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On a Homogeneous Parabolic Problem in an Infinite Corner

Muvasharkhan Jenaliyev?, Murat Ramazanov®
“Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
bBuketov Karaganda State University, and Institute of Applied Mathematics, Karaganda, Kaza
Abstract. In addition to the trivial solution in the class of essentially bounde ctio agiven weight
for the Solonnikov-Fasano homogeneous parabolic problem in an infiniti main we establish the

existence of the nontrivial solution, up to a constant factor.
1. Introduction and Statement of the Problem
We consider a homogeneous boundary value problem

du(x, t) az(?zu(x, N

o Ep 0, {x,t}eG={x,t: 0 5 1)
ou(x, t) _ L du(x,b) dia(t)
ax |X=0 - 0/ ax |x=t + dt - 0 (2)
where 7i(t) = u(t, t).
Note that the problem (1)—(2) is en case of the problem studied in the work [9], and, for

simplicity, the coefficients from thi
statement of the problem from
value problem ”... is useful fo
phase problem ”... Stefan
u(x, t) occupies the segme

ork'are taken equal: k = b = 1. These changes do not contradict the
s noted in the work [9], the case of an nonhomogeneous boundary
ome problