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Solution of heat equation by a novel implicit scheme using block
hybrid preconditioning of the conjugate gradient method

The main goal of the study is the approximation of the solution to the Dirichlet boundary wvalue problem
(DBVP) of the heat equation on a rectangle by developing a new difference method on a grid system
of hexagons. It is proved that the given special scheme is unconditionally stable and converges to the
exact solution on the grids with fourth order accuracy in space variables and second order accuracy in
time variable. Secondly, an incomplete block factorization is given for symmetric positive definite block
tridiagonal (SPD-BT) matrices utilizing a conservative iterative method that-approximates the inverse of
the pivoting diagonal blocks by preserving the symmetric positive definite property. Subsequently, by using
this factorization block hybrid preconditioning of the conjugate gradient (BHP-CG) method is applied to
solve the obtained algebraic system of equations at each time level.

Keywords: Heat equation, implicit scheme, hexagonal grid, stability analysis, symmetric positive definite
matrix, approximate inverse, incomplete block factorization, block hybrid preconditioning, conjugate gradient
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Introduction

For many mathematical models, especially partial differential equations (PDEs), their analytical
solutions are not available. Therefore, for computing the approximate solutions economical and stable
numerical algorithms based on effective.theoretical results are getting more important as more advanced
computers are designed.

Among some numerical methods for approximating the solutions of PDEs, the finite difference
method is a widely used approach and the construction of stable and time efficient schemes are essential.
Recent advances in finite difference methods for solving PDEs include [1-7].

More then a half century-ago, in 1967, the approximation of the pure diffusion equation
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on regular hexagonal grids was analyzed by giving two implicit difference schemes, defined on three
layers with 21-peint and on two layers with 14-point both with fourth order accuracy in space and
second order accuracy in time [8].

Since then, the applicability of the hexagonal grids in many branches of science has been investigated.
Among them is the research on eligibility of the icosahedral-hexagonal grids in meteorological applications.
Finite difference schemes on a spherical geodesic grid were given to integrate the barotropic vorticity
equation [9,10]. Further, the hexagonal grid was extended to the integration of the primitive equations
of fluid dynamics [11-13|. Later, an integration scheme of the primitive equation model by using on
icosahedral-hexagonal grid system with an application to the shallow water equation was given [14].
Additionally, for the simulations of oscillations in shallow circular basins, finite difference techniques
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on the irregular grids were analyzed [15]. Furthermore, hexagonal grids were used for the simulation
of atmospheric processes [16].

Nowadays, the investigation of triangular and hexagonal system of grids has gained more interest
in engineering, applied sciences, computer science, natural sciences and in environmental sciences.
Such as the numerical solution of boundary value problems of PDEs using finite difference method
in convection diffusion equation [17], in the Laplace equation [18], and in the heat equation [5], and
derivatives of the solution to the heat equation [6,7|. Additionally, hexagonal grids were also used in
finite volume method [19]. For digital image processing and graph processing, some examples include
[20] where digitized rotations of 12 neighbors on the triangular grid were given by considering more
general setting especially the midpoint, the corner points and the edge midpoints as rotation centers.
Also, in [21] the bijectivity of the digitized rotations for the closest neighbors in rectangular, triangular
and hexagonal grids were compared. In addition, the firefighter problem, which is an iterative graph
process, was studied on hexagonal grids in [22]|. For hydrologic modelling, we mention the study by
[23] in which a watershed delineation model using the hexagonal grid spatial/discretization method
was developed.

The contributions of this work can be summarised as: the DBVP of the heat equation

2 2
?;;:w(g;% ((?);g)—bu+f(x1,x2,t)7 (1)
given on a rectangle D where w > 0, b > 0 are constants is considered. A new difference method of order
of convergence O (h4 + 72) with 14-point on two layers/constructed on hexagonal grids is proposed.

Here, the increments in the variables x; and z9 are denoted by h and @h accordingly and 7 denotes
the increment in time. Further, the unconditienal stability of the given scheme is shown. Furthermore,
for SPD-BT matrices an incomplete block matrix factorization algorithm is developed. At each stage of
the recursion for approximating the pivoting diagonal'block matrix inverses, the constructed algorithm
uses a two step iterative method with very high rate of convergence (order 33 see [24]). It is proven that
at each iteration the pivoting diagonal block matrix and its approximate inverse are symmetric positive
definite (SPD) matrices. Subsequently this factorization and the pivoting block approximate inverses
are used to precondition the conjugate gradient method [25], which we call block hybrid preconditioning
of the conjugate gradient (BHP-CG).method.

1 DBVP of the heat equation and discretization

We take the rectangle’D = {x = (z1,22) : 0 < 21 < a1,0 < 2 < az}. We denote its sides by vj,

4 —
j =1,2,3,4 and its boundary by S = |J vj, so that D = DUS is the closure of D. Let Q7 = Dx(0,T),
j=1
and indicate the lateral surface by Sy = {(z,t),z € S,t € [0,7]} and the closure of Q7 by Qp. We
consider the DBVP of heat equation in (1)

ou 0*u  O%*u

Fn = w((?ﬁ_'—(?a;%) —bu+f($1,$2,t) on Qr, (2)
w(xy,22,0) = @ (21,22) on D, (3)
u(z1,z2,t) = ¢ (x1,22,t) on Sy, (4)

where w > 0 and b > 0 are constant. In this study, further investigations are given with the assumption

that DBVP in (2)—(4) has the unique solution u from the Holder space CS;Q’H% (Qr),.0<a<l.
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1.1 Implicit scheme on rectangular grids

First we consider the classical rectangular grid approximation of the problem (2)—(4) when the
a az

value of the constant b = 0 in Equation (2). We take the step sizes h; = S and hy = i where, M;
and Mo are positive integers. Further, the set of rectangular grids on D is defined as

D"t = fp = (21,29) € D i 2y = Lihy, 1; = 1,2,.M; — 1,5 = 1,2}.

Let SM-"2 be the set of rectangular grid points on S and DhPuhe = Dhuh2yy §hhe Further let,

T
Yr = {tk:k‘T,T: k:zl,...,M’},

V&
A {tk:kT, T:%, k:zO,...,M/}.
Also
Dhhay = phuhe oy o {(x,t) sz e DM e '77'}7
Sgl,hg — ghuha o 5. = {(g:,t) cxe Shilz e 77} .

