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Non-standard analysis in electrical engineering. Transient analysis in
second-order electrical circuits with violation of switching laws

For the first time, the authors proposed the use of the mathematical apparatus of non-standard analysis*to
solve certain non-trivial problems of theoretical electrical engineering. It was established that the axiomatics
of non-standard analysis allows to simplify the analysis of transient processes in high-erdengelectrie circuits
when the switching laws are violated. It is shown that the application of non-standagd analysis aethods in
theoretical electrical engineering provides an opportunity to use the traditional classicallmethod of transient
processes analysis of circuits with violation of switching laws. Only by using mefhodslef nonsstandard analy-
sis, it is possible to strictly prove the fulfillment of the law of energy conservation ifi'su¢h schemes. Also, ex-
amples of solving such tasks are given. It is recommended to expand the scape of application of non-standard
methods of analysis in problems of various branches of science and technology, which use differential calcu-
lus and boundary transitions, and the solution of which is limited or impossible by standard approaches.

Keywords: infinitesimal number, infinitely large number, hypesreal number, non-standard number, standard
number, second-order transition process.

Tntroduction

In solving various scientific and technical problemsgstich as calculating derivatives and determining the
coefficients of infinite series in mathematicallanalysis, DC circuit analysis with ideal reactive elements and
determining the coefficients of ideal reagtive four-pole circuits in theoretical electrical engineering, the re-

. : .0 . . .
searcher occasionally meets uncertaintylike > At the same time, there is a number of problems when using

classical methods that quite Qften‘lead t@ certain complications. In the case of classical mathematical
analysis, derivative calculationS Semetimes is time-consuming, but generally accepted and does not cause
any problems, then in probléms§yof theoretical electrical engineering, the situation is more complicated. So,
for example, to analyze the steadymodes of DC circuits with ideal inductances and capacitances by classical
method, it is necessaryto caleulate the transient process and obtain the established value based on these re-
sults. If the electricalycireuit is relatively simple, then this task does not cause complications. But if a circle
has a significant filmben,of reactive elements, the characteristic equation of the transition process has a large
order, then the,solution can be obtained only by numerical methods. Therefore, for such tasks it is proposed
to usegideas andymethods of non-standard analysis. It is interesting that the ideas of non-standard analysis
(viz{ the diréctuse of infinitesimal numbers) were the foundation on which Leibniz and Newton intuitively
built thefprinciples of differential and integral calculations. But later, in the works of Cauchy and other math-
ematiciangyafifinitesimal numbers were "withdrawn from circulation" and the mathematical apparatus of dif-
ferential and integral calculus was based on numerical and functional sequences and limit ratios [1-5]. This
increased the axiomatic rigor of the mathematical apparatus, but unfortunately made it difficult to solve a
certain range of problems.

The revival of the ideas of non-standard analysis took place in the 60s of the last century, when
A. Robinson proposed a new axiomatics of mathematical analysis, which is based on a set of hyperreal num-
bers, containing in addition to the so-called standard (ordinary real), non-standard numbers (infinitely large
and their combinations with ordinary real) numbers [6-8].

In previous works, the problems of DC circuits analysis with ideal reactive elements in steady state [9-
10], as well as the transient analysis with violation of the switching laws in first-order circuits [11]. Methods
of nonstandard analysis are being developed at the present time and are used in different fields of science
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[12-15]. Of interest is the use of nonstandard analysis methods in the problems of identifying the internal
parameters of electrical motors, which in many cases cannot be solved by traditional methods [16-20].

Typically, the energy characteristics of inductors and capacitors are used in conjunction with the laws
of electrical engineering to solve such problems, which greatly complicates the analysis of such circuits, es-
pecially for complex circuits. Therefore, it is important to use the mathematical apparatus of non-standard
analysis, which will use known unified methods to calculate such circuits.

