , xm) in x2. Continuing this process

with fixed t1, t2, . . . , tm−1, we define (see [2, 3]) for the function f∗1,...,∗m−1(t1, t2, t3 . . . , tm−1, xm)

its nonincreasing permutation f∗1,∗2,...,∗m−1,∗m(t1, t2, . . . , tm) in xm.

Denote by L∗
q̄,θ̄

(Im) the space of all Lebesgue measurable functions f(x̄) that are 2π-periodic

in each variable and have a finite value of the norm (see [3])

‖f‖∗q̄,θ̄ =
[ 2π∫

0

t
θm
qm

−1
m

[
· · ·

[ 2π∫
0

(
f∗1,...,∗m(t1, . . . , tm)

)θ1
t
θ1
q1

−1

1 dt1

] θ2
θ1

· · ·
] θm

θm−1

dtm

] 1
θm

.
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S2 AKISHEV

In the case q1 = · · · = qm = θ1 = · · · = θm = q, the space L∗
q,θ

(Im) coincides with the Lebesgue

space Lq (I
m) (see [4, Ch. 1, Sect. 1.1]). In what follows,

◦
L∗
q,θ

(Im) denotes the set of all functions

f ∈ L∗
q,θ

(Im) such that

∫ 2π

0
f (x) dxj = 0 for j = 1, . . . ,m.

For a function f ∈ L1 (I
m) = L (Im), we consider its Fourier series

∑
n∈Zm an (f) e

i〈n,x〉 in the

multiple trigonometric system {ei〈n,x〉}Zm , where Z
m is the integer lattice in R

m. Define

δs (f, x) =
∑

n∈ρ(s)
an (f) e

i〈n,x〉, where 〈ȳ, x̄〉 =
m∑
j=1

yjxj , sj = 1, 2, . . . ,

ρ(s̄) =
{
k = (k1, . . . , km) ∈ Z

m : 2sj−1 ≤ |kj| < 2sj , j = 1, . . . ,m
}
.

Let lmp for 1 ≤ p ≤ ∞ denote the space R
m with the norm

‖x̄‖lmp =

( m∑
j=1

|xj|p
)1/p

for 1 ≤ p < +∞, ‖x̄‖lm∞ = max
j=1,...,m

|xj |.

Denote by Um
p the unit ball in lmp .

A numerical sequence {an}n∈Zm is an element of lp if

∥∥{an}n∈Zm

∥∥
lp
=

{ ∞∑
nm=−∞

[
. . .

[ ∞∑
n1=−∞

|an|p1
] p2

p1

. . .

] pm
pm−1

} 1
pm

< +∞,

where p = (p1, . . . , pm) with 1 ≤ pj < +∞ for j = 1, 2, . . . ,m.

We denote by C(p, q, r, y) positive values depending on the parameters specified in the brackets;

these values can be different in different formulas. For positive values A(y) and B(y), we will write

A (y) � B (y) if there exist positive numbers C1 and C2 such that C1A (y) ≤ B (y) ≤ C2A (y).

Spaces of functions with dominating mixed derivatives S r̄
pH and S r̄

p,θB were defined by

Nikol’skii [5] and Amanov [6], respectively, in terms of mixed moduli of smoothness of the cor-

responding mixed derivatives (see also [4, 7]).

Lizorkin and Nikol’skii [8, Theorem 5.3] studied the decompositional expansion of elements of

the space
◦
S
r̄

p,θB and proved that the value

{ ∑
s̄∈Zm

+

2〈s,r〉θ‖δs(f)‖θp
}1/θ

is a norm of the space
◦
S
r̄

p,θB equivalent to the original norm for 1 < p < +∞ and 1 ≤ θ ≤ +∞.

Here,
◦
S
r̄

p,θB =
◦
Lp(I

m) ∩ S r̄
p,θB.