The following unconditionally stable 14-point implicit method on rectangular grids is considered [26].
Rectangular Difference Problem (RDP)

Tup, = walAlu Liwd—oy) Aluh >+ wagAzukH +w(l—o09) AQUZ’T
+wh21+h2A1A2uhT + Bon Dbz (5)
upr = @(z1,22),t=0o0n Dhihs (6)
upr = ¢(x1,72,t) on S?ﬂl’hza (7)
where
1 h? 1 R
oL 2 P 2T 5 o
rd 3 u(:vl,:vQ,tJrT)—u(q:l,xg,t)’
T
Auf = [u(x1 4 hi,22,t) — 2u (21, x2,t) + u (X1 — h1,T2,1)] /h%,
AguP "= [u (@1, w9 + hayt) — 2u (21, 32, 1) + u (21,22 — ho, 1)] /B3,
5 — fk+2+h fP02+h%A fk+2,

~ 4
and fk+2 = f(x1,72,t + ). The scheme has the order of accuracy O (‘h‘ +7’2) . Here,
Vh? + h3 and we denote the system (5)—(7) by

K\ UM = KyU* + 7FF (8)

where K 1 IA{Q are real block tridiagonal matrices with 5 nonzero and 9 nonzero diagonals, respectively.
The vector F¥* is computed from the initial and boundary function values and the heat source function

3
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1.2 Nowel implicit scheme on hexagonal grids

Let Ny be a positive integer and h = a1 /Ny > 0. For the ease of explanation of the new scheme we
assume that ay is multiple of v/3. Using the step size h we assign a hexagonal grid on D and denote
this set by D" as

V3(p+q)

h
2 Y

Dl = {x—(xl,xQ)GD:xl—p;qh, To =
p=1,2,.., q=0+£1+2 1.

Further D" is the closure of D". In addition, Py is the center and F;,7 = 1, ..., 6 are the neighboring
points in the pattern Patt (Py) of the hexagon. The set of interior nodes are categorized as:regular

and irregular hexagons. Those hexagons with Patt (Py) € D" are called regular ‘and those with a
center Py that lies % units away from the boundary are called irregular hexagons. The set of irregular
hexagons with a left ghost point are denoted by D** and those with a right ghost-point are presented
by D*. Also, D** = D*" y D*" and D" = D" D*". Table 1 presents the function values of u,
f and the second order pure derivatives of f. In this table, if Py € D*+_“then the value of 5 = 0
and if Py € D*"™"~, then 5§ = a;. Besides k + 1,1 = 0, %, 1 denote the time levels t = (k+1)7 for
k = 0,1,..., M’ — 1. Furthermore, the numerical solution on hexagonal grid system is presented by
uj, - p, ©=0,..,6, and at boundary points by uiﬁ’lpA, when &= (k+ 1) 7, for k = 0,1,.... M" — 1.
Figure 1 illustrates the irregular hexagons and the exact solution at'the center and the neighbouring
points of the pattern at ¢ = k7 and (k + 1) 7 time levels.

Table 1
Notations used to denote the function values.
ul;gjl =u(x1,T2,t +7) Jf;;ll = u(S, 2, t +7)
u:PE:u(xl—g,xﬁ@h,Hr), f{{f = far 22,1+ 5)
upsy = u(xr — h,x2,t +7) fe, = f(Ez2,t+7)

k+1 ~ -
u’}jlzu(ml—%,xz—gh,t—i—ﬂ fp,? = f(5,z2,t+ %)

uptt = u(e F 5w — Pht+71)  fE, = f(5,32,1)

1
k+1 2 ckt3 _ 9%f
Ups Sl howot +7) Oy fpy * = 027 |(21,20,t4+3)
o, t+ 5
1
k+1 _ h V3 2 cktg _ 8%f
Upg = u(®a + 2:%2t 3 h,t+7) 6szPo T 083 (g mg 1+ T)
2,6+ 3

kel
Uy

Figure 1. The illustration of the irregular hexagons and the solution for two time echelons.
Also on the hexagon system of grids we present the set of hexagonal grids on S by S" and the sets
Dh% = D" X Yy = {(a:,t) :xGDh, tG%},

sh = thiT:{(:c,t):meSh, te@},
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present interior, and lateral surface nodes respectively. Let D*"~, = D*" x v c D"y, and D*"~, =
D*"™h x 4, C D"y, and D*hy, = D*h~_ U D*y,, also D%y, = D"~ \D*"v,. Figure 2 shows the
hexagonal grid covering of the rectangle D for three time levels t — 7,t and ¢t + 7, on which the ghost
points are denoted by red colour.

t+T

Figure 2. Hexagonal grid covering of the rectangle D for three time echelons.t — 7,¢ and ¢ + 7.

We propose the next difference problem on hexagon system of grids to appreximate the solution of the
DBVP in (2)-(4).
Hexagonal Difference Problem (HDP)

or Tu];;tl = A1 u’;fb C+apt oD%y, (9)
OF ultt = A2 uf+ Epgo+9? on D, (10)
up, = @(x1,x2) 00t =0, Dh, (11)
up, = ¢(w1,22,t) on Sk (12)

k=1,2,...M' — 1, where

ka1 k+3 k+1

@bl = fp " ’EhQ <8§1fpo 2 +8§2fpo 2> ) (13)

1 h2 1 k+

2 L k+1 k
VN 96Tw(f _fPA)_(G )fPA2+f 2
k+3 k+3
+Eh2 (agl I, 2+ 0%, fp, ) : (14)
6
3 2w 3 1 w b
1okt [ 2 2% 9kl v v k+1 1
Oh.ru (47 TR >“P0 * (247 32 " 48> Z;UP ’ (15)
6
3 2 3 1 w b
A uf == —-= —Zp)uk — - — K 16
hyrt (47 h 8 )uP0+ 247 T 312 T 1 ;“P (16)
17 Tw 17 1 w b
2 k+1 _ W iy k+1 - = . t
Oh.rt <24r ETERIT >“Po t (247 32 48> (uls +m,22,8 +7)
3 3
+u(s, x2 + 7h,t +7) 4 u(s,ze — \Q[h,t + 7‘)) ,
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~ V3 ~ V3
Ehn ¢ < 67 + o2 72) <(;5(s,a:2 + 5 hyt+7) + (5, z2 5 +7)

1 2w b V3 V3
R - _ 3 .- 3 -~ ht
T + o2 72) <¢(3,x2+ 5 h,t) + ¢(5, x2 , ))

( 2
(1 8w hZb b h2p?