The purpose of this work is to analyze the transients with the violation of the switching laws in the sec-
ond order circuits. The following section summarizes the basic principles of non-standard analysis that are
needed to solve the above electrical problems.

Basic principles of non-standard analysis
Let R be an ordered set of real numbers. The number « will be called infinitesimal number if and only if

Vr € R(a <1), (1)
where 7 is an arbitrary real number.

We will call the number 8 = % an infinitely large number. In this case, it is possible o write

Vr € R(B > ). ()

All algebraic operations (addition, subtraction, multiplication, division,,squaring, etc.) and theorems
(commutativity, associativity, etc.) can be applied to infinitesimal and largenumbers.

We will distinguish between infinitesimal and large numbers of differengiordérs, such as:
- a>a? > a® > ak-infinitesimal numbers of the first, second, third, k-th order;
- B < B? < B3 < B*-infinitely large numbers of the fitst, séeéend, third, k-th order.

Together with real numbers r € R, infinitesimal and lasge numbers form an ordered set of hyperreal
numbers * R. It is customary to call real numbers g € & standard ‘or Archimedean in contrast to non-
standard (non-Archimedean) numbers * r €x R.

Each non-standard number contains a standard pdit

*N=1rta, 3)
ie.

r =st(x71), 4)
in other words, an ordinary real number isa%standard part of some non-standard number (obviously, such
numbers quantity can be infinite).

Two standard numbers a and Byare called equal if and only if

a—b=0. (5)
Two non-standard numbersg® @jand ®ub are called equivalent (or infinitely close to each other) if and only if
xa—*b = a. (6)

The notation ~ willmean the'equivalence of two non-standard numbers.
For standard numbersim andn write some relations that follow from (1 — 6):

=BG =mp. = mp Q)
e = wn = n e w ®
ma+n=nmp+n=mp, ma¥+n=nmp*+n=mp* )
sina=a,cosa =1, tga = a,ctga = f§ (10)

Here are some examples of usage. These methods in mathematical analysis.

Find, for example, the first derivative of the function y = x5, for which we introduce a substitution dx = a.
dy (x+a)®>—x> x°+5x*a+ 10x3a? + 10x%a® + 5xa* + a® — x°
dx - a - a
=5x* + 10x3a + 10x%2a? + 5xa3 + a* =~ 5x*.

o . 1
The derivative of the function y = — can be found as
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1 1 1 1 x?—x?-2xa—a?
dy _(x+a)? x2_xZi2xa+ta? x%_ x*+2x3%a+x%d?
dx a B a B a

—2xa — a? -2x—a —2x =2

T oxta 4 2x3a? + x2a® xt 4 2x3a +x2a? x* T x3
Fory = sin x get
dy _ sin(x+a)-sinx __sinx-cosa+sina-cos x—sinx " sinx-1+a-cos x—sinx .
E = o = o =~ o ~ COS X.
Lety = cos x. Then
dy _ cos(x+a)—cosx _ cOSx:cos@a—sinx-sina@—cosx _ coSX-1—sinx-a—cosx _ .
o . = . = . = —SIinXx.

Ify =tgx

sin(x+a)_sinx sinx-cosa+sina-cosx sinx
d_y=COS(x+a) COSX _ cosx-cosa—sinx-sina cosxg
dx a a
cosx-Sinx-cosa+ sina - cos?x — sinx cos x - cos a + sin? x -sift «

~

acos?x-cosa—acosx-sinx-sina
a(cos? x + sin® x) cos® x + sin® x 1
acos?x—a?cosx-sinx cos?x—acosx-sinx €0s%x
In the case of y = ctgx

cos(x+a)sin(x + @) cosx  cos xMees d— sinx - sin@  cos x
dy _ sin(x + a) SINX qsin%-coSa + sina -cosx _sinx _
dx a a
sinxcosx-cosa—sinzx-sina—cosxsinx-cosa—sina-coszx~