Let us consider the similar space in the anisotropic Lorentz space
◦
L∗
p,θ

(Im). Denote by
◦
S
r

p,θ,τB

the space of all functions f ∈
◦
L∗
p,θ

(Im) for which

‖f‖◦
S
r

p,θ,τB
=

∥∥∥{2〈s,r〉‖δs(f)‖∗p,θ
}
s̄∈Zm

+

∥∥∥
lτ
< ∞,
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ESTIMATES FOR KOLMOGOROV WIDTHS S3

where p = (p1, . . . , pm), θ = (θ1, . . . , θm), τ = (τ1, . . . , τm), and r = (r1, . . . , rm) with 1 < pj < ∞,

1 ≤ θj < ∞, 1 ≤ τj ≤ +∞, and rj > 0 for j = 1, . . . ,m. In this space, we consider (with the same

notation) the class

◦
S
r

p,θ,τB =
{
f ∈

◦
L∗
p,θ

(Im) : ‖f‖◦
S
r

p,θ,τB
=

∥∥∥{2〈s,r〉‖δs(f)‖∗p,θ
}
s̄∈Zm

+

∥∥∥
lτ
≤ 1

}
.

The notion of width as an approximation characteristic of subsets of a Banach space was

introduced by Kolmogorov [9].

Definition. Let W be a centrally symmetric set in a Banach space. The Kolmogorov M -width

of W is the value

dM (W,X) = inf
P

sup
f∈W

‖f − Pf‖X ,

where the infimum is taken over all mappings P acting in X to linear subspaces of dimension at

most M .

In the scalar case, the following bound is known for a Sobolev class W r
p under the condition

r > (1/p − 1/q)+:

dM (W r
p , Lq) �

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M−r, 1 ≤ q ≤ p ≤ ∞, r > 0,

M−r+ 1
p
− 1

q , 1 < p ≤ q < 2, r > 1/p− 1/q,

M−r+ 1
p
− 1

2 , 1 < p ≤ 2 ≤ q ≤ ∞, r > 1/p,

M−r, 2 ≤ p ≤ q < ∞, r >
1/p − 1/q

1− 2/q
.

For p = q = 2, the exact values of dM (W r
p , Lq) were obtained by Kolmogorov [9]; in the case

q = p = 2 and r = 1, the order was found by Rudin [10]; and, for the cases p = 1 and q = 2

and p = q = ∞, the orders were found by Stechkin [11]. For p = q = ∞, the exact value

was obtained by Tikhomirov [12]; for 1 ≤ p = q < ∞, the orders were found by Babadzhanov and

Tikhomirov [13]; and, for p = q = 1 and oddM , the exact value was established by Subbotin [14,15].

For 1 ≤ p ≤ q ≤ 2, the orders were found by Ismagilov [16, 17], Gluskin [18] (the case p = 1 and

2 < q ≤ ∞), Kashin [19] (the case 1 ≤ p ≤ q ≤ ∞ and q ≥ 2), and Makovoz [20] (for 1 ≤ q ≤ p).

Kashin [21] and Kulanin [22] found bounds for the widths of Sobolev classes of small smoothness.

Bounds for the Kolmogorov widths of classes of smooth functions of several variables were

established by Babenko [23], Mityagin [24], Telyakovskii [25], Bugrov [26], Galeev [27–29], Temlya-

kov [30, 31], Din’ Zung [32], Belinskii [33, 34], Romanyuk [35–37], Heping Wang and Yongsheng

Sun [38], Bazarkhanov [39], and others.

For the Besov class Sr
p,θB, Romanyuk [35] proved the following theorem.

Theorem A. Let r1 = . . . = rν < rν+1 < . . . < rm and 1 ≤ θ ≤ ∞.

1. If 2 ≤ p < q < ∞ and r1 > β = (1/p − 1/q)/(1 − 2/q), then

dM (Sr
p,θB,Lq) �

( logν−1 M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

θ

)
+ .

2. If 1 < p ≤ 2 < q < ∞ and r1 > 1/p, then

dM (Sr
p,θB,Lq) �

( logν−1 M

M

)r1− 1
p
+ 1

2
(logM)

(ν−1)
(

1
2
− 1

θ

)
+ .
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S4 AKISHEV

Hereinafter, logM is the logarithm to base 2 of the number M > 1.

For other relations between p and q, bounds for dM (Sr
p,θB,Lq) were obtained by Galeev [29].

The aim of this paper is to find bounds for the Kolmogorov width of the class
◦
S
r̄

p̄,θ̄,τ̄B in the

space L∗
q̄,θ̄

(Im).

1. AUXILIARY STATEMENTS

Let us present some additional notation and auxiliary statements.