— 2 _ 5 @t
187 R 48wr | 36 192w> o8,z t+7)
1 8w h2b _£+ h2p? 65, 2.1)
187 9h2  48wr 36 | 192w e

17 Tw 17 1 w b V3
2 kE ot k - v v R <
Ay ut = <247- a2 48b> up, + (247_ + 37,2 48) <u(s,x2 + 5 h,t)

3
+u(s, g — £h,t) + u(s + n,aa,t)) ,

and
if Py e D*hy,, then s =h, §=0,n<
if Py € D*""y,, then s = a1 — hys =a1,n = —

[P

2 Analysis of HDP(9)-(12)

First we analyze the approximation order of the special scheme in HDP (9)—(12).
Theorem 1. The scheme HDP (9)—(12) has the approximation order O (h* + 72).

Proof. Let (21, x2,t + 7) and (21, z2,t) € D"y, be the centers (Pp) of the hexagons at time moment
(k+ 1) 7 and k7 respectively for k = 0,..4M' — 1. From Equation (9) and using (13), (15) and (16)
for regular hexagonal grids the scheme.is

k+1 k k+1 k

3Unrpy TUnrBy | 1 Up - p, — Unrp
4 T + 24 Z T
=1
0 w
k k
- (z - ) g (Do - oo
=1
6 6
b s b k 3,k
- 4“ UhrPo T 48 Z Uhrp; 7 g buh . Py
§ h2 82 % 82 k+2 17
hr o ggh? (S Oln ). (a7
For the irregular hexagons the following approximations are used for ¢ = 2,5
h? 8 1
k+1 k _ Wk k+1 k+1 k+1
Unzp, ¥ Uhrp = 5 Ungpy T 3Py T Uhrpy T 3Pl
L k41 h? 8 k k
~3Uhriy T 5k Pa T 3Uhe Py T Uhi Py
1k Lk hb (et
T3Py T gUhT P + m < Up - p, T hTPA)
h% g+l
—55 P+ O (h* + h27?). (18)
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1 1

k+1 k Y k+1 Wk
Unrp; — Yhep T Ty T 3P T glhT P

8 uFH 1 o Ly

+3 hTPA+ hTP0+3 hTPz1+3h P
8 Uk h?b (i
3 Up,r,py T T( Upr Py ~ )
(f’““ fh,) + 0O (ht + h?r). (19)

Hence, the scheme (10) is obtained by substituting (18) and (19) in (17). Consequently, the error
function €p, » = uy » — u satisfies the next difference problem

Ohsent = Ajgeh.+¥F on DMy (20)
Ohentt = AR el + U5 on Dy, (21)
ehr = Oont=0, Dh (22)
enr = 0on Sh, (23)
where
Vo= A ut -6y et (24)
Uh = Aj - 0) W+ o + 92, (25)

and ¢!, 9? are as given in (13), (14) respectively. Using Taylor’s expansion around the point (xl, X9, t + %)
we obtain W = O (h* + 72) and W5 = O (h* 4 72).

Next, we analyze the stability for the special scheme in HDP. At every time stage using standard
ordering the hexagon points in D"+, are labeled as Eiy g =1,2,...,N . Thus, all hexagon centers have
the neighboring topology denoted by the following set

Sk ={(i,7) : if the grid E; € Patt (E;), i #j,1<1i,j <N}, (26)

exhibiting the sparsity structure of Inc € RN *V called the incidence matrix with entries

_ | 0if (4,5) ¢ Sk,
[InC]ij_{ 1if (4, )655

Further, the scheme in HDP.can be put in the subsequent matrix form

K\ UM = KoU* + 7 FF (27)
where, Ky, Ko € RV are given as
o

K = (51 n h2 YT s ) (Sl =S ) (28)

bh?
S1 = Di+ f[?”LC Sy =B+ 7C (29)

B = Dy— fI D —I
2 = 3ine, C = 3~|—48 ne. (30)

Also the computed values of f in (13), (14) and the values of ¢ and ¢ in HDP (9)—(12) are presented
by the vector F*" € RYN. Further, Dy, Do, D3 are diagonal matrices with entries

3 Oh
[Dl]J] { % if E] c D*h'%- y J 1a25"'7N7
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2 if Ej € D%y,
[D2l;; = { Tif Bj € D*hy,

le EDOhfy .
[D3]jj:{ ﬁle GD*hT » J=1,2,.., N,

accordingly. The stiffness matrix K at the (k + 1)th time level and the coefficient matrix Ky at the
kth time level both have 7 nonzero diagonals. Next we analyze the properties of the derived matrices.

Lemma 1. a) Sy in (29) and the matrices B and C' in (30) are SPD matrices. b) K7 in (28) and So
n (29) are SPD matrices.

Proof. a) Using (26) if E; € Patt(E;) for i # j, 1 < 4,5, < N this implies that E; € Patt (E;)
giving Inc’ = Inc. Thus, Si, B, and C are real symmetric matrices hence the eigenvalues.of S;, B
and C' are real. Hexagonal grid is connected grid in the rectangle D thus, by using (30) it can be easily
shown that the matrix B has positive diagonal entries, i.e. b;; > 0, ¢ = 1..., N and it is irreducibly
diagonally dominant matrix. Further, the matrices S1, and C' also have positive diagonal entries and
are strictly diagonally dominant matrices [27] therefore, S, B and C' are SPD matrices. b) From (29),
since the sum of two SPD matrices is also an SPD matrix, S5 and K7 are SPD matrices.

»J=12,.,N,

Theorem 2. The constructed scheme HDP on hexagon system of grids is stable for any h > 0 and
7 > 0 and the approximate solution uy, » converges to the exact solution w with O (h4 + 7'2) of accuracy
on the hexagonal grids.

Proof. From Lemma 1, the matrix S7 is an SPD matrix ‘hence invertible. The linear system (27)
can be written as

(I s (S1)” S2) Ukt = (I 2 > (51! 52) Uk +7(8)" FY, (31)

where I € RV*N is the identity matrix. On theother hand using (28)-(30) we can express the matrices
S1,C and Sy as linear combination of the identity matrix I and the matrix B as:

1 1 1 1 bh? 1 bh?
Sl_I—gB, C’_§I—EB, Sy = 2[+<1—) B. (32)

Because (Sl)_l So commutes and S and S are symmetric implies that (Sl)_l S9 is also a symmetric
matrix. Since the product of two SPD matrices that commute is also an SPD matrix [27, 28] gives

s ((51)*1 52) >0.Let A = (1 + 975! 52) obviously A is an SPD matrix. Let A = (1 — ez (S 52) .

