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. 

 Shape effect as a property of small volume systems is considered in an example of a 

stratifying solid solution. Phase diagrams, which demonstrate phase equilibria dependence on the 

shape of system’s boundaries, are calculated by the methods of equilibrium chemical 

thermodynamics. Shape of system is modeled by coefficient kf, which is equal to the ratio between 

the system’s area and the area of a sphere of the same volume. Core-shell configurations are 

considered, where system’s external boundary shape is a parameter and can differ and core-

phase’s form is spherical. Shell-phases external boundary form affects components’ mutual 

solubility, upper critical temperature of stratification and core- and shell-phases volume ratio. The 

area of heterogeneous states’ thermodynamical stability decreases and the area of metastable 

states’ increases with the growth of  kf. This model can also be used when shell-phase’s shape is 

fractal. In this case, on the one hand, the fractal dimension can be regarded as a thermodynamical 

function, on the other hand, it can be measured experimentally. 
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Introduction  

The construction of phase diagrams for small volume systems has become one of the new 

trends in chemical thermodynamics. The need to recalculate the diagrams is due to the fact that the 

displacement of characteristic lines and points in phase diagrams for nanoscale systems can exceed 

hundreds of degrees [1]. The system volume reduction can be accompanied by the splitting of the 

phase diagram and the appearance of unusual metastable phases [2-6]. The calculation of phase 

equilibria in small volume systems is based on minimization of Gibbs energy taking into account 

the energy of interphase boundaries [7-9]. The contribution of surface energy becomes significant 

when the system or individual phases have submicron sizes. The size effect affects the phase 

equilibrium, changing the composition and volume of coexisting phases, changing the 

thermodynamic stability of metastable phases [10]. In this paper, a thermodynamic approach to 

simulate systems with various morphologies is used.  

In a closed small-volume system, the area of the interphase boundaries and their energies 

depend substantially on the shape of the system and the interphase boundaries; and therefore the 

estimate of the phase composition in small volume systems without specifying geometric 

characteristics is incorrect. Most estimates are performed for the simplest configurations with a 

spherical symmetry of the core-shell type [9,11] or "janus" [3, 11] or an axial symmetry with a 

plane [12,13] interphase boundary. These configurations are convenient for simulation. However, 

real systems have more complex structures. An example is the transformation of micron-sized 

hydrocarbon droplets dispersed in surfactant solutions [14], upon cooling of which many different 

configurations are observed.  

In this paper, a system with a core-shell configuration, which often occurs at homogeneous 

nucleation of phases, is considered. In contrast to the estimates [6, 10], let us assume that the shape 

of the outer surface of the shell-phase is one of the parameters of the model. It is determined by 
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external boundaries, for example, the walls of a solid matrix or the boundaries of neighboring grains 

and can vary with deformation of the material. 

8. Theoretical part  

To demonstrate the effect, let us use the Bi-Sb alloy described in [6]. Consider a closed system 

with a core-shell configuration of 0 5x    equimolar composition, where x  is a mole fraction of Sb. 

The core-phase does not touch boundaries. The Bi-Sb alloy is stratified into two solid solutions 

[15]. For a closed system of equimolar composition, the conservation conditions have the form 

   1 2 1 20 5 0 5 1 1 2ic i i is i in n n V n V V n n n n i                                            (1) 

where n is the total number of moles in the system; ifn  is the number of moles of i  component 

in f c s   phase; V  is the volume of the system; iV  are the molar volumes of the components; the 

indices 1 and 2 correspond to Sb and Bi; c  and s  indices stand for the core- and shell-phases 

respectively. ic
i

ic is

n

n n
 


values correspond to the fractions of the components in the core-phase 

composition. Since 0 1i  , it is convenient to use them when changing variables and analyzing 

simulation results. Concentrations (molar fractions) of the components in phases 
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                                                                               (2) 

Equations (1)-(2) completely govern the quantitative composition of the system, individual 

phases and the phase volumes 

1 1 2 2f f fV n V n V f c s                                                                                                       (3) 

The area of interphase boundaries depends on the shape of the system and the core-phase. By 

hypothesis, the core-phase has a spherical shape, so cA  interphase boundary area and its cR  radius 

are determined by the volume of cV  core-phase or by the amounts of a substance that have passed to 

the core-phase (3)  

1
3

23
4
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c c c cR V A R



 
 
 
 
 

                                                                                                     (4) 

Such a simplification is incorrect if the spherical core-phase falls outside the limits of the 

system. The equilibrium composition of the phases corresponds to the constrained minimum of 

Gibbs function 

       1 2 1 1 2 1c c c s s s surfg n n G x T n n G x T g                                                                       (5) 

where  G x T  is the molar Gibbs function of Bi-Sb solid solution [15]. 

The contribution of the interphase surfaces to Gibbs energy has the form 

surf s s cs cg A A   ,                                                                                                                 (6) 

where s  is the surface energy of the solid solution at the outer boundary; cs  is the energy of 

the interface between the core- and shell-phases; cA  and sA  are the surface areas of the core- and 

shell-phases. The surface energy of the pure components is taken from [16]. For the interphase 

boundary the following approximation is used: 
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 0 5 ( ) ( )cs c sx x     .                                                                                                 (7) 

The total contribution of the surface energy 

     1 0 5 1 1surf s Sb s Bi s s Sb s Bi c Sb c Bi cg x x A x x x x A        
   
   

          . 

Recalculation of the Gibbs function (5) per a mole of the mixture  

1 2

g
G

n n



                                                                                                                             (8) 

makes it possible to compare systems of different size, shape and composition. 

