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INTRODUCTIO

Let T = (21,...,2y,) € I"™ =[0,2m)™ and 0;,q; € j=1,...,m.
Denote by Sp(R™) the class of all Lebesgue
on R™ such that, for any number y > 0, the Leb

|f(Z)| > y} is finite; the measure of thi

almost everywhere finite functions f
easure of the set {Z = (z1,...,2y) € R™:
alled the distribution function and is denoted
by A¢(y) (see, for example, [1,2]). Func g € So(R™) are called equimeasurable if their
distribution functions are equal.
The nonincreasing permutati
the half-line (0, +00) and equi
Ar(y) < t}, t >0 (see, for
Now, consider repeate
regarding |f(z1,z2, .

oty e, xm) 1

a function f € So(R™) is the function f* nonincreasing on
le with |f]; it is defined by the formula f*(t) = inf{y > 0:

ations of a function. Let f € So(R™). For fixed values xa, . .., T,
a function of xy, we can define its nonincreasing permutation
rther, for fixed t1,z3,..., 2y, for the function f*(t1,z2,23...,2m),

we define its . permutation f*1*2(tq,t,x3,...,2Zy) in xe. Continuing this process
with fixed 1, _1, we define (see [2,3]) for the function f*\*m=1(ty to, t5... ty—1,Tm)
rmutation fr*U¥2oFmel¥m (g to ot ) in Ty,

ho (I™) the space of all Lebesgue measurable functions f(z) that are 2m-periodic

Om

2
) 27 om _q 2m o 0, 21 1 0? 01 9;
o= | [o || [ () |

0 0
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S2 AKISHEV

In the case g1 = - = ¢y = 01 = --- = 0, = q, the space LZ,@ (I™) coincides with the Lebesgue

space Ly (I™) (see [4, Ch. 1, Sect. 1.1]). In what follows, L; o (I™) denotes the set of all functions
2

fELZa(Im) such that (x)dxj =0for j=1,...,m.

0
For a function f € Ly (I") = L (I™), we consider its Fourier series > ;m an (f) e in the

multiple trigonometric system {€i<n’x>}Zm, where Z™ is the integer lattice in R™. Define

m

0s (f,x) = Z an(f)ei<"’x>, where <§,§:)=Zyja:j, s;j=1,2,...,

nep(s) J=1
p(3) ={k=(ki,...,kp) €Z™: 2571 < |kj| < 2%, j=1,...,m}.

Let l;” for 1 < p < oo denote the space R™ with the norm

m 1/p
nmwz(gnmﬂ for 1<p<-+oo, |l
7j=1

Denote by Up" the unit ball in [;". J
A numerical sequence {ay},czn is an element of [, if

oo 0o pm 1

Hontucznll, ={ 32 || 3

N =—00 ni=—0Q

where p = (p1,...,pm) with 1 < p; < 400 for j
We denote by C(p, q,r,y) positive valuesfdepe
these values can be different in different fo @ positive values A(y) and B(y), we will write
A(y) < B (y) if there exist positive bersi@¢ and Cy such that C1 A (y) < B(y) < C2A (y).
mixed derivatives SyH and Sj,B were defined by

o on the parameters specified in the brackets;

Spaces of functions with dominati
Nikol’skii [5] and Amanov [6]gre
responding mixed derivativesy(s

Lizorkin and Nikol’skii|[8

ively, in terms of mixed moduli of smoothness of the cor-
so [4,7]).
eorem 5.3] studied the decompositional expansion of elements of

oT
the space S, yB and § the value
1/6
{ X 2emacnig)
sezm
o
m space S, pB equivalent to the original norm for 1 < p < o0 and 1 < 6 < +oc.

o oT
Let us consider the similar space in the anisotropic Lorentz space L; 0(I ™). Denote by S, 4, B

the space of all functions f € L; ,(I™) for which

l<oo,

17l = {2 18Dl f

p,0,7

sezm
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ESTIMATES FOR KOLMOGOROV WIDTHS 53

where p = (p1,...,Pm), 0 = (01,...,0m), 7= (T1,...,Tm), and r = (r1,...,1y) With 1 < p; < o0,
1<6; <o0,1<7; <+o00,and r; >0 for j =1,...,m. In this space, we consider (with the same
notation) the class

oT

SparB={s € Ly el = {21500
o

< 1}.
L

The notion of width as an approximation characteristic of subsets of a Banach space was
introduced by Kolmogorov [9].

sezy

dy (W, X) = inf sup [|f — Pfllx,
P rew

Definition. Let W be a centrally symmetric set in a Banach space. The Kolmogorév M-w1
where the infimum is taken over all mappings P acting in X to linear subspaces ension at

of W is the value
most M.

