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On the application of mathematical methods
for the research of vibration processes in mechanics

sufficiently smooth function, characterizing the membrane deviation from equilibriumgs
define exact analytic representation of inflection function for studied problem. T

plates.

Integral instrument of mechanician, which is impossible to v@
methods, applied in mechanics.

Boundary problems for equations in partial derivatives, clo
became especially urgent due to developing extent of their applica
at study of problems of classic mechanics, mechanics of gon acoustics, optics, hydrodynamics, etc., at
modeling of oscillatory processes, deformation processes, t ortation processes, heat and weight exchange
processes, dynamics, demolition, etc.

Thus, boundary problems for equations of mat physics are successfully applied, for example, in
of mechanics of continue are shown, which represent
and law of conservation of angular momentum,

mass conservation law, energy conservation law

peculiar for every physicist.
We consider the partial differential ions that describe mathematical models of mechanical and physical

phenomena. We often use the secon der ial differential equations of hyperbolic type in the problems of

oscillation theory and we apply t lic equations in problems of mechanics, where the characteristics of

the various elements of constructi e investigated under the influence of different temperatures [1].

uations that describe mathematical models of mechanical and physical

parabolic equations in problems of mechanics, where the characteristics of
ctions are investigated under the influence of different temperatures [1].

oscillation theory and
the various element

Method of Ri
other mathem

oblems of oscillatory processes, etc.
ing the distribution of elastic waves in prismatic bar, whose longitudinal motions of points

PFUtt — EFU"EI = Q(t, l’),

where u — moving; F' — cross section area; ) — external axial load.
In the simplest cases, such as in problem of longitudinal oscillations of the bar, modeled by equations

Utt — a2umz = Q(ta .’E), um(ta 0) = 07 u(O,x) = Qo(x)a ut(()?x) = 1/1(@7 0< t, x < 00,

at application of integral cos-transformation [2], result may be obtained in evident analytic form
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z+at |z—at|
u(t,z) = %[gp(:r + at) + o(|z — at])] + % / ¥(2)dz — sign(z — at) / Y(z)dz | +
0 0
t +a(t—T) z+a(t—r)
—|—% /dT / Q(7,2)dz — sign(z — a(t — 7)) / Q(r,2)dz| .
0 0 0

Plane problem on longitudinal ambulatory plate distortions is defined with the following equations |

Vtt_Vza:_<1_202)ww:Q0;
Wit — Czwzz + 3w + 3(1 - QCQ)Vx =0;
Q=3 [ Qo = /"
0—2 y L, Y)ay, - p)

where v,w — wave velocity in continuum; g — Lame’s constant.
Considering that axis stresses, averaged in cross-section o,z are defin tion

Opg = Vgz + (1 — ZCw7
for infinite plate at
Q() = 25 CE),
0)
a

which corresponds to compression of the right part of plate ith single force and strain of left part with
C rmation under ¢ and Fourier transformation
@ ersion, we obtain

U]
1 1—d?
axx%?& 61_C2t(t—x)>;
1 s o A\
@ct)k(l—l-c _d_ﬁ } ;
1

the same force (xz < 0), and after application of La
under z [3] and applying asymptomatic representatie

ol

=2
; Jo(z) — Bessel function.
brations of the infinite rod [1]

where Ai(1) — Airy ste
Consider the blen

Ugy — + atg + buy + cu =0, —oo <z <00, 0 <y <oo; u(x,0)=p(x), uy(x,0) = g(z).

of the Riemann function [1], we find

w(.y) = {w(w—y)-e‘a2by+<ﬂ(w+y)'e‘“7“’y}_

2
oty / 2 _ .2
S {gJo(\/a\/(l’ ) - ey MO )} e+
by z+y
+% / Jo (Vervw =<7 = 2) - 3 Ig(0)d(s).
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Applying the Laplace transformation [2] to the more general problem for the wave equation
Ut = azuww + c2u + f(xay)’ —0 <z <00, 0<t< 003 U(J?,O) = ¢(m)7ut(x30) = g(x),
we receive the solution in the analytic form

u(z,t) = % . / 9(s) 1o (c t2 — (:v;—2§)2>

x+at

x —at) 4+ p(x + at ct
ppazatera) o
2 2a

t zta(t—T)

e (CW IR

0 z—a(t—T)