~

asin?x-cosa+ asina €os x sinx
—a(sin? x + cos? x) —(sin®* + cos? x) -1

~

T asin?x+a?cosx-sinx  Sin?x+acosx-sinx  sin?x
In addition, the problems of classical tramnsient analysis in electrical circuits require the direct use of
standard numbers 0 and infinitg quaftities %, so we formulate their non-standard interpretation.
The standard number O injfion-standard analysis can be considered as an infinitesimal number of infi-
nitely large order, that is 0 = &l therefore

gzO,O-ﬁzO,e‘ﬁ'Ozl,e‘“zl (11)

An infinite quantityqeo in a non-standard analysis can be represented as an infinitely large number of infinite-
ly large order, thatis 08 ~ B¥, therefore
o0

—0o0

500 axoe Cx~qePxa (12)

Beforegproceeding to the use of the above expressions to solve various applied problems, we will note

that theré'are no) general rules for choosing a parameter that should be equated to an infinitesimal (or infinite-

ly large)muniber. This choice is made by the researcher depending on the context of a particular task. It

should be borne in mind that in the case of the need to replace infinitesimal numbers of several dissimilar

parameters of one problem, determining the relationship between these numbers is a difficult problem and
sometimes requires additional research.

Transient analysis in the 2" order circuits with violation of switching laws

Example. Determine the transient voltages at the capacitors and the current in the inductor in the circuit
shown in Fig. 1, a.
Circuit parameters: U = 100 V, r; = 50 Ohm, L; = 100 mH, C, = 100 uF, C3 = 150 uF.
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Figure 1

To ensure the possibility of using the second law of switching, we assume that the branel withycapacitance
C, contains a resistor 1, = a = 0 (Fig. 1, b).
The initial conditions can be found as

uc,(0+) =U =100 V,uc, (0 +) = 0 Vyig(0%) = 0 A. (13)

Forced components are defined as

Uc,np = U =100V, g,y =U =200V, i1, = 0 A (14)
By the method of input resistance
1 1 1 1
27, fc e,
4 )4 4
Vh+ <+ — a+——+— , 15
POy 1C; PGy pCy (4>

_ rl(aC2C3 p*+(C, +04 )p)+ le(aC2C3 Pt +(Cy + G )p)+ aCyp+1
aCyCyp* +(Cy +G3)p

form a characteristic equation:
aL,C,C3p3 + lar €65 + L, (Cy + C3)]p? + [11(C, + C3) + aCylp + 1 = 0,(16)

or in numerical form

15107 ap® £h75%1078a + 25 - 107%]p? + [0.0125 + 15 - 10 %a]p + 1 = 0, (17)
This cubic equation hasfthree roots, the first two of which we determine by performing the transformation

1510 8apd + [75-1078a + 25-107¢]p? + [0.0125 + 15 - 10 %alp + 1 =
~ 25-107°p%? + 0.0125p + 1 = 0, (18)
where@p; = —400 s, p, = =100,
The'thirddoot 18, found using the theorem of factorization, according to which expression (17) can be repre-
sented a§15 10" a(p — p)(p — p2)(p — p3) = 0.
It follows from this theorem that (—15 - 107 %ap,;p,p3) = 1,
1

16667 |
where p3 = — = - s
15-10~0ap,p, a
Then

16667

Uc,(t) = U + AjePrt + AyeP2t + AzePst = 100 + Ae 00 + 4,710t + Aze™ @ 1, (19)

and

duc,(t) _16667
=100 + Are T + 4,710 4 AzeT @ ¢+

uC3 (t) = uCz (t) + CZCZ
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Aze

16667
~ 100 + A;e 7400 4+ 4,100t _ 0,6667A43e™ @ *

The current in the inductor is defined as
duc,(®) | . due,®
dt dt

16667 _16667
1587 = a~ (20)