(A—lﬁ)T — AA = (1—7(51) 152) (I+—(Sl) 152)_1

h? 2
b det <I+LZ;(51)_152> ( _%(Sl)_ S2> Adj (I+ﬁ(51) 1S2>
— <I+ 72 (S1)” 1Sz>’1 1= det <[+ (;:;(Sl)—152> (I+ % ()71 Sz)

wT -1 : wT 1
<h (Sl) SQ) Adj <I + (51) 52>:|

- (1+ A 52> (I -5 T (s 52) — A4, (33)
Thus A~ *4 is a symmetric matrix, then there exists an orthogonal matrix P and a diagonal matrix D
with diagonal entries of eigenvalues A4 ((51)71 Sg) so that

(1+ (S0 152) - (I+ﬁD>]3
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and

(1+ (s 52)_1 = pT <1+ %f)f P.

Thus,

(1+%5 (50" L) (1Y LS s) =B (1+95D) PP (1~ “TD) P,

~ ~1
that is, the matrix A=1A4 is similar to (I + “’TD> (I -5 ) Hence, from (33)

" [(I+°}g5)‘1 (1_3;5)”

0 (1507 52)

|aa], = o(a74) = max

wT
< . mm o ((S)*ls)) <1f0rﬁ>0 (34)
h2 N s 1 2
and from Gerchgorin’s circle theorem we have
0< A (B) < 4. (35)

From (32) and (35) and on the basis of Lemma 1 that K7 = Sy 7792 is an SPD matrix we have

1 1 wr br

N R )

1 1 ‘wr  br
( +2Tb)+( 8+h2 16)/\5( )

. 1 -1 1
p(07t) = p((siirse) ) = s+ )| <
where s = min {1 + %Tb, % + %bT + 4‘”} then
K —1H < <2 36
| =< < (36)
Next using (34) and (36) by induction results,
o Xt ) A (v W
2 2 2 2
k *
< U], +2 HF’f H 37
< 23 o, @)

The error function e, - satisfying (20)-(23) can also be given in the matrix form (31) as

(1+ 55 (571 8) o = (12

= (ST Sa) (57O (38)

h

where €11 ¢% and WF" € RY and U*" involves the truncation errors given in (24), (25). Thus, on the

basis of Theorem 1 and using (24), (25) and (37), (38) we obtain
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Here, ¢ is a positive constant independent of h and 7. The matrix A~'A4 is a normal matrix since it
is also a symmetric real matrix. The inequality in (34) is sufficient as well as necessary for stability
from the Von Neuman condition for stability [29]. Therefore, the unconditional stability of the implicit

k+1
scheme (9), (10) follows from (37). Let ’6};

_ k1| _ || k41 :
= max ’5 ‘ = |le , then by using
C Divnfi=(einyry | T [l

(39) and norm concordance we get

H k1] <

Eh,T

ekHH < (h4 + 7'2) .

C 2

Therefore, the order of accuracy of the approximate solution uy, , to the exact solution u is O (h4 + 7'2).

3 Incomplete block matriz factorization and preconditioning of an SPD-BT. matrixz

In this section, for a real block matrix K € RN*N of block size n x n, the inéquality K~ >, 0 defines
that K is symmetric positive semi-definite (SPSD) matrix and K > 0 denotes that K is a symmetric
positive definite (SPD) matrix. Analogously, A =5 B (A >4 B) denotes. A =B =, 0 (A — B >4 0).
Further, for a symmetric matrix K, A\; (K) denotes the kth eigenvalue of K ordered in increasing order
and Apin and Apgz are the minimum and maximum eigenvalues respectively.

3.1 Block incomplete decomposition algorithm and analysis

We consider symmetric positive definite block tridiagonal (SPD-BT) matrix

Kii Kip o 0
o K-271 Koo Koz , (40)
: . B Kn—l,n
0 te Kn,nfl Kn,n

of n x n, block size. Additionally, the nonzero blocks may be dense and K, , is of size n, x ng (1 <
np, g < n) which includes the case where all or some K, , are scalar entries of K and main diagonal
blocks K, ), are square matrices. We consider approximate factorization of K = LU — (@) in block matrix
form of a lower block triangular matrix L and an upper block triangular matrix U. We repartition the
matrix K into 2 x 2 block form' and initially for s = 1, take K1) = K

) el
K6 = [ Bt Rie (41)
K2f1 K;Q

(s)

i

(

J

(s) (s)

where K fsl) is'the current pivot and Ki(‘;) is of order n'® x n'¥ for 1,7 = 1,2 and ny’ >> n

ngs) =mng fors=1,2,...,n.

, also

For M—matrices the two-step iterative method for approximating the pivoting diagonal block
inverses with rate of convergence 33 was given in [24]. Algorithm 1 approximates the inverse of the
pivoting diagonal block matrix of a block tridiagonal matrix K >4 0, analogous to the two-step iterative
method in [24] however, is modified in the choice of the initial approximate inverse Z(()S) at every stage
s. Further, Algorithm 2 gives incomplete block factorization of a SPD-BT matrix K, (see also [27] for

incomplete block decomposition techniques of matrices with special structure).

Algorithm 1. Modified two-step iterative method (MTSIM) for approximate matrix inversion.
Require: The predescribed accuracy € > 0.
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Ensure: [ is the identity matrix and ms; = 0, 1, ..., is the iteration at stage s. Also,

)2 + (R;1)4 and D(R()) = (Rg;g)“.

2
1- K{)2§) and Q(RS) = RS + (RS,
w(rRE) = (&Y

1. Initial step

B = A (Kﬁ) (Kfl))T>

N\
me = 0 Z(s’:<K1) and R®) = 1 — k¥ 7%
S ; 0 s ) 0 1,10 -

2. Prediction and correction steps:

While ‘ R,({Z <e<l1ldo
Step2(P)
29 = 20 [T+ RG]
ER)
RS1+% = I- Kfl)Zf;er%,
Step2(C)
(s) _ 7 (s) (s) (s)
2 = 20 [ren (e S row(m) [rer ()]
R;‘Z_H = I—- Kﬁ)ZSEH, increase mg by one.
End while.
3. Terminating step: Z(*) denotes the matrix Zfrf% obtained for performing m} iterations.

Algorithm 2. Incomplete block matrix factorization of K > 0.
Require: s =1 and KV = K,
1. Partition K(®) as in (41).
2. While s < n do
find the approximate inverse Z() of K {Sl) using the Algorithm 1.