The boundary value problem for the heating of the infinite rod [1]

ou a®> 9, ,0u

il 8:1:( a)0<m<000<t<oo uOJ

by applying the mathematical methods [3] has the following solu f

high durability, we can emphasize film-type and
, coatings, etc.) may be applied in all the spheres

Among thin structures, which combine lig
membrane constructions. Thin structures (fil
of manufacture and human life support.

In all the spheres of human life te¢hn and economical problems are tried to be solved on the base of
films, membranes and coatings. The e problems of friction and wearing, problems of corrosion and erosion,
problems of absorption of wavesgof speecified range, problems of protection from high temperatures and fire,
problems of protection from vizus bacteria, problems of mechanisms, products and water conservation,

disinfection, etc.
Creation of new film
directions of mechanicg
To create new

membranes and coatings with specified operating characteristics is one of perspective

d

& pranes and coatings with specified operating characteristics and durability, it is
fure-time, mechanic (including oscillatory), chemical and other impacts may cause
in material structure, that is why necessary characteristics of films, membranes and

Uy = a2 (U + Uyy), (1)

C PR T — tension on a membrane; p — membrane density.

Let us study plane uniform rectangular membrane, edge-fixed, with legs b and ¢ in plane XOY, 0 <z < b,
O<y<e

Membrane inflection function, i.e its derivations from equilibrium state in point x,y at the moment of time
t, shall be denoted with u(z,y,t).

Let us study the process when membrane oscillation is caused by specified primary deviation and specified
primary velocity.
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To find the function w(z,y,t) we have the following boundary value problem: find the solution of the
oscillation equation (1) in the region 0 < x < b, 0 < y < ¢, ¢ > 0 under the initial conditions

u(z,y,0) = ¢(x,y); (2)

ut(x,y, O) = 7/’(% y)v (3)

and boundary conditions

aru(0,y,t) + Pruz (0,9, 1) = 0, agu(b,y, 1) + Baus (b,y, 1) = 0; (4)
mu(z,0,t) + O1uy(z,0,t) = 0, yu(z,c,t) + Oauy(z, c,t) =0, (5)
where ¢ and v are given functions; a1, 3;,7;,0; are given numbers and
aF+BEA0+07£0,i=1,2.
The solution of problem (1)—(5) is founded by Fourier method in the form function, @ ically zero
u(z,y,t) = v(z,y) - T(t). (6)

Substituting (6) into (1) and dividing the variables, we obtain

T vt
=t g (7
a?T v J
where o is constant of separation of variables, which for convenience culations we take with a minus sign,
without assuming anything about her sign.
From (7) we obtain the differential equation for the

(8)
(9)
a1v(0,y) (0,y) =0, a20(b, y) + Bava(b,y) = 0 (10)
mu(z, 10y (#,0) = 0, 20(z, ¢) + Oavy(x,¢) = 0, (11)
where the boundary conditions (1 1) ‘ate obtained by direct substitution (6) into (4), (5).
To solve problem (9)—(11), a; apply Fourier method. The solution of the boundary value problem
(9)—(11) will be sought in the form
y) = X(z) - Y(y), (12)
where the functiongu( . We substitute (12) into (9) and divide the variables
X7 Y’
X Ty 777" (13)
g i stamt of separation of variables. From the relation (13) and from the boundary conditions (10), (11)
n e definition of the functions X (x) and Y (y) the following one-dimensional spectral eigenvalue
s, where T =0 — 1
X7 4+ X = 0;
a1 X(0) + B1X'(0) = 0;
X (b) 4+ B2X'(b) = 0;
Y 1Y =0;
1Y (0) +6:1Y(0) = 0; (14)

Y (c)+ 0:Y'(c) = 0.