Suppose that s̄ ∈ Z
m
+ and �(ρ(s̄)) is the set of functions of the form f(x̄) =

∑
n∈ρ(s) an̄e

i〈n̄,x̄〉.

Lemma 1 [29, Lemma D]. Suppose that s̄ ∈ N
m, f ∈ �(ρ(s̄)), Ms̄ ∈ Z+, Ms̄ ≤ 2〈s̄,1̄〉 =∏m

j=1 2
sj , ᾱ = (α1, . . . , αm), αj = rj + 1/q − 1/p for j = 1, . . . ,m, and 1 < p, q < +∞. Then there

exists a linear subspace LMs ⊂ �(ρ(s̄)) of dimension Ms̄ and an operator PMs̄ : �(ρ(s̄)) → LMs

such that

‖δs̄(f)− PMs̄δs̄(f)‖q � dMs̄

(
U2〈s̄,1̄〉
p , l2

〈s̄,1̄〉
q

)
2〈s̄,−ᾱ〉‖δs̄(f (r))‖p.

For a vector γ̄ = (γ1, . . . , γm) with γj > 0 for j = 1, . . . ,m, define

Y m (γ, n) =
{
s = (s1, . . . , sm) ∈ Z

m
+ : 〈x̄, γ̄〉 ≥ n

}
.

Lemma 2 (see [40]). Let α ∈ (0,+∞), and let vectors γ = (γ1, . . . , γm), γ
′
= (γ

′
1, . . . , γ

′
m), and

θ = (θ1, . . . , θm) be such that θj ∈ [1,+∞) for j = 1, . . . ,m, 1 = γ1 = · · · = γν < γν+1 ≤ · · · ≤ γm,

1 = γ
′
j = γj for j = 1, . . . , ν, and 1 = γ

′
j < γj for j = ν + 1, . . . ,m. Then

∥∥∥{2−α〈s,γ〉}
s∈Y m(γ

′
,n)

∥∥∥
lθ

� 2−nαn
∑ν

j=2
1
θj .

2. MAIN RESULTS

In this section we prove bounds for the Kolmogorov width in the space L∗
p̄,q̄(I

m) of the Nikol’skii–

Besov–Amanov class
◦
S
r

p,θ,τB.

Theorem 1. Suppose that 1 < pj < qj ≤ 2, 1 < θ
(1)
j , θ

(2)
j < ∞, and 1 ≤ τj ≤ ∞ for

j = 1, . . . m. Suppose also that 0 < r1 + 1/q1 − 1/p1 = · · · = rν + 1/qν − 1/pν < rν+1 + 1/qν+1 −
1/pν+1 ≤ · · · ≤ rm + 1/qm − 1/pm. Then

dM

( ◦
S
r

p,θ
(1)

,τB, L∗
q̄,θ̄(2)

)
≤ C

( logν−1M

M

)(r1+ 1
q1

− 1
p1

)
(logM)

∑ν
j=2

(
1
2
− 1

τj

)
+ .

Proof. Assume that f ∈
◦
S
r

p,θ
(1)

,τB and γj = (rj + 1/qj − 1/pj)/(r1 + 1/q1 − 1/p1) for j =

1, . . . ,m. Then it follows from the conditions of the theorem that 1 = γ1 = · · · = γν < γν+1 ≤
· · · ≤ γm. Choose numbers γ

′
j such that γ

′
j = γj for j = 1, . . . , ν and γ

′
j < γj for j = ν + 1, . . . ,m.

Consider the partial sum

Sγ
′

n (f, x̄) =
∑

〈s̄,γ̄′ 〉<n

δs̄(f, x̄)
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ESTIMATES FOR KOLMOGOROV WIDTHS S5

of the Fourier series of the function f ∈
◦
S
r

p,θ
(1)

,τB over the stepwise hyperbolic cross.

In [40] it was proved that

sup

f∈
◦
S
r̄

p̄,θ̄(1),τ̄B

‖f − Sγ
′

n (f)‖∗
q̄,θ̄(2)

≤ C 2
−n

(
r1+

1
q1

− 1
p1

)
n

∑ν
j=2

(
1

θ
(2)
j

− 1
τj

)
, θ

(2)
j < τj , j = 1, . . . ,m,

sup

f∈
◦
S

r̄

p̄,θ̄(1),τ̄B

‖f − Sγ
′

n (f)‖∗
q̄,θ̄(2)

≤ C 2
−n

(
r1+

1
q1

− 1
p1

)
, τj ≤ θ

(2)
j , j = 1, . . . ,m.