As an example, a calculation for a system which volume is equivalent to the volume of a 

sphere of 0 200R   nm radius is given. The Gibbs function (8) in  1 2   coordinates is shown in 

Fig. 1a.  0 0 0G    homogeneous state is accepted as a zero level. 

 

 

 

a) b) 
Fig.1. The darker shade corresponds to minimums. The dashed lines are the trajectories passing 

through 1) the local minimum,  2) the global minimum and the homogeneous state (0,0):  

a) the projection of the Gibbs function in  1 2   coordinates for a spherical core-shell particle of 

0 200R   nm radius at T =280 K; b) the change in the Gibbs function along trajectories 1 and 2. 

 

The system (Fig. 1) has three stable states. The global minimum corresponds to the 

heterogeneous state when Sb predominates in the core-phase. As related to it, the homogeneous 

state and the second heterogeneous state, when Bi predominates in the core-phase, are metastable. 

9. Results and Discussion 

2.1 The shape effect 

Let us consider the shape effect by changing the shape of the same system (Bi-Sb mixture at 

0 5x   ) having a volume equal to the volume of a sphere of 0 100R   nm radius. The spherical 

configuration has a minimal boundary area, so any deformation of the system is accompanied by an 

increase in the surface area. On that basis, let us introduce 
0

S
f S

k   shape coefficient in the form of 

the ratio of the surface area of the considered figure S  and the sphere of the same volume 0S . In 

this case, the change in shape reduces to adding fk  factor to equation (6) or  

2

0 0 04s f s sA k A where A R       
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Fig. 2 shows an example demonstrating how a change in shape affects the phase diagram. All 

diagrams show the solid solution breakdown curve for a macroscopic system (the separation arc). 

 

 
a) 

 
b) 

 
c) 

Fig. 2. The solubility diagram of the Bi-Sb alloy for a particle with 0 100R   nm having a core-shell 

configuration at : a) 1fk  ; b) 1 5fk   ; c) 2fk  . 
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Curves of a trapezoidal shape correspond to binodals for a small volume system. Solid lines 

limit the region in which a heterogeneous state is more favourable than a homogeneous one 

   1 2 0 0G G    . 

The dashed and dotted lines that continue them, bound the region in which the heterogeneous 

state is metastable with respect to the homogeneous one    1 2 0 0G G    . The change in shape is 

accompanied by a significant change in the upper critical dissolution temperature (UCDT) and the 

composition of the coexisting phases. Moreover, with increasing fk , the temperature range within 

which the heterogeneous state is metastable, grows. In this region, the system can either form a 

continuous series of solid solutions, or be in a heterogeneous state. 

Care should be taken when considering configurations with large fk  values. The radius of the 

core-phase should not exceed the radius of the sphere inscribed in the system (for example, the 

length of the minor semiaxis for the spheroid). High fk  values can be realized if the shell-phase has 

the form of a fractal coating over the core-phase. In this case 
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,  

where D is the fractal dimension of the system surface, C is the numerical coefficient. 

 

2.2 The model with a fractal surface 

The model with a fractal surface reproduces all the regularities described above for a fixed 

volume. However, for a fractal shell-phase, fk  value depends on the system volume if D = const, 

or, at fk = const, it is the fractal dimension that will depend on the volume. Apparently, a change in 

the volume of the system will be accompanied by a simultaneous change in D and fk ; and the value 

of D can be regarded as one of thermodynamic functions [17, 18]. 

Equally interesting is the case when a core-phase formed inside the spherical drop has a 

fractal dimension. This situation is often realized during formation of polycrystals or suspensions 

when the droplets dry up. Observations show that some substances (for example, many alkali metal 

salts) in a small volume often form single crystals, while the formation of polydisperse deposits is 

characteristic for the majority of organic substances and crystalline hydrates of inorganic salts. 

Examples that demonstrate this effect are shown in Figure 3.  

 

   
          
Fig. 3. The structures formed when drops of aqueous solutions dry up: KCl – on the left; hydroquinone – in 

the center on the glass substrate; rhodamine B on the lavsan - on the right (200 200 μm). 
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For this case, the fractal dimension is taken into account by adding fk  coefficient in 

calculating the surface area of the core-phase in (6) 

0c f cA k A  ,  

where 
2/3

,0

3
4

4

c
c

V
A 



 
  

 
is the surface area of the sphere of 

cV  volume. 

In the general case, when both core- and shell-phases have a fractal shape, it is possible to use 

different shape factors for the external and internal interphase boundaries. 

Conclusion 

For stratifying solutions, the UCDT as well as the volume of the coexisting phases and the 

mutual solubility of the components depend on the system shape. A significant increase in the 

metastability region of the heterogeneous state provides for obtaining a continuous series of solid 

solutions at temperatures below the UCDT and phases that do not occur in macroscopic systems. 

Such changes are possible with any change in geometric characteristics that change the area of 

interphase boundaries in small volume systems. The use of fractal geometry makes for significant 

extension of the application field of the model and the set of configurations under consideration.  

Equally relevant is the case when a core-phase has fractal properties. This situation occurs 

when a new phase appears as a dendrite or suspension. The model with a fractal core-phase is 

relevant for studying the structure of crystalline deposit formed by drying up of colloidal solutions 

and biological fluids, in particular, to describe the "cafe-au-lait spots effect". The formation of such 

ring-shaped structures is typical for a wide range of systems that differ in physical nature and in the 

chemical composition of the dispersion medium, in the size and shape of particles in the dispersed 

phase [19-22]. The results are of interest in simulation of phase transformations in disperse systems, 

composite and polycrystalline materials.  
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