Note. We consider the problem for the differential equation with a parameter v
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77 tv-X =0;
h1Z(0) + 912'(0) = 0; (15)
hoZ (1) + g2Z' (1) = 0;

where Z = Z(2);0 < z < l;g;(i = 1,2) — given number, and define under which parameter values of v problem
has a nontrivial solution.
Under direct calculations [5] obtained that the problem (15) have nontrivial solution in following cages:
1) v = 0 under the condition

giha — hi(hal + g2) = 0;

2) v <0.

In remark spectral problems (14) have eigenvalues and eigen functions, n = 7 = 0 if under performa
condition (16) for matching parameters and n < 0, 7 < 0.

We introduce the notation = A2, 7 = 2, then problem (14) will take of the form

X7 4+ N2X = 0;
a1 X(0) + 51 X7(0) = 0;
az X (b) + B2 X" (b) = 0;

Y7 4 P X = 0;

1Y (0) 1 02Y(0) = 0 (17)
O <o) 4

If spectral problems solved (17) we obtained that eigenvalues®f p (17)i8 A1y oo Apy oo and fog, o flgny oo
equation
(B — a1 B2)A (7201 — 1102)p
tgA\b = ————— = "
araz + B1 822 vy — 01624
root respectively, and eigen functions is function wit
Xn(x) = Ap(B1An cos Az — o @ ) = B (01 tmcospimy — y1Sinpmy). (18)
o =71+n =X+ u2 considering 7 n from (14). So, we obtained that eigenvalues o, ,, = A2 + u2,
correspond eigen functions accordin (12),9@8):
Unm(2,9) = Xn(z Apm (B1AncosAnz — a1 co8 Ay @) (01 i COSmYy — Y1 8InUmy), (19)

where A,,, = A, - B,, — constant.]Choose it in such a way as to norm of function wv,,, with weight at 1 was

total 1 that is to say f ormaling
b ¢ b c
1N o
0 0

1A €COS A\p — @y sin A, z)?d - /(01um COSym ¥ — 1 8in i y)dy = 1;
0

Ay = ! . (20)

b c
\/f(ﬂl)\n cos Ay — ay sin \px)2da - [ (Ogptm COSp y — 1 8in pmy)dy
0 0

culation of coefficient A, is time-consuming and impractical in general cases according to the formula
(20). Notably easy and rational way of calculation of coefficient A,,, is calculate in each concrete cases of
border-line conditions spectral problem, in contrast with using awkward-to-handle and difficulty-memorizing
formula, which was gotten under integral calculation in (20).
Return to original problem (1)—(5). From (19) we have

Unm (2, 9) = Apm (B1AncosAne — a1 €08 Apa) (01 fhm COSmYy — Y1810 mY),
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where coefficient A,,,,, is ccalculated in each concrete cases of border-line conditions. Find the general solution
of equation (8) with op, = A2 + u2

Tom (t) = Cpm €08 a0 rmt — Dy, sinay/ o,

where Cypn, D,m — the arbitrary constant.
Returning to the original problem (1)—(5), we obtain that the particular solutions according to (6) will have
view
Unm (T, Yy 1) = Unm (2, Y) * Trm (t) = Unm (2, Y) (Crim €08 av/0pmt + D sinay/opmt).

According to the superposition solution of the equation (1) with the boundary conditions (2), ave\view

u(z,y,t) = Z Z Unn (T, Y) T (£) = Z Z (Crm €08 AV Tpmt + Dy, Sinay/opmt) -
n=1m=1

n=1m=1

Using initial conditions (4), (5), correlation between (21) and property of wy,,, functi
find value of constant C,,,,, and D,,,.

00 oo b ¢
u(x,y,()) = Z Z Onmunm(xyy) = 4.0(55,3/), = Cnm Z,Y)u Y;
n=1m=1 0
o oo
U(ﬂ%yao) = Z Z Dnma\/ Unmunrwy N ¢($7y)a
n=1m=1
1 b ¢
= Dy = , dzdy.
ay/Onm //¢ Jdzdy
0 0

So then we get analytical form of problem solving

+ Dpmsina/a,mt) - upm (T, y),

n=1m=1
where
Unm (2, Y, ) = Anml(Barn coS¥nx — a1 08 Ap@) (01 4 COSLmYy — Y1 SiNLmY);
, . a1fa)),
Aly ey A, ... - 18 equation root tgA 1a2+ﬂ11522/\2 ;
. . 01—16
L1y ooy fhmy - - 1S equati ot tgue = %.

1

i

C

J(B1An cos Az — ay sin \yx)2d - [(01ftm cOSpm Y — Y1 80 iy y)dy
0 0

c

5 b
nm = //Qp(myy)unm(xyy)d&ﬂdyv Dy = a\/;l_m//w(:r,y)unm(x,y)dxdy.
00 J

then we get analytical solution of boundary-value problem, which describe fluctuation of beamless plate
structure for general cases of border-line conditions. Boundary-value problems and equation in partial derivative
is ubiquitous in mechanics of continua, liquid mixture, beamless plate structure, introduction to fracture
mechanics, shape memory alloy mechanics, differential modeltheory of viscoelasticity, theory of hereditary
elasticity, flow theory and in other mechanic fields [1].
The remarkable thing is that the similar boundary-value problem as investigating problem above, can
describe different processes in varied fields of knowledge such as mechanic, physics, chemistry, biology, economics
etc, insomuch as mathematical modeling various processes lead to the same tasks under using basic conservation

[
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law (energy, mass, particle number). Analytical solution could be used in applied problem of variety science,
which have result as represented boundary-value problem under mathematical modeling, in adding number with
border-line conditions in general view.

Finite elements method be able used for calculating multilayer plates under inability getting accurate

analytical solution [6]. Following calculation formula as a result of using basic classical correlation for displacement,
voltage, balance equation for multilayer plates, is [7]:

— for contact conditions in stratum boundary, for voluntary constant

uit =k, Heioi(ai1) = Hpi(ai—1);

0 0 0 0 0.
Ciy—ai1=0C)—a;1, Ci;=C;=C"

T3 =Tg, BoH>i_1(ai—1) = EgH*¥;(a;—1);

2
a;_

2

1

AY |~ Bis1(CPaiq —

) = A?—1 - 51‘(00111'—1

O'g_l = 0'%, EQHQO'i_l(G,i_l) = E0H3O'i(
2
i—

a
B — A} |+ Bia(C >

— for voluntary constant

n

B = > (Br — Br-10}_1)

0 = % kT,LQ s A? = - ﬂk_l)ak_l — %Z(/Bk — Bk—l)ai_ﬁ
P = Z(ﬂk — Br—1Gk—1 O k=2
k=2

i 0o %

1
BY = (A} — Alay) — (B — Br—1)ai_, + 5 > Bk — Be-1)ai_1;
— for internal effort
b Tl =

=1
n &BW
Q=Y / Tigdz = DAg——; (22)
i=1,’ 1
Ay =12 Y {0~ = 5 | Pla — a2 ) - glat - ot )] |
i=1
dAw DAW
o} =q= EgH?5,(1) = DB :
s dz? 7 dat

Cepusi «Maremaruka». Ne 2(86)/2017 61



G.A. Yessenbayeva, K.S. Kutimov et al.

Calculation of multilayer plates under given algorithm|[7], where resolving equation have view:

d*w
DB L =,
drt

introduce proportion 7; = %; were Dy — basic plate modulus one of layer, which is chosen the first from below;
D; — plate modulus of other layers.

Then integral parameters C;, and A, adding as multiplierin basic formula of finite elements, which cal
by formula (22), but with an allowance instead.

lated

F=C,K-V, M=-C,B-V, Q=—-A4,C-V,[3].

Cooperative using analytical (for example,integral transformation) and numerical metheds is quite
effective for solution multidimensional problems of mechanic, under this possible take results e any one of
them in separateway are practically powerless.
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OpY?KEeHUIl 1 B MeXaHuke cIiomHbix cpest / O. 3en-

I"'A. EcenOae .C. Kyrmvos, 7K.P. Caxwurosa, O.2K.Copcenbex

bl TepOeIMeJTi poriecTep/ii 3epTTey Ke3iHe

AJIBIK, 9/IicTep/Al KOJJAHY KOCBIMIMACHI TyPaJibl

6epeni. 2Kasmbl Typze mekTec mapTTapMeH Koca JKyKabyiipsl KypbLibIMaap Tepbedtici merki
cebl ymrin HakThl mermiM amgyra 6osazpl. Teric dyHKIMs YIIH CHEKTPAIAbI BIALIPAYIbI KOJIIAHY Tere-
TEHIK YKafdaillapblHIa MeEMOpPaHaIap/IblH AybITKYbl CHMATTAJIbLI, OJ 3€PTTEJETIH ecell YIINH (QDyHKIHs-

PJIBIH, Uiy Ke3iHIe HAKThI KYHiH aHBIKTayFa MyMKIHIIK Oepermi. KenkabaTTel miacTuHAIADIBI €cenTey
YIIIiH MIEKTIK 3JIeMEHTTED TOCLI NaiiIaHbLIFaH.

Kiam cesdep: tepbenicrep, KyKabyiipJi KypbLIbIMIAD, OPTOHOPMAaJIAHFaH (PyHKINS ¥Kylieci, nity (yHK-
[USICBI, KOMTKAOATTHI IJIACTUHAJIAP.
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["'A. Ecenbaena, K.C. Kyrtumosn, 2K.P. Caxxunona, A.ZK. Capcerbex

O IIpMJI02KeHNN MaTeMaTNn4YeCKNX MeTOA40B K MCCJIeJOBaHMUIO
Ko0JIebaTeJIbHBIX IIponeccoB B MexXaHUuKe

B crarpe mpeacraBieno mcciemoBaHMe MPUKIAMHBIX 3339 MEXAHUKH, MATEMATHIECKOEe MOJIEIMPOBAHIE
KOTOPBIX IIPUBOJUT K KPAEBbIM 33/1a49aM /I YPaBHEHHI B YACTHBIX IIPOU3BOIHBIX. MaTtemaTnyeckue MeT
JIBI, TIPHUJIOXKEHHBIE K JaHHBIM MOJEJISIM, IIO3BOJIAIOT [OJIYIUTh TOYHBbIE aHAJIUTHYecKne pernenus. I[lonpob
HOE PeIlleHre MPeJCTABICHO /I KPAeBOil 3a1a9Yu KOJIeOAHN TOHKOCTEHHBIX KOHCTPYKITUN C TPAHUIHBIMU
ycioBusMu B o0mieM BuJe. VICosib30BaHNEe CIIEKTPAJIHHOIO PA3JIOXKEHHS JJIsl JIOCTATOYHO IJI&JIK!
M1, XapaKTePU3yIOieil OTKIOHEHNE MEeMOPAHDI OT ITOJIOXKEHUS PABHOBECHSI, II03BOJISIET OIIPE/IE
AHAJINTUYIECKOE TIPeJCTaBIeHne MYHKIUN Tporuda s uccaemyemMoit 3agaqun. s pacaera
IVIACTUH UCIIOJIB30BaH METOJ KOHEYHBIX 3JIEMEHTOB.

b TOYHOE
OCJIOMHBIX

Kmouesvie crosa: KonebaHus, TOHKOCTEHHbBIE KOHCTPYKIIUNA, OPTOHOPMHUPOBAHHAS CUCTEMA,
s Tporuda, MHOTOCTIONHbBIE TLJIACTUHBI.
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