Ensure: K is an approximation of K factored as
~ (s) (s)
RE _ 1o — [ r 0 ] [ Ky Ky ] ,

where, K6+ = k(%) — k(% 7 g5).
4. End while.
5. The matrix L in the final approximate factorization of K is block lower triangular matrix with
diagonal blocks being identity matrix and the sth column of its lower triangular part is formed by
K(S) 7(s)

2,1 :
6. The matrix U is block upper triangular with block diagonal matrix {Kill), Kﬁ), e Kfﬁ)} and the

sth row of its upper triangular part is formed by K fSQ)
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Lemma 2. Let K be an SPD-BT matrix and Kfl) be the pivoting diagonal block at stage s of the
Algorithm 2. If K\*) =, 0, then R';)

S

=s 0 for every ms = 0,1, ..., and
p (R((]s)) < 1,
R - ()T

where p (R(()s)) is the spectral radius of R(()s) =1- KSI)Z(()S).

T
Proof. For m, = 0 we have RS = I — K{"\ 2" = 1 - LK) (K{)) " and if K{Y) -0, it follows

that R(()S) is symmetric matrix and

M (RS = 1—@& (Kfi’ (Ki‘f%)T>,

2
A ((K;;) )
0 < Ak<Rés)>:1— (<1,
s  (K80)°)
which gives p (R((]s)) <1 and R((]s) s 0. Further, from Step2(P) we get
©) 7 g6 (s) (5))?
RY = 1-KQZ{) [I+Rms + (R }
3
- (Rﬁ,il) : (42)
Also from the Step2(C) in Algorithm 1 using (42) we get
AR ) = g m ) - (79)" + (R)" (43)
ms+% o ms+% ms+% o ms Mms ’
2 4
(s) _ (pw (s) _(p®)° )"
\I](Rms+%) - <Rms+é> " (Rm5+é) B (R”“) * (Rms) ’ (44)
4 12
(s) ) (s) _ (p@)
F(Rms+§) ” 4 (Rms+§) N <Rm) ' (45)

Using (42)—(45) ‘at. the Step2(C) for the residual error RSL)SJA we obtain

R?(’YSLZ‘Fl = [- KWz

B () (s (s) (s) (s)

i ron() oo () o ()]
33 33m5+1

= () =)

Thus, RSL)S_H >=s 0 because R(()S) =5 0.

Theorem 3. Let K be an SPD-BT matrix and K(*) be the matrix obtained at stage s of the
Algorithm 2. If Kfl) =5 0 then

KNz =27 K and K20 = 200K, (46)

’ ms+§
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and ZS)+1 >s 0, and z )+1 = 0 satisfying

~1
(Kffl)) s Z$2+1 s Z7(72+l s Z;ﬁgz =5 0, (47)

2

(s) (s)

for every ms = 0,1,..., where Z ! and Z (s ) 41 are the approximate inverse of K’ 11 obtained by

s

Step2(P) and Step2(C) in Algorithm 1.
Proof. The proof of (46) follows from induction. Using Algorithm 1 for ms = 0 and from Step1(I)
gives Z(g = 1 (K (s)> . Since K %,81) is a symmetric matrix we get

=3
S S S 1 S T 1 S T S S S
K2 = 6k (14) = ok (i) K = 280K

Assume that the proposition is true for m that is Kfsf Z,(ﬁz = Zr(;fz Kfsl) then for ms +1 at the Step2(P)
gives

S

2

sy - ri e g
2

e [I+R,(72+<R,(;2) ]Kfl)

= 79 K@) (48)

ms"r% ’

Also using (42)—(45) and (48) at the Step2(C) gives the second equation in (46).
The proof of (47) also can be given using induction. For mgs = 0 from Stepl(I) gives Z(gs) =

T
ﬁ <K {sl) ) and from the assumption K f 1) = 0implies that Z(()S) =5 0. Assume that the proposition

is true for mg that is Z;{fz s 0 then from'Lemma 2 using that Rﬁii =5 0 at the Step2(P) and using
(46) gives

T
< 765) 1)
m5+§

Next using (42)<(45) and (49)-at the Step2(C) and from (46) results

T
(Zfi)H) = [I +Q (R(S) ) [I+ v (R(s) ) [I 4T (R(S .
K ms+ 2 ms+§ ms—+
29 (50)

From (49) and (50) we conclude that Z(S)+ , and A )+1 are also symmetric for ms+1 and from Step2(P)

e (m)] (#2)"

2
= 2z [I+R§,§Z + (BS) ] =29 . (49)
sT3

Nl
~_
—_
| I
| I
)ﬂ
/&\
3=
+
N~

and Step2(C) we get ZSZ—F% =s 0 and Z(S)+1 >s 0. Further from (46) Z ,szRﬁ,il and Zy({fz (R%Z) are

symmetric matrices. Thus, yields ZTSQR,(S)S s 0 and Zy({fz (Rgl) =5 0. From the Step2(P) results

2
Ak <Z(S)+1 —Z}j?) SV <Z§,f)R;§> + 25 (RG)) >
ms+3 s s s s s

Mo (Z8IRED) + M <z;;g (R )2> >0

Y

70 Bulletin of the Karaganda University



Solution of heat equation by a novel...

giving Z7(72+% = Z,(sz Analogously, using (42)-(45) at the Step2(C) results Z7(72+1 = ZS;_%. Denoting

-1 -1
the error by Eﬁfz = (Kﬁ) — Zsz at sth stage from Kﬁ) ~s 0 we get (Kﬁ)) s 0 and using that

Zés) =5 0 (for ms = 0) we get E(()S) is symmetric matrix. Further, it follows that

(B = (i) =) 2 v ((813) ) ()
. VBE
RNV IORINIO) =0

Thus E(gs) =5 0. Assume that for mg the proposition Eﬁ,fz =5 0 is true then using K {81) Eq({:z = Rﬁ,ﬂ we
obtain

_ () (s) (s) (s)
= 29, 1o <Rm8+;) [I+\If (Rmﬁ%) [Hr <Rm>m ,

From Lemma 2, R,(f;s =5 0 and from (46)

B RY) = ROED)

S

EQIRE) (BQRY) = EORG) (RY) (B2)

— e R R ) = (B ) EGRS),
that is Ef{fz ﬁf}s is normal. Thus from:Theorem 3 in [30]
s s s 32
Byl = EG)(RY) =0, (51)

Theorem 4. Let K be'an SPD-BT matrix. If Algorithm 2 is used then K =, 0 and the inequality
(47) holds at every stage s of the recursion.
Proof. The proof follows by induction. Assume that K >, 0 and is block tridiagonal matrix and