+107* (—4004;¢~*%% — 100A,¢ 1% —

A3e ¢4

16667 16667
(® =G, T )+

=10~* (—400A1e-4°°f — 1004,e~100t —

16667
+1.5 - 107 (~4004; 7400 — 1004507100 + 1 4 o= = 1)
— —0.14,e~*00t _ 0.0254, ¢~ 100t

To determine the integration constants it is necessary to substitute the value of the Tnitial faement of
time t = 0, = a4 in expressions (19) and (20) instead of the variable ¢ (the initial moment ofitime is denot-
ed by a symbol ¢, because it differs from resistance in its physical nature r3 = @), Uncertamty“arises
6—16667%'

The ratio of infinitesimal numbers @ and a4 is impossible to establish pufely mathematically, because
they belong to heterogeneous parameters. Let's analyze them from a physical®pointyof view. Recall that a4
this is the starting point of time, and « this is the active conductivity of the cis€uif breaker, which we specifi-
cally introduce to fulfill the standard switching laws. Since these valuesiaretindépendent of each other, it is
always possible to choose their value to ensure the condition arj”~ @2, This way it is possible to write

2
aq a
—-16667— —-16667— -
e a =e an= enl6667a 1 (22)

From expressions (19), (20) and (21), taking into account (22),we find the integration constants, for which
we compose a system of equations:
uCZ(O +) = 100 +A1 +A2 +A3 = 0,
Uc, (04) =100+ A; + A, — 0.6667A4; = 100, (23)
i1(0+) =+0.14; — 0.0254, = 0.
Hence A; = 13.333, 4, = —53.3334,; =60
Thus, the transient voltages on the capacitors
16667

uc, (t) = 100% 133337400t — 53.333¢7100¢ — 60e™ @ ' ~
~ 100 + 13.333e 7400t — 53,3337 100t y, (24)
_16667,
ugy (=100 + 13.333e 0% — 53.333e719% + 40e™" @ =~
~ 100 + 13.333¢7400t — 53,333 100t (25)

and the transient curfent in inductance
iL(t) = —1.333e 7400t 4 1,3337100t A (26)

Let now consider what values the voltages on the capacitors and the current in the inductance at the moments
t = 0 and t = 0, in the real circuit for whichr, = 0 = aP.
As already determined, before switching at t < 0 (in particularat t = 0_) uc, = 100 V,uc,, = 0V, i; =
0A.
At the time, t = 0, = a4 expressions (24) and (25), taking into account (12), will take the form
16667
Uc, (0,) =100 + 13.333¢ 740021 — 53333710021 _ g™ 0 * »

~ 100 + 13.333¢ %0091 — 53.333¢7100%1 — 60 ~ 60V,
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16667
uc,(04) = 100 + 13.333e7499%1 — 53.333¢7100%1 4 40 0 “1 ~

~ 100 + 13.333¢ %0091 — 53.333¢7190%1 4 40 ~ 60V,

and current in inductance
iL(t) = —1.333¢ 74001 1.3336_100“1 ~ 0 A.

. . ~166672
At the moment of time the t = 0 = 0(13 expression e 0 becomes uncertain, because time and re-

sistance are heterogeneous parameters, so the exact value of voltages at this time cannot be determined. We
can only know the intervals of their possible values, like that

0 < u, (0) < 60,
60 < uc, (0) < 100.

Let now consider the energy ratios in a circle. Since before switching (t < 0) the cutgent tygthe induc-
tor and the voltage on the capacitor C> was zero, the energy was stored only in the capacitor Caand was equal
to

C3uZ,(0-) _ 150-1076-1002
=

w(@o._.) = = 0.75m
At the first moment of time after switching (¢ = 0,) the energy istalready stored in both capacitors and
is equal to

(C3+C2)uc3(0+) 250-10°°602
2 2

Thus, the energy deficit is AW = 0.75 — 0.45 =30.3
In traditional electrical engineering textbooks, the presencelof this deficiency is explained by the loss of en-
ergy when charging the capacitor, which is turned'on, but does not provide any mathematical evidence. Let's
try to prove this within the framework of non-standardyanalysis.
To do this, first determine the current in the cdpacitor C,