Choose a positive integer n such that M � 2nnν−1. Then

dM

(◦
S

r

p,θ
(1)

,τB, L∗
q̄,θ̄(2)

)
≤ sup

f∈
◦
S
r̄

p̄,θ̄(1),τ̄B

‖f − Sγ
′

n (f)‖∗
q̄,θ̄(2)

≤ C 2
−n

(
r1+

1
q1

− 1
p1

)
n

∑ν
j=2

(
1

θ
(2)
j

− 1
τj

)
≤ C

( logν−1M

M

)(r1+ 1
q1

− 1
p1

)
(logM)

∑ν
j=2

(
1
2
− 1

τj

)

if θ
(2)
j < τj for j = 1, . . . ,m, and

dM

( ◦
S
r

p,θ
(1)

,τB, L∗
q̄,θ̄(2)

)
≤ C 2

−n
(
r1+

1
q1

− 1
p1

)
≤ C

( logν−1 M

M

)(r1+ 1
q1

− 1
p1

)

if τj ≤ θ
(2)
j for j = 1, . . . ,m. Theorem 1 is proved. �

Theorem 2. Suppose that 1 < θ
(1)
j , θ

(2)
j < ∞ and 1 ≤ τj ≤ ∞ for j = 1, . . . m. Suppose also

that 0 < r1+1/q1−1/p1 = · · · = rν+1/qν−1/pν < rν+1+1/qν+1−1/pν+1 ≤ · · · ≤ rm+1/qm−1/pm.

1. If 2 ≤ pj < q ≤ θ
(2)
j < ∞ for j = 1, . . . ,m and r1 > β = (1/p1 − 1/q)/(1 − 2/q), then

dM

( ◦
S
r

p,θ
(1)

,τB, L∗
q,θ̄(2)

)
≤ C

( logν−1M

M

)r1
(logM)

∑ν
j=2

(
1
2
− 1

τj

)
+.

2. If 1 < pj ≤ 2 < q ≤ θ
(2)
j and rj > 1/pj for j = 1, . . . ,m, then

dM
(◦
S

r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C

( logν−1M

M

)(r1+ 1
2
− 1

p1

)
(logM)

∑ν
j=2

(
1
2
− 1

τj

)
+ .

Proof. Let us prove the first statement of the theorem. Let f ∈
◦
S

r̄

p̄,θ̄(1),τ̄B. Since q ≤ θ
(2)
j for

j = 1, . . . ,m, we have Lq(I
m) ⊂ L∗

q̄,θ̄(2)
(Im) and ‖f‖∗

q,θ̄(2)
≤ C‖f‖q.

Since 2 < q < ∞, we have 0 < 1−2/q < 1. Hence, r1 > β = (1/p1−1/q)(1−2/q) > 1/p1−1/q.

Therefore, the condition 0 < r1 + 1/q1 − 1/p1 = · · · = rν + 1/qν − 1/pν < rν+1 + 1/qν+1 −
1/pν+1 ≤ · · · ≤ rm + 1/qm − 1/pm implies that rj > 1/pj − 1/qj for j = 1, . . . ,m. Consequently,
◦
S

r

p,θ
(1)

,τB ⊂ Lq(I
m) (see [40]); i.e., f ∈ Lq(I

m).

As in [29, p. 608], we consider the operator PM : Lq(I
m) → LM acting on a function

f(x̄) =
∑
s̄∈Zm

+

δs̄(f, x̄) by the rule (PMf)(x̄) =
∑
s̄∈Zm

+

PMs̄δs̄(f, x̄),
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S6 AKISHEV

where PMs̄ and LMs̄ are the operators and subspaces from Lemma 1 and LM =
⋃

s̄∈Zm
+
LMs̄ .

Define ρj = rj + 1/q − 1/pj and γj = ρj/ρ1. Then it is easily seen from the condition of the

theorem that γ1 = · · · = γν < γν+1 ≤ · · · ≤ γm.