Algorithm 2 is used. From the assumption K(!) = K is an SPD matrix and particularly Kﬁ) =5 0,

hence Theorém 3 implies that the inequalities in (47) holds true for s = 1. Assume that K(*) >, 0 then
it follows that K Z-(j) > 0 for : = 1,2 and are regular and,

s s s s)\ 7! S) ;o4 ) ]
SZ():K()—K()<KJ()) K()Z,]:LQ,Z#‘], (52)

1,0 %,J J Jii

exist and Si(s) =5 0,i=1,2. Since K®) =, 00 is (K(S))_l. Further, from Theorem 3 the approximate
-1
inverse Z(®) of Kﬁ) satisfies <K{S)) =5 Z0) and Z(®) =, 0 and from Algorithm 2

)

(k)"  (k§) - K1 29K L) = Ko )

)

Using (52) and (53) follows K+ =, 0, and (47) hold true for s + 1.
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Theorem 5. Let K be an SPD-BT matrix of n x n block size. If Kﬁ), s = 1,2,...,n are the

)

diagonal pivoting blocks of K(®) at stage s = 1,2, ..., n obtained by the Algorithm 2, then the sequences

-1
{ZSZH}, obtained by Algorithm 1 converge to (Kﬁ) , s = 1,2,...,n, respectively in Euclidean
matrix norm ||-||, when m, — oo with 33 order of convergence and the inequality
33ms+l T
-1 HR(()S) 2 (KESD
H (k)" - 2 2
1,1 ms+1|| = (s) ’
1T
2

holds true at the sth stage.

T
Proof. By taking the initial approximate inverse Z(()S) =& (K fsl) ) the proof is analogous to the
proof of Theorem 4 in [24].

3.2 Block hybrid preconditioning of the Conjugate Gradient method
We consider the linear system Ku = b where, K >4 0 is a block tridiagonal matrix of the form
(40).
Theorem 6. Let K be an SPD-BT matrix of n x n block size. If Kf’sl), s = 1,2,...,n are the

diagonal pivoting blocks of K(®) at stage s = 1,2, ...,n obtained.by the Algorithm 2, and Z() are
the corresponding approximate inverses obtained by Algorithm 1 by performing m? iterations, then
Z(S)Kfl) are SPD matrices and

s s 1+¢
r (2900 ) 75 (54)

-1
where, K (Z(S)Kfl)) = (Z(S)Kfl))
1 is the predescribed accuracy in Algorithm 1.
Proof. On the basis of Theorem 3, we have Kfl)Z(s) = Z(S)Kfl) for every s = 1,2,...,n and

Z) = 0. Theorem 4 implies that' K fsl) s 0 thus the product of two commuting symmetric positive

HZ(S)Kfl) \ is‘the condition number of Z(S)Kfl) and 0 < e <
2

definite matrices is also symmetric positive definite we get Z(S)Kﬁ) >s 0. Next, since I — KSI)Z(S) is

symmetric matrix and Algorithm 1 gives HI - K fsl)Z (s)

< g, yielding
o

p(I-K2D) = |1- k(20| <|r-K1z9|| <e<1.
Therefore,
|22 .| <=,
giving
1—e< HK{?}Z<S> ,S1+e (55)
Also . . )
H (29K19) - H (1-1-29k()) <1 (56)

so from (55) and (56) follows (54). (57)
Theorem 6 shows that Z() may be used as approximate inverse preconditioners for K {81) for s =

1,2, ...,n. Algorithm 3 gives the BHP-CG method for solving Ku = b based on the CG method in [25].

In this algorithm incomplete block factorization LU of K is used as implicit preconditioner while the
approximate inverses Z(®) are used as explicit preconditioners for K ﬁ) for s=1,2,...,n.

72 Bulletin of the Karaganda University



Solution of heat equation by a novel...

Algorithm 3. BHP-CG method.
Ensure: the construction of L and U by using the Algorithm 2.
Require: [ = 0 and ug as an initial guess, rg = b — Kuyg.
Require: p_1 arbitrary and o9 = 0.

1. While “‘fé""oo <n<1ldo
2. Solve the Eoystem LUz = r;. For the solution of the block lower triangular system Lw; = r; where

w; = Uz forward substitution works since the diagonal blocks of L are identity matrices. Then for the
solution of the block upper triangular system U z; = wy, the preconditioned CG method is used to solve

the block subsystems with the explicit preconditioners Z (5) for the matrices K fs)

.If I > 1 then compute o7 = (21, LU z) / (z1-1, LU z;_1).
. Else 09 = 0.
. End if.

.pr =z + o1 and ap = (2, LUz) [/ (pi, Kpr),

U = w + ogpp and Ty =1 — g Kpy.

. End while.

. Let I* be the iteration number performed, in 1-8 then %« is the approximate solution satisfying

Il
Mol ="

© 00 ~J O Ut = W

‘ oo

4 Numerical investigation
We take D = {(xl,xg) 0<r1 <1,0< 29 < @}, fort € [0, 1] and the prediscribed accuracy ¢ in
Algorithm 1 is taken as 5 x 107°. Also in all tables C PUs stands for Central Processing Unit time in

seconds and ptl stands for per time level wherever they appear. Let in addition, the following notations
be used in this section where K is the matrix in (27) and K is as given in (8).

Mﬁ P Mﬁ p denote the newly developed HDP and classical RDP.

N (MEL), N7 (ME ) denote thessize of the matrices K and K.
Prehm (ML), Pret™(ME5) are the preconditioning time of K; and K.
Con™™(ME ), Gon™T (M ) are the condition number of K; and K.
C’TMﬁP, OTM{ip._denote the CPUs ptl for the method Mﬁp and Mﬁp.

TC’TMELP, TCTM{ir denote the total CPUs required by the method Mﬁp and Mﬁp for solving the
problem on ¢ € [0, 1].

neg means that C'PUs is less than one millisecond.

We present the function e, , defining the error on the grid points D"~y., by eM{ip(h7) obtained

ME (h,T)

from the application of the method Mﬁ p - Similarly we use € to show the error function ¢y, ~

obtained by the method Mﬁ p on the grid points D.h2~ In addition, the convergence order of the
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methods Mﬁp and Mﬁp are

[estzna

H
RMiip = logy 0 ,
HgMﬁP(Q*(u+1)727(A+2))H
o0
R stMﬁP(Z_“»Q_A)
RpMitp — logy oo

HgMﬁp(zme),zf(Mm) H ’
o0

respectively, where p, A are positive integers.