= 0.45J.

w(0,) =

16667
d (100 +13.333e 400t _ 533337100t _ 50e™ @ t)

() = C,—2~ = 1074 _
2(t) 2" 4r -
16667
= —0.533¢ *00t 4 (0.533¢7100¢ 4 %e‘ x LA
Then
* * 100 _16667,
AW = f E(npdt = j ( 0.533e7400t 4 0.533¢7100t 4 —e @ ) adt =
0
10000 33333
%[ 0:284ge 7890t + 0.284qe 7200t  ——— . e — 0.568ae™500t — i =
16667 16667
O\ L1 06.6e~ (4002 7)t 4 106.6e~(100+ &)t
33333
/—3.55 10" *ae 800t — 14210 3qe 7200t — 03¢ @ ' +1.136- 10 3qe 500t +\
_ N 106.6 (400+16267) 1066 (100+16267
400 + 16667 100 + 16667
33333 33333

~—03e  « "+03e @« = O.3e‘33333'0 ~ 0.3].

The law of energy conservation is fulfilled.
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Conclusions

1. The application of ideas and methods of non-standard analysis in the field of theoretical electrical en-
gineering makes it possible to use the traditional classical method of transient analysis of circuits with viola-
tion of the switching laws.

2. Only using the methods of non-standard analysis, it is possible to strictly prove the implementation of
the energy conservation law in such circuits.

3. In order to expand the scope of non-standard analysis methods, it is necessary to distinguish similar
problems from various fields of science and technology, which use differential calculus and boundary transi-
tions and which solution is limited or impossible by standard approaches.
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C. Kampis, B. Kyxapuyk, B. Maabsipos, B. ['onoatok,
B. Kyuepyk, I1. Kynakos, M. I'pu6oB

DJIEKTPOTEXHUKAAFBI CTAHAAPTTHI eMecC Tajiaay. AybICy 3aHABLIBIKTAPBIH 0y3a
OTBIPBIN eKIHIII PeTTi JIeKTP Ti30eKTepiHaeri eTnei npouecTepai Taaaay

ABTOpIIap TEOPMSUIBIK 3JIEKTPOTEXHUKAHBIH KeHOip TPUBHAIBABI €MeC MOCENEIepiH eIy YUIiH TajlaayablH
CTaHJApTTHl eMeC MaTeMaTHKAJIBIK allapaThlH MaiaataHyAbl aliFall YCBIHBII OTEIp. CTaHIapTTH eMec Tall-
Jlay aKCHOMAaTHKAaChl aybICy 3aHABUIBIKTAphl OY3bUIFaH Ke3Je JKOFaphl PETTi IEKTP Ti30eKTepiHAeri eTmeni
MPOIIECTEP/Ii TATAAYAbl )KCHIUACTYre MYMKIHIIK OCpEeTiHi aHBIKTAIBI. TECOPUSITBIK MEKTPOTECXHUKAA CTaH-
JAPTThI EMEC Taiay 9JICTEPiH KOJAAaHY aybICy 3aHABUIBIKTAPbIH OY3aThIH Ti30CKTEP/IiH OTIENi MPOIeCTePiH
TalnjayAblH AOCTYPIIi KIACCHKANBIK ONICIH KONIAaHyFa MYMKIHZIK OepeTiHi kepcerinreH. CTaHAapTTHI eMec
TajJay 9MICTepiH KOJIaHy apKbUIbl FaHa MYHJal cXeMajap/a SHEPIUsSHBIH CaKTaly 3aHBIHBIH OPbIHAALYbIH
nonenaeyre 6omansl. COHBIMEH KaTap, MyHIal ecenTepi menry Mbicangapsl kentipinren. Juddepeniimai:
JIBIK ecernTeysiep MeH IeKapablK oTyJIep i KOITaHATHIH KOHEe CTAHAAPTTHI TOCUIASPMEH MICIiN} MIeKTeIeTiH
HeMece MYMKIH OOJIMaHTBIH FBUIBIM MEH TeXHHKAHBIH OPTYPII CalalapbIHIaFbl €CeNTepie CTaHIAPITH eMeC
Tanzay SAiCTepiH KOJAaHy asiChIH KeHEHTY YChIHbIIa bL.