It is known that there exist numbers ρ
′
j such that ρ

′
j = ρj = ρ1 for j = 1, . . . , ν, ρ1 < ρ

′
j for

j = ν + 1, . . . ,m, and 1 < ρν+1/ρ
′
ν+1 < · · · < ρm/ρ

′
m. Define γ

′
j = ρ

′
j/ρ

′
1 for j = 1, . . . ,m. Then

γ
′
j = γj for j = 1, . . . , ν and γ

′
j < γj for j = ν + 1, . . . ,m.

For a positive integer M , we choose a number n ∈ N such that M � 2nnν−1. For each s̄ ∈ Z
m
+ ,

we define the number

Ms̄ =

{
2〈s̄,1̄〉 if 〈s̄, γ̄′〉 ≤ n,

2n(1+ερ1)−ε〈s̄,ρ̄〉 if 〈s̄, γ̄′〉 > n,

where the positive number ε will be chosen later and [a] is the integer part of a. Then, using

Lemmas C and D from [30], we find that
∑

s̄∈Zm
+
Ms̄ ≤ C 2nnν−1 ≤ CM . Thus, the dimension of

the subspace LM has order 2nnν−1.

Applying the inequality ‖f‖∗
q,θ̄(2)

≤ C‖f‖q to the function f − PMf ∈ Lq(I
m) and using the

Littlewood–Paley theorem in the Lebesgue space Lq(I
m) (see [4, p. 54]), we get

‖f − PMf‖∗
q,θ̄(2)

≤ C‖f − PMf‖q

≤ C

∥∥∥∥
( ∑

s̄∈Zm
+

|δs̄(f)− PMs̄δs̄(f)|2
)1/2∥∥∥∥

q

≤ C

( ∑
s̄∈Zm

+

‖δs̄(f)− PMs̄δs̄(f)‖2q
)1/2

. (2.1)

Choose a number p0 > maxj=1,...,m pj . Then, by Lemma 1, using Bernstein’s inequality for

trigonometric polynomials (see [4, p. 98]), we obtain

‖δs̄(f)− PMs̄δs̄(f)‖q � dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

) m∏
j=1

2
sj

(
1
p0

− 1
q

)
‖δs̄(f)‖p0 . (2.2)

Since pj < p0 for j = 1, . . . ,m, using Nilkol’skii’s inequality for different metrics of trigonometric

polynomials (see [41,42]), we get

‖δs̄(f)‖p0 ≤ C
m∏
j=1

2
sj

(
1
pj

− 1
p0

)
‖δs̄(f)‖∗p̄,θ̄(1) . (2.3)

It follows from inequalities (2.1)–(2.3) that

‖f − PMf‖∗
q,θ̄(2)

≤ C

( ∑
s̄∈Zm

+

( m∏
j=1

2
sj

(
1
pj

− 1
q

)
‖δs̄(f (r))‖∗

p̄,θ̄(1)

)2

d2Ms̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

))1/2

. (2.4)

If τj ≤ 2 for j = 1, . . . ,m, then, using Jensen’s inequality (see [4, p. 125]), we find from (2.4) that

‖f − PMf‖∗
q,θ̄(2)

≤ C

∥∥∥∥
{ m∏

j=1

2
sj

(
1
pj

− 1
q

)
dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

)
‖δs̄(f)‖∗p̄,θ̄(1)

}
s̄∈Zm

+

∥∥∥∥
τ̄

. (2.5)

If 2 < τj < +∞ for j = 1, . . . ,m, then, applying Hölder’s inequality (for αj = τj/2 > 1, j =

1, . . . ,m), we find from (2.4) that

‖f − PMf‖∗
q,θ̄(2)

≤ C
∥∥∥{2〈s̄,r̄〉‖δs̄(f)‖∗p̄,θ̄(1)}s̄∈Zm

+

∥∥∥
τ̄
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×
∥∥∥∥
{ m∏

j=1

2
−sj

(
rj+

1
q
− 1

pj

)
dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

)}
〈s̄,γ′〉>n

∥∥∥∥
ε̄

, (2.6)

where ε̄ = (ε1, . . . , εm) and εj = 2τj/(τj − 2) for j = 1, . . . ,m.