4.1 Test problem: Example 1

ou *u 0%

5 o2 + o2 + f (z1,22,t) on Qr,
u(21,72,0) = 0.0728% 403257 + 1 on D,
u(zy,x2,t) = wv(x1,x2,t) on Sp,
f(z1,22,t) = (3 + %) 275 cos (t3+%> ey

— (6 + ) (5 + ) (0.0721 " + 0.3257)
v(z1,22,t) = 0.0725 + 03258 4 sin(312) + e,

where v is the exact solution. Table 2 shows the GTM{ir, CTMiir and the error norms HgMﬁp(huT)

H MEp(hr)

)
[e. 9]

for h = 27# u = 4,5,6,7,8 when 7 = 272 X\ = 6,8,10,12,14 and the order of

[e.9]
convergence ?RMﬁP, RMiip for Examplerl when o = 0.8. Table 3 shows the same quantities by using

the methods Mﬁp and Mﬁp whenar= 0.01. These tables indicate that both methods have fourth
order convergence in spatial yariables and second order convergence in time variable.

On the other hand the second and fifth columns of these tables show the computational time
CTMiir and CTMiir required for.the method Mﬁ p and Mﬁ p respectively. By analyzing the values
of CTMiir and CTMiir we¢onelude that the proposed method is more economical in computational
time per time level when the BHP-CG method given in Algorithm 3 is applied to solve the derived
systems. This conclusion-is also supported by the results given in Table 4 which demonstrates the
number of grid peints in the stiffness matrices N7 (M) and N*7(ME ), the preconditioning times
Preh™ (M 5)and Pre™™(MFE ), the condition numbers of the preconditioned matrices Con/™ (M)
and Con™7 (M) /and the total computational time required in seconds TCT Miir and TCTMiir of
the methods Mﬁ p and Mﬁ p respectively for Example 1 when oo = 0.8.

Further, when h = 276 and 7 = 2710 for o = 0.8, the grid function ‘EMﬁP(TGv?_m)’ presenting the

errors in absolute values at four time stages ¢t = 0.25,0.5,0.75,1 by the method Mﬁp are shown in

710)

Figure 3 for Example 1. Analogously, Figure 4 demonstrate the function ‘EMﬁP(TﬁQ at the same

time levels and (h,7) pair and « value obtained by the method MF ,.
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Table 2
Results by the methods M{l, and M, for Example 1 when o = 0.8
(h,7) cTMiip HEMﬁP(h‘T) wpMiir  orMiip HEMﬁp(hv"') RMiip
272 neg 419389E — 5 neg 426584E — 5
(27°,27%)  0.047 2.62266F —6  3.9992  0.047 2.66787E —6  3.9991
(27,2719 0.156 1.63922E —7  3.9999  0.234 L66749E —7  3.9999
(277,27"%)  0.641 1.02449E —8  4.0000 1.016 1.04224E —8  3.9999
(27%,27") 2,578 6.40304F — 10 4.0000  4.312 6.51384F — 10 4.0000
Table 3
Results by the methods M{l, and M%, for Example 1 when a = 0.01
(h,T) cTMiip HEMﬁP(hv"') pMiir  orMiip H&—Mﬁp(hv"') RMiar
2727 neg AT9389E — 5 neg 2.98695E — 5
(27°,27%)  0.047 2.62266FE —6  3.9994  0.047 1.86757E — 6 3.9994
(27%,271%)  0.188 1.63922E —7  3.9999  0.219 L16726E =7  3.9999
(277,27"%)  0.64 1.02449E —8  4.0000 1.016 7.29597B— 9. 3.9999
(27%,27") 25 6.40298E — 10  4.0000 4.25 4.56001F = 10  3.9999
Table 4

Computational efficiency comparison of M ., M{, for Example 1 when a = 0.8

(h, T) (274’276) (275’278) (2—6’2710) (27772712) (278,2714)
N (ME ) 233 977 4001 16193 65153
NPT (M p) 225 961 3969 16129 65025
Pre™™ (Milp)  neg neg 0.063 0.36 2.797
Pre™™(M{ip) neg neg 0062 0.359 2.625
Con™ ™ (M{3p)  0.99997 0:99993 0.99989 0.99986 0.99983
Con™™(M{ip)  0.99991 0.99988 0.99987 0.99985 0.99981
TCTMiir 0.61 9:09 194.84 2659.03 42582.52
TOTMiir 0.70 11.83 272.91 4258.53 71073.79

()

Figure 3. The grid function |eMiir(2™*27")| when t = 0.25,0.5,0.75, 1 by M, for Example 1.
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“C“MSP(TE 27

Figure 4. The grid function eMiEp(7° 27 when t = 0.25,0.5,0.75,1 by Mﬁp for Example 1.

4.2  Test problem: Example 2

ou 0*u 0%

— = —+——0.5 t
37 37 _
u(zy,22,0) = 5:::16 +zy +lon D,
u(z1,z2,t) = wv(x1,&2,t) on Sy,
£ ) 8725 () + 147 = 1147 2
1,T == [ —tm sin —x —x
b 12 7270 T 36 2
1 37 37
+0.5 (53316 + 2 + cos (ti’;)> ,
37 37 37
v(xy1,29, 1) = 5:1016 +xy + cos (tﬁ),

where, v is the exact solution. Table 5 demonstrates the CTMiip ) TCTMiir and the error norms for
h=2"pu=4,516,78when 7 = 272 X\ = 6,8, 10, 12, 14 respectively, and the order of convergence

RM{ip for Example 2. Figure 5 shows the absolute error function ‘gMﬁP(TGva) for time values

t = 0.25,0.5,0.75, 1 obtained by the given method Mﬁp for Example 2.

Table 5

Results by the method M{l, for Example 2

(h,7) crMiir  OTMP HeMﬁPW’T) RMLir
(277527%)  neg 0.61 2.378442F — 5

(275, 2—82 0.047 9.907 1.543029F — 6 3.9462
(27%,271%)  0.172 207.547 1.015411E —7  3.9256
(277,27"%)  0.735 2904.99 6.623985E — 9  3.9382
(27%,27")  2.829 50743 4.251592E — 10 3.9616
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E=d

Figure 5. The grid function eM{ip(27%27 | when t = 0.25,0.5,0.75; 1" by Mﬁp for Example 2.

5  Conclusion

On a hexagonal system of grids, a novel implicit method is developed for approximating the solution
to the DBVP of the heat equation (2)—(4) on rectangle. Further, by using the modified two-step
iterative method, block hybrid preconditioning of the conjugate gradient method is given. The obtained
theoretical and numerical results demonstrate that the given implicit method is economical since it is
computationally time efficient. We remark that in Section 2, the given implicit scheme on hexagonal
grids was studied in the dissertation [31].
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C.K. Bypanait', H. Aman?