Kinm ce30ep: mIeKci3 a3 caH, MIEKCi3 YIKEH CaH, THIICPHAKTBI CaH, CTAaHAAPTTHl €MeC CaH) CTaHmapiThl CaH,
eKIHIII PeTTi OTIeNi mpoueci.

C. Kampis, B. Kyxapuyk, B. Maabspos, B.(I ofo110K,
B. Kyuepyk, I1. Kynakos, M. Lipu60B

HecTrangapTHbIi aHAJIU3 B 3JIEKTPOTEXHUKE. AHANM3 NMEPEXOAHBIX MPOLECCOB B
3JIEKTPUYECKHUX HEeNAX BTOPOro NOPsAKA ¢ HApyLIeHHeM 3aKOHOB IepPeKJII0YeHM s

ABTOpBI BIEPBBIC NMPEUIOKUIN UCIIOIb30BaTh MAaTeMAaTUYGCKUI alllapaT HECTaHAApPTHOIO aHaIM3a IUIA pe-
HIEHHs] HEKOTOPBIX HETPUBUAIBHBIX 331y TEOPETHUECKON HJIEKTPOTEXHUKU. Y CTAHOBIICHO, YTO aKCUOMAaTHKa
HECTaHJapTHOTO aHaju3a MO3BOJIAET YNPOCTUTh AHAIM3 IEPEXOIHBIX IPOLECCOB B AICKTPUUECKUX LEIIX
BBICOKOT'O IIOpsAJKa NPH HapyLICHUH 3aKOHOB IepeKknrodeHus. [loka3aHo, 4To npuMeHEHUe HeCTaHAapTHBIX
METOJIOB aHAM3a B TEOPETHIECKOH MEKTPOTEXHIKE AaeT BO3MOXKHOCTD UCIIOIB30BATh TPAJAUIMOHHEIN KiIac-
CHYECKHH METO]] aHaIIN3a MePEXOTHBIXpIIPOLIEECOB LETIeil ¢ HapyIIeHHEM 3aKOHOB NEPeKIIIOUeHUs. TONbKO ¢
TIOMOIIBI0 METOJOB HECTAHAAPTHOIO AHANM3A \MOXHO CTPOTO JIOKA3aTh BEHINOJHEHHE 3aKOHA COXPAHECHHS
SHEPrHU B TAaKHX cXeMax. TarxefMPUBEACHEI IIPHIMEPHI PEeIIeHHs TaKHX 3a/1ad. PeKOMEHIOBaHO pacIIUpUTh
o6yacTh MPUMEHEHUs] HECTaHAAPTHBIX METONOB aHANlM3a B 33/lauaX Pa3IMYHBIX OTpacieil HayKu U TEXHUKH,
ucrnonb3yomux auddepeHiiansHoe UCANCICHIE U TPaHUYHbIE NIEPEX0/bl, PELICHHEe KOTOPBIX OrPaHHYEHO
WITH HEBO3MOJKHO CTaHIapPTHBIMK MOAXO0JaMH.

Kniouesvie cnosa: OECKOHEMHO Malioe YMCIIO, OECKOHEYHO OOJbIIOE YUCIO, THUNEPACHCTBUTEIBHOE YHUCIO,
HECTaH/IAPTHOE YMCIIQ)CTaHIAPTHOE YHCIIO, IEPEXOIHBIH MPOIIECC BTOPOTO MOPSIKA.
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