By the definition of the Kolmogorov width, it follows from (2.5) and (2.6) that

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C sup

s̄∈Zm
+

m∏
j=1

2
−sj

(
rj+

1
q
− 1

pj

)
dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

)
(2.7)

in the case 1 < τj ≤ 2, j = 1, . . . ,m, and

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C

∥∥∥∥
{ m∏

j=1

2
−sj

(
rj+

1
q
− 1

pj

)
dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

)}
〈s̄,γ′ 〉>n

∥∥∥∥
ε̄

(2.8)

if 2 < τj, j = 1, . . . ,m, where ε̄ = (ε1, . . . , εm) and εj = 2τj/(τj − 2) for j = 1, . . . ,m.

Substituting into formulas (2.7) and (2.8) the value dMs̄

(
B2〈s̄,1̄〉

p0 , l2
〈s̄,1̄〉

q

)
= 0 for 〈s̄, γ̄′〉 ≤ n and

the bounds for finite-dimensional widths [43,44]

dns̄(B
m
p0 , l

m
q ) � min

{
1,m

2β
q n−β

}
, m > n,

for 〈s̄, γ̄′〉 > n, we obtain

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C sup

s̄∈Zm
+

m∏
j=1

2
−sj

(
rj+

1
q
− 1

pj

)
2

2β
q
〈s̄,1̄〉

M−β
s̄ (2.9)

in the case 1 ≤ τj ≤ 2, j = 1, . . . ,m, and

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C

∥∥∥∥
{ m∏

j=1

2
−sj

(
rj+

1
q
− 1

pj

)
2

2β
q
〈s̄,1̄〉

M−β
s̄

}
〈s̄,γ′ 〉>n

∥∥∥∥
ε̄

(2.10)

in the case 2 < τj ≤ ∞, j = 1, . . . ,m.

Let 2 < τj ≤ ∞ for j = 1, . . . ,m. Then, substituting the values of Ms̄ in (2.10), we obtain

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C2−nβ(1+ερ1)

∥∥∥∥
{ m∏

j=1

2
−sj

(
rj+

1
q
− 1

pj

)
2

2β
q
〈s̄,1̄〉2εβ〈s̄,ρ̄〉

}
〈s̄,γ′ 〉>n

∥∥∥∥
ε̄

. (2.11)

Since ρj = rj + 1/q − 1/pj and γj = ρj/ρ1 for j = 1, . . . ,m, it follows from the inequalities 1 ≤ γj
and β > 0 that

m∏
j=1

2
−sj

(
rj+

1
q
− 1

pj

)
2

2β
q
〈s̄,1̄〉

2εβ〈s̄,ρ̄〉 = 2−ρ1〈s̄,γ̄〉2
2β
q
〈s̄,1̄〉

2εβρ1〈s̄,γ̄〉 ≤ 2
−
(
ρ1− 2β

q
−εβρ1

)
〈s̄,γ̄〉

. (2.12)

In view of (2.12), we derive from (2.11) the bound

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C2−nβ(1+ερ1)

∥∥∥{2−(ρ1− 2β
q
−εβρ1

)
〈s̄,γ̄〉

}
〈s̄,γ′〉>n

∥∥∥
ε̄

(2.13)

in the case 2 < τj ≤ ∞, j = 1, . . . ,m.
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Since β =
1/p1 − 1/q

1− 2/q
, it is easy to see that ρ1 − 2β/q = r1 − β. Therefore, inequality (2.13),

can be written in the form

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C2−nβ(1+ερ1)

∥∥∥{2−(r1−β−εβρ1)〈s̄,γ̄〉
}
〈s̄,γ′〉>n

∥∥∥
ε̄

(2.14)

in the case 2 < τj ≤ ∞, j = 1, . . . ,m.

By the condition of the theorem, r1 > β and 2 < q < ∞. Then, r1 > 1/p1 − 1/q, and

r1 − β

β
(
r1 +

1

q
− 1

p1

) > 0.

Choose a number ε such that

0 < ε <
r1 − β

β
(
r1 +

1

q
− 1

p1

) .
Then

r1 − β − εβ
(
r1 +

1

q
− 1

p1

)
= r1 − β − εβρ1 > 0.

Therefore, applying Lemma 2, we obtain

∥∥∥{2−(r1−β−εβρ1
)
〈s̄,γ̄〉

}
〈s̄,γ′〉>n

∥∥∥
ε̄
≤ C2−n(r1−β−εβρ1)n

∑ν
j=2

1
εj . (2.15)

Hence, in view of the relations 1/εj = (τj − 2)/2τj for j = 1, . . . ,m and 2nnν−1 � M , we find from

inequalities (2.14) and (2.15) that

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C2−nβ(1+ερ1)2−n(r1−β−εβρ1)n

∑ν
j=2

(
1
2
− 1

τj

)

≤ C2−nr1n
∑ν

j=2

(
1
2
− 1

τj

)
≤ C

( logν−1 M

M

)r1
(logM)

∑ν
j=2

(
1
2
− 1

τj

)
in the case when 2 < τj ≤ ∞ and 2 ≤ pj < q < ∞ for j = 1, . . . ,m and r1 > β.

Let 1 ≤ τj ≤ 2 for j = 1, . . . ,m. Then, substituting the value Ms̄ into (2.9), we get

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C2−nβ(1+ερ1) sup

〈s̄,γ̄′〉>n

m∏
j=1

2
−sj

(
rj+

1
q
− 1

pj

)
2

2β
q
〈s̄,1̄〉

2εβ〈s̄,ρ̄〉

≤ C2−nβ(1+ερ1) sup
〈s̄,γ̄′ 〉>n

2
−
(
ρ1− 2β

q
−εβρ1

)
〈s̄,γ̄〉

= C2−nβ(1+ερ1) sup
〈s̄,γ̄′ 〉>n

2−(r1−β−εβρ1)〈s̄,γ̄〉

≤ C2−nr1 ≤ C
( logν−1 M

M

)r1
.

Thus,

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C

( logν−1 M

M

)r1

in the case when 1 ≤ τj ≤ 2 and 2 ≤ pj < q < ∞ for j = 1, . . . ,m.
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Let us prove the second statement of Theorem 2. Let 1 < pj ≤ 2 < q < ∞ for j = 1, . . . m and

r1 > 1/p1. Since 1 < pj ≤ 2 for j = 1, . . . m, we have
◦
S
r

p,θ
(1)

,τB ⊂
◦
S
ρ

2,θ
(1)

,τB, where ρ̄ = (ρ1, . . . , ρm)

with ρj = rj + 1/2 − 1/pj for j = 1, . . . ,m. Since r1 > 1/p1 by the condition of the theorem, we

have ρ1 > β = (1/2 − 1/q)/(1 − 2/q).

Using statement 1 for pj = 2, j = 1, . . . ,m, and replacing rj by ρj, we get

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ dM

( ◦
S
r

2,θ
(1)

,τB,L∗
q,θ̄(2)

)
≤ C

( logν−1M

M

)r1+
1
2
− 1

p1 (logM)
∑ν

j=2

(
1
2
− 1

τj

)

in the case 1 ≤ τj ≤ ∞, j = 1, . . . ,m. Theorem 2 is proved. �
Theorem 3. Suppose that 1 < θ

(1)
j , θ

(2)
j < ∞ for j = 1, . . . m, 1 ≤ τ ≤ ∞, 0 < r1 = · · · =

rν < rν+1 ≤ · · · ≤ rm, and rj > 1/pj for j = 1, . . . ,m. Suppose also that 2 ≤ qj < pj < ∞ for

j = 1, . . . ,m. Then

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ C

( logν−1M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+ .

Proof. Choose a number p0 > maxj=1,...,m pj . Then Lp0(I
m) ⊂ L∗

p̄,θ̄(1)
(Im).

Using the properties of the norm, Nikol’skii’s inequality for different metrics of trigonometric

polynomials (see [41,42]), and Hölder’s inequality (1/τ + 1/τ
′
= 1), we find that

‖f‖p0 ≤
∑
s̄∈Zm

+

m∏
j=1

2
sj(

1
pj

− 1
p0

)‖δs̄(f)‖∗p̄,θ̄(1)

≤
{ ∑

s̄∈Zm
+

2〈s̄,r̄〉τ (‖δs̄(f)‖∗p̄,θ̄(1))
τ
}1/τ{ ∑

s̄∈Zm
+

m∏
j=1

2
−sj(rj− 1

pj
+ 1

p0
)τ ′

}1/τ ′

.