HITvevie 2Kepopma menisi ynusepcumemi, Pamazycma, Typriia;
2Payp Jdenwmaw yrusepcumemi, Huxocus, Typrusa

Tyiiingec rpa/iueHTTEP J/IICIiH OJOKTHI-rUOpUATI KaiiTa miapTrayra
KOJIJaHAa OTBIPHII, YKaHa aliKbIHEMEC cXeMa OOMBIHIIIA
KBLTYOTKI3TINITIK TEHAEYiH TIeITy

Seprreyin Herisri MakcaThl — aJITHIOYPBIIITAPIBIH TOP XKYRECIHIE YKaHA aflbIPBIMJIBIK, 9/1iCiH Kacay apKbLIbI
TIKTOPTOYPBIIITAFbI XKBITYOTKI3MIITIK TeHeyinin Iupuxiie MeTTiK ecenTepain mentiMil »KybIkTay. By ap-
Hallbl cXeMa CO3Ci3 TYPAKTHI KoHE KEeHICTIKTIK alfHbIMAJIbIIAD OOMBIHINA TOPTIHIII J9JIIK PETi KOHE YaKBIT
afHBIMAJIBICHI OOMBIHIIIA €KIHII JRJIIIK peTi 6ap TopJiap/iarbl HAKTHI IIEIIiMre »KaKbIH AN THIHBI J9JIEJICH T .
Exinmminen, Toabik emec GJIOKTHIK haKTOPJIAHIBIPY CUMMETPUSIIBI OH AHBIKTAJFAH OJIOKTBHIK, YIIOYPBIIITHI
MaTPHUIAJIAP VIMTiH CHMMETPHUSIIBI OH, AHBIKTAJIFAH KACHETT] CaKTail OTBIPHII, allHAIMAJIbI TUarOHAIbIbI OJI-
OKTap/IblH, Kepi >KarblHA >KYBIKTAUTHIH KOHCEPBATUBTI WUTEPAIUSIJIBIK, 9JIICTI KOJJaHA OTBIPBII OepijreH.
Bonamaxra dpakTopmanapipy OGJOTBIHBIH KOMErIMEH AJIBIHFAH aJIreOpaiblK, TEHIEYIep XKYMeCiH op yakbIT
JeHTeiH/Ie enTy VImiH TYHiHIec TpaaneHTTep SaiciHin rubpuaTi KaiiTa mapTTaybl KOJTAHBLIAIb.

Kiam cesdep: XKbUIyoTKI3rinTiK TeHieyl, ailKbIHEMEC CXeMa, AJITBIOYPBIIITH TOP, TYPAKTBLIBIKTHI TaJIIaY,
CHMMETPUSLIBI OH AHBIKTAJIFaH MaTPHUIA, KYBIKTAJFAH KEPi, TOJBIKEMEC OJIOKTHI (PpaKTOPJIAHIABIPY, OJIOKTHI-
ruOpuATI KaiiTa mapT KO, TYRIHIEC TPAJUEeHTTED 9IICi.

C.K. Bypanaii', H. Aman?

YBocmorno-cpedusemmomoperutl yrusepcumem, Pamazycma, Typyus;
2 Vnueepcumem Payda Jenkmawa, Hukocua, Typyua

Pemenne ypaBHeHHUs TEIJIOIIPOBOIHOCTU 110 HOBOW HESIBHOM cXeme C
MCIIOJIb30BaHNEM OJIOYHO-TUOPUIHOIO IIPe100yCJIOBINBAHNASA METO/IA
COIIPSAXKEHHBIX I'PAANEHTOB

OCHOBHOI! TIEJIBIO MCCJIEIOBAHUS SIBJISIETCS AMIPOKCUMAITUST PEIeHns KpaeBoit 3amaun /upuxie ypaBHeHUs
TEIJIONPOBOIHOCTH HA MPSIMOYTOJIbHUKE IyTeM pa3pabOTKN HOBOTO PA3HOCTHOIO METO/A Ha CETOYHOU Ch-
cTeMe IIECTUYTOJIBHUKOB. JloKa3aHOo, 4TO JaHHAs CllenuasbHas cxeMa 06e3yCJIOBHO yCTONYNBA M CXOIUTCS K
TOYHOMY PEIIEHHIO Ha CETKAaX C YeTBEPTHIM HOPSIKOM TOYHOCTH IIO IIPOCTPAHCTBEHHBIM IIEPEMEHHBIM U BTO-
PBIM HOPSIIKOM TOYHOCTH 10 BDEMEHHOM! 1epeMeHHON. Bo-BTOpBIX, HenmoHast 6109Has aKTOpU3aIus JaHa
JJIsT CUMMETPUYHBIX TOJIOKUTEIHLHO OIPEJIEJIEHHBIX OJIOUHBIX TPEXIUArOHAJIbHBIX MAaTPHUIL C HUCIIOJIH30Ba-
HHEM KOHCEPBATUBHOTO UTEPATUBHOTO METOMA, KOTOPBIA AIIITPOKCHUMHUPYET OOPATHYIO CTOPOHY TTOBOPOTHBIX
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JQUArOHAJIBHBIX OJIOKOB, COXPAHSIs CUMMETPUYHOE IIOJIOXKUTEILHO OIpeJIeJIEHHOEe CBOUCTBO. B naspHeliniem
C IIOMOIIBIO 9TOro 6JI0Ka (haKTOpU3AIMU IPUMEHEHO MMOpH/IHOE PeJo0YCIOBINBAHIE METO/IA COIPSIZKEeH-
HBIX TPAIMEHTOB JJIsi PEIIeHNs MOy YeHHOM aareOpamdecKoil CHCTeMbl yPABHEHUN HA KaXKJOM BPEMEHHOM
YPOBHe.

Karoueswie caosa: ypaBHEHUE TEILJIONPOBOIHOCTH, HEsIBHASI CXeMa, T€KCAIOHAJIbHAS CETKA, aHAJIN3 YCTOWYIN-
BOCTH, CHMMETPUYHAS TTOJIOKUTEIHLHO OIpeeieHHAsT MATPHUIA, TPUOJINKEeHHAs: 0O0paTHast, HeloJHas 01049-
Hasi paKTOpU3aIns, 0JJOYHO-TUOPUIHOE TIPEI00YCIIOBINBAHUE, METOI, COIIPSI>KEHHBIX I'PaJIMEHTOB.
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