In the scalar case, the following bound is known for a Sobolev class W} the condition
r>(1/p—1/q)4:

([ M7 1<q<pSlg >0,
M7 1<p<q92 /p—1/q,
il L) =\ it 1< < e ooy 7> 1/
M~ 2 < , > 1{p—21/q.
\ - /q
For p = ¢ = 2, the exact values of dy; (W, obtained by Kolmogorov [9]; in the case

q = p =2 and r = 1, the order was fo [10]; and, for the cases p = 1 and ¢ = 2
[11]. For p = ¢ = oo, the exact value
was obtained by Tikhomirov [12]; f p = q < o0, the orders were found by Babadzhanov and
d od@ M, the exact value was established by Subbotin [14,15].
For 1 < p < g < 2, the orderséwe d by Ismagilov [16,17], Gluskin [18] (the case p = 1 and
2 < g < 0), Kashin [19] a <p<q<ooandq>2), and Makovoz [20] (for 1 < ¢ < p).
Kashin [21] and Kulanin %d bounds for the widths of Sobolev classes of small smoothness.
Bounds for the :
established by B
kov [30, 31], Di

and p = ¢ = oo, the orders were fi

widths of classes of smooth functions of several variables were
Mityagin [24], Telyakovskii [25], Bugrov [26], Galeev [27-29], Temlya-
, Belinskii [33, 34], Romanyuk [35-37], Heping Wang and Yongsheng

Sun [38], Baza [39], and others.
For t v elass S) o B, Romanyuk [35] proved the following theorem.
o) cletrm=...=r, <rpp < ... <rpandl <6< 0.

If2<p<g<ocoandr >pB=(1/p—1/9)/(1—2/q), then

log"~ ' M
M

2. If1<p<2<qg<ooandr, >1/p, then

r1 o1 (-1
dM(S;’(,B,Lq)x( ) (logM)( 1)(2 9)+.

log*~ L Mnri—1+1 (11
an($508. L) = (‘% M) T o a0 ).
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S4 AKISHEV

Hereinafter, log M is the logarithm to base 2 of the number M > 1.
For other relations between p and ¢, bounds for d M(S;@B, L,) were obtained by Galeev [29)].

of
The aim of this paper is to find bounds for the Kolmogorov width of the class S;5-B in the

space L(’%é(lm).

1. AUXILIARY STATEMENTS

Let us present some additional notation and auxiliary statements.
Suppose that 5 € Z" and (p(5)) is the set of functions of the form f(z) =5, .

Lemma 1 [29, Lemma D]. Suppose that s € N, f € (p(5)), M5 € Z,, M;
[[2,2%, a=(a1,...,am), aj=r;+1/¢g—1/p for j=1,...,m, and 1 < p,q <
exists a linear subspace Lyr, C I(p(5)) of dimension Mz and an operator Py,
such that

185(F) = Parsds(F)llg = da, (U2, 277 ) 205 g £y

For a vector 4 = (y1,...,%m) with v; > 0 for j = 1,...,31, define

Y™ (v,n) = {s=(s1,...,5m) € Z4: (

e Ym)s Y = (Vs s V)5 and
T="=% <Yot1 < < Y,

Lemma 2 (see [40]). Let a € (0,+00), and let vecto
0= (01,...,0m) be such that 0; € [1,+00) for j =1,
S S AT

S E ) gonyTier

AIN RESULTS

oT

In this section we prov r the Kolmogorov width in the space Ly -(I™) of the Nikol’skii—
Besov—Amanov class

Theorem 1 pposg that 1 < p; < ¢q; < 2,1 < o) 912 < oo, and 1 < 7; < oo for

J Y
j=1,...m. D also that 0 < ry +1/q1 —1/p1 = =1, +1/q, — 1/py < 7rps1+1/qus1 —
1/pu+1 <-.. + 1/ qm — 1/pm- Then
oT log?~ Y M +o 1_1
(S50, Lig) < C( * )(“ )(logM)Z (=2,

ofT
of. Assume that f € S,,0 B and v; = (r; +1/q; — 1/p;)/(r1 + 1/q1 —1/py) for j =
1,...,m. Then it follows from the conditions of the theorem that 1 =~ = -+ = v, < vy <
- < Ym. Choose numbers ’y;- such that fy; = for j=1,...,v and fy; <vwjforj=v+1,...,m.
Consider the partial sum
Z S5(f, )

(34')<
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ESTIMATES FOR KOLMOGOROV WIDTHS S5

oT
of the Fourier series of the function f € 5,y B over the stepwise hyperbolic cross.