Since rj > 1/pj > 1/pj − 1/p0 for j = 1, . . . ,m, we obtain
◦
S
r

p,θ
(1)

,τB ⊂ Lp0(I
m).

On the other hand, since p0 > maxj=1,...,m pj, we have ‖δs̄(f)‖∗p̄,θ̄(1) ≤ C‖δs̄(f)‖p0 . Therefore,

◦
S
r

p0,τB ⊂
◦
S
r

p,θ
(1)

,τB. Consequently, dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ dM

( ◦
S
r

p0,τB,L∗
q̄,θ̄(2)

)
. Since qj ≥ 2 for

j = 1, . . . ,m by the condition of the theorem, we obtain

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ dM

( ◦
S
r

p0,τB,L∗
q̄,θ̄(2)

)
≥ dM

( ◦
S
r

p0,τB,L2

)
. (2.16)

Galeev [27] proved the bound

dM
( ◦
S
r

p0,τB,L2

)
≥ C

( logν−1 M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+ . (2.17)

It follows from (2.16) and (2.17) that

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ C

( logν−1M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+ .

Theorem 3 is proved. �
Theorem 4. Suppose that 1 < θ

(1)
j , θ

(2)
j < ∞ for j = 1, . . . m, 1 ≤ τ ≤ ∞, 0 < r1 = · · · =

rν < rν+1 ≤ · · · ≤ rm, and rj > 1/pj for j = 1, . . . ,m. Then the following statements hold.
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1. If 2 ≤ pj < qj < ∞ and rj > 1/pj for j = 1, . . . ,m, then

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ C

( logν−1M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+ .

2. If 1 < pj ≤ 2 < qj < ∞ and rj > 1/pj for j = 1, . . . ,m and p1 > pj for j = 2, . . . ,m, then

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ C

( logν−1M

M

)r1+
1
2
− 1

p1 (logM)(ν−1)
(

1
2
− 1

τ

)
.

Proof. Let 2 ≤ pj < qj < ∞ for j = 1, . . . m. Since L∗
q̄,θ̄(2)

(Im) ⊂ L2(I
m), we find by

Theorem 3 (for qj = θ
(2)
j = 2, j = 1, . . . ,m) that

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ dM

( ◦
S
r

p,θ
(1)

,τB,L2

)
≥ C

( logν−1M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+ .

Let us prove the second statement. Since 2 < qj < ∞ for j = 1, . . . m, we have L∗
q̄,θ̄(2)

(Im) ⊂
L2(I

m). Therefore,

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ dM

( ◦
S
r

p,θ
(1)

,τB,L2

)
. (2.18)

It follows from the condition p1 > pj, j = 2, . . . ,m, that Sr
p1,τB ⊂ Sr

p,θ
(1)

,τ
B. Then

dM

( ◦
S
r

p,θ
(1)

,τB,L2

)
≥ dM

(
Sr
p1,τB,L2

)
. (2.19)

It follows from inequalities (2.18) and (2.19) that dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ dM

(
Sr
p1,τB,L2

)
. There-

fore, using statement (d) of the theorem from [29, p. 608], we get

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q̄,θ̄(2)

)
≥ C

( logν−1M

M

)r1+
1
2
− 1

p1 (logM)
∑ν

j=2

(
1
2
− 1

τ

)
.

Theorem 4 is proved. �

Remark. In the case τ1 = . . . τm = τ and q1 = · · · = qm = q ≤ θ
(2)
j for j = 1, . . . ,m, it follows

from statements 2 of Theorems 2 and 4 that the following bound holds for p1 > pj, j = 1, . . . ,m:

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
�

( logν−1M

M

)r1+
1
2
− 1

p1 (logM)
(ν−1)

(
1
2
− 1

τ

)
+.

It follows from statements 2 of Theorems 2 and 4 that

dM

( ◦
S
r

p,θ
(1)

,τB,L∗
q,θ̄(2)

)
�

( logν−1M

M

)r1
(logM)

(ν−1)
(

1
2
− 1

τ

)
+

for τ1 = . . . = τm = τ and q1 = · · · = qm = q ≤ θ
(2)
j , j = 1, . . . ,m.
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