In [40] it was proved that

/ _ 1_ 1 ZV'Q((Q) .,.1)
sup || = S (DI} gy < C2 e P O I TS

oT
fe€S56(1) 7B

/ _ 11
swp If =7 (Dlzge <0270 <@ o1 m
f€S5601) -8
Choose a positive integer n such that M =< 2"n*~!. Then
oT ’
*
(8,008, g ) < s 1f =87 (Dl g
f€Sp 61 2B

v 1 _ 1
< 02_n(T1+ p1)nzj:2 (05'2) Tf) (10g M ) T1+ 2 (;_7'1])
if 02 < 7 for j =1 m, and
: g Jj R
of 1
dM<Sp9<> B, L_9(2)> 302‘"(T1+ a ¢ ")
if 7; < 93(-2) for j=1,...,m. Theorem 1 is prove U

’ 1< 715 < o0 forj=1,...m. Suppose also
+1/qu41—1/pvs1 < - g T+ 1/@m—1/pm.

that 0 <ri+1/q=1/pr=---=r,+1/q
1. If2<p;j<q< 0 ) < o0 fo& w andry > B = (1/p1 — 1/q)/(1 —2/q), then
lo
oM B

Theorem 2. Suppose that 1 < 93(-1),9](-2) <

v—1
M r v 1_1
u(3, & M togan™= (70,
2. If1<pj§2<q% i > 1/p; for j=1,...,m, then
o - +1- v (11
dM L* . < 1T pl)(lOgM)Z]=2 (2 Tj)Jr.
o F
Proo t rove the first statement of the theorem. Let f € S50 »B. Since ¢ < 03(.2) for
Fo hiave Ly(I™) C L 50 (I™) and [[£]7 5 < ClIf o

e < 00, we have 0 < 1—2/q < 1. Hence, r1 > = (1/p1—1/¢)(1—-2/q) > 1/p1 —1/q.
ore, the condition 0 < m +1/¢1 — 1/p1 = -+ =1, + 1/qp — 1/py < 141 + 1/qus1 —

<. <7m+1/¢m — 1/py, implies that r; > 1/p; — 1/q; for j = 1,...,m. Consequently,
o T

SpoM B C Ly(I™) (see [40]); ie., f € Ly(I™).
As in [29, p. 608], we consider the operator Pys : Ly(I™) — Ljs acting on a function

T) = Z ds(f,z) by therule (Puf)(@ Z Pui;05(f, @)

EGZT SGZm
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S6 AKISHEV

where Py, and Ly, are the operators and subspaces from Lemma 1 and Ljy; = U§€ZT Lyy,.

Define pj = rj +1/q — 1/p; and ; = p;j/p1. Then it is easily seen from the condition of the
theorem that vy = - =7, <41 <+ < Yo

It is known that there exist numbers ,0;» such that p;- =pj=prforj=1,...,v, p1 < ,0;» for
j=v+1,....m,and 1 < p,,+1/,0;,+1 < e < pm/p;n. Define fy;- = p;-/pl1 for j =1,...,m. Then
'y;» =qjforj=1,...,v andq/;- <vjforj=v+1,....,m

For a positive integer M, we choose a number n € N such that M = 2"n*~!. For each 5 € ,
we define the number

Y 2(5:1) if (5,7) <n
5 on(l+ep1)—e(5,p)  if (5,') >n
where the positive number ¢ will be chosen later and [a] is the integer part of g using
Lemmas C and D from [30], we find that ZEGZT Mz < C2'n¥~1 < CM. Thus nension of
the subspace Lj; has order 2"n”~1.
Applying the inequality Hqua(g) < C|fllq to the function f — Py f €L using the
Littlewood-Paley theorem in the Lebesgue space Lq(I™) (see [4, 4}), we
17 = Puufl 0 < CIF = By Sl
1/2 1/2
<o) (X i -ruanr) | e Pus(OR) @D
sELT q
Choose a number pyg > maxj—1,._ mDj. Then, a"1, using Bernstein’s inequality for

trigonometric polynomials (see [4 p. 98]), we ob

16:() = Passds(F)l,y = d‘

Since pj < pg for j = 1,. u ol’skii’s inequality for different metrics of trigonometric
polynomials (see [41,42]), we et

m
0 <C H (3 =50) 165 ()17 5wy - (2.3)

It follows from in qL. ) that
p (7‘ ) 2(§,i) 2(§,i) 1/2
If H2 g ) (B2 e

@ ,m, then, using Jensen’s inequality (see [4, p. 125]), we find from (2.4) that

UL 11 (5,1) 19(51) *
17 = Pacslger < C{ TT22 s (5370 2 Yot 0}
j=1

If 2 < 75 < 400 for j = 1,...,m, then, applying Holder’s inequality (for o; = 7;/2 > 1, j =
1,...,m), we find from (2.4) that

(2.5)

EGZT T

sez it

1 = Puaf I o < CJ {27185 oo }
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ESTIMATES FOR KOLMOGOROV WIDTHS S7

1 o
{HQ S5 7"J+q P )d <B2< 1) ’ll?( ,1>>}<

where € = (e1,...,ep) and €; =275 /(15 —2) for j=1,...,m
By the definition of the Kolmogorov width, it follows from (2.5) and (2.6) that

) (2.6)

€

57 )Y>n

o 5 (rits =)
i (S0 B, L oy ) < C sup Hz a"rs) dyy
EZm-

in the case 1 <7; <2, 5=1,...,m, and
o”r . " " —S; ('r]-i-q Iy ) 2(8,1) ,9(5,1)
i (S0 B, L g ) < €[4 T] 2 D, (B2 b

if2<7,j=1,...,m, where € = (e1,...,6m) and ; = 27; /(75 —
Substituting into formulas (2.7) and (2.8) the value djy, (Bzo_’
the bounds for finite-dimensional widths [43, 44]

28

dny (B, 17") < min {1,m « n -

for (3,5') > n, we obtain

or
dM (Sp,e(l),‘er LZyé(Q)) (29)
in the case 1 <7; <2, 5=1,...,m, and
oT
dng (Sp,e(l),er Ly g (2.10)
€

in the case 2 < 7; < o0, j=1,. .
Let 2 < 7; < oo for j Then, substituting the values of M3 in (2.10), we obtain

CRIN. ®) ottt 1) CRREAE L)

—1/pj and v; = p;j/p1 for j =1,...,m, it follows from the inequalities 1 < ~;

(2.11)

13

(57)>n
Since p; =

and 3 >

" t11 Plj)QQf <§’I>255<5,ﬁ> — 2_91(57’7>225 <§’I>25591<5,’7) < 2= (Pl_ —Eﬁpl)(gfﬁ‘ (2‘12)

In view of (2.12), we derive from (2.11) the bound

oT

dy (Sp o0, B, L* 0(2)) < ¢2~nBl+ep) (2.13)

{2— (Pl— Qf —6591) (5,9) }

(s )>nlle
in the case 2 < 75 < o0, j=1,...,m.
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S8 AKISHEV

1/p1—1/q

1-2/q
can be written in the form

Since 8 = , it is easy to see that p; — 28/q = r1 — . Therefore, inequality (2.13),

o”r o
dy (Spﬁu)’TB’ LZ 0_(2)) < 02 "B(tep) {2—(T1—B—6BP1)(877)} - i (2.14)
’ (57 )>nlle
in the case 2 < 7; < o0, j=1,...,m.
By the condition of the theorem, 1 >  and 2 < ¢ < co. Then, 1 > 1/p; — 1/q, and
" 1 8 L\ >0,
5(7“1 + = )
a n
Choose a number € such that
O<e< b
1 1
Blr+ - )
qa p1

Then

1 1

7’1—5—65<7“1+ - ) =r —fB—¢ebBp >

a n

Therefore, applying Lemma 2, we obtain
v 1
H {2— (rl—ﬁ—eﬂm)(Eﬁ)} < Bp1)p2ei=2 o (2.15)
(57 )>nlle —

,...,mand 2"n"~! < M, we find from

Hence, in view of the relations 1/¢; = (1; — 2) /4 %

inequalities (2.14) and (2.15) that

oT 1 1

dm (Sp,e(”,TB Ly o C tepr)gnn—Bchpr),, =2 (3-7)

< cwml%) < c<10g”]; M )” (log 3y =r=2 (3 7)

in the case when 2 < 7; < nd 2 <p;<g<ooforj=1,...,mand r > .
Let 1 <71 <2 fo@. ym. Then, substituting the value Mz into (2.9), we get

m —
{80 RB. L, é(z)) < el qup JT277 (rﬁ;_;j)z? (&:1) 9eB(5.0)
’ <§7'7l>>nj:1

SoB(+ep)  qup 9~ (=7 =eBn) 67) _ cgmnsitem) gy 9-(m—A=zbp)(s)
(57" )>n (57 y>n

log” ™! My\m

< ggm <c( ) .

= = M

Thus,

o . log" ! M\
(S0 B L) <€)

in the case when 1 <7; <2and 2<p; <g<ooforj=1,...,m.
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ESTIMATES FOR KOLMOGOROV WIDTHS 59

Let us prove the second statement of Theorem 2. Let 1 < p; <2 < g < oo for j =1,...m and
oT

opP
71> 1/p1. Since 1 <p; < 2for j =1,...m, we have S, g B C S5y B, where p = (p1,...,pm)
with p; =7;+1/2—1/p; for j =1,...,m. Since 1 > 1/p; by the condition of the theorem, we
have py > = (1/2—1/q)/(1 = 2/q).
Using statement 1 for p; =2, j = 1,...,m, and replacing r; by p;, we get

orT 1 V—lM r +1_ 1 v
At (8,00 2B, Ly ) < dM<S2 o0 B, L ) < O iy ) (log M)>~
in the case 1 < 7; < o0, j=1,...,m. Theorem 2 is proved.
Theorem 3. Suppose that 1 < 9](-1) 9( ) < 0 forg=1,...m, 1 <7<00,0

Ty < Typ1 < o0 <y, and 5 > 1/p; fOT’_] =1,...,m. Suppose also that 2 < q;
g=1,....m. Then

or 1 V—lM r b 1
dy (Spﬂ(l)’TB,L;’é(Q)) > C( ogM ) 1(]og M)( (3

Proof. Choose a number pg > max;—i ., pj. Then Ly (I™)

polynomials (see [41,42]), and Holder’s inequality (1/7 +

< 3 T[27%

seZ:_" 7j=1

57F)T i~ LA R
<{Z2<7>(5()pabQ vt ro } .
sezm i)

,m, we obtain S oV B C Ly, (I™).
> .mDj, we have H5 )H*e(l) < C||05(f)lpo- Therefore,

Since r; > 1/p; > 1/p; — 1/po for j
On the other hand, since pg

Spo B C S oV B Cons% M (S, B L_é(Q)) > dy (Spo B, LZ 0(2)) Since g; > 2 for

j=1,...,m by the condi ofithe theorem, we obtain

B, Ly ) = dut (s B,L: ) > du (Spo B, Ly). (2.16)

po,T
Galeev [27] proyed thebound
logl’_lM 1 s (1_1
(5., .B. L) >(J( Y ) (log 1)~ D (32), (2.17)
ows from (2.16) and (2.17) that

o” 1 u—lM o 11
(5.1 ) 2 () g

Theorem 3 is proved. (]
Theorem 4. Suppose that 1 < 93(-1),9](-2) <o forj=1,...m, 1 <7<00,0<r4 ==
Ty <Tys1 < oo <, and 15 > 1/pj for j=1,...,m. Then the following statements hold.
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1. If 2<p;<q;j<ooandr;>1/p; forj=1,...,m, then

oT

1 u—lM o 11
(50 8. 530) 2 (Y g

2. Ifl<pj<2<gqj<ooandr;>1/p; forj=1,...,m andpy > p; for j =2,...,m, then

o v—1 r
dM(Srg() B,L: ) >0(logM M) 2 og a0 (3-1).

Proof. Let 2 < p; < ¢; < oo for j = 1,...m. Since L (2)( ™) C Lo(I™)ywe find b

Theorem 3 (for ¢; = GJ(- ) = 2,7=1,...,m) that

log¥~! M)'f"l
M

dM(qu o B L ) 2 dM<§T B, L) > O

Let us prove the second statement. Since 2 < g; < oo for j =
Lo(I™). Therefore, J

oT oT

At (Spo® +B. L g ) = dna (9,

It follows from the condition p; > p;, 7 =2,...,m, t W cS" TB. Then

1, p79
(,(1) S} +B,La). (2.19)
It follows from 1nequaht1es (2.18) a ) that dM b 9( ) B L,é(Q)) > dypr (S}’;1 +B, Ly). There-
fore, using statement (d) of the t m from [29, p. 608 we get
v—1 rq+ 1L
dM (2) log M T (log M)>i= : (372).
Theorem 4 is pro O
Remark. th seTl:...Tm:Tandqlz---:qm:qgﬁj(-Q)forjzl,...,m,itfollows
from stat s 20f Theorems 2 and 4 that the following bound holds for p1 > p;, 7 =1,...,m

oT v—1 _
dM<S oM B, L <2>) (10gMM>T1+2 pl(logM)(y_l)(%_i)ﬂ

llows from statements 2 of Theorems 2 and 4 that

oT 1 u—lM r . 11
dM (Sp’g(l)ﬂ—BaL;g_(Q)) ~ ( OgM ) 1(10gM)(V 1)(2 T)+

for’rl:...=’rm=7‘aﬂd(I1="':CJm:qS9§'2)a j=1...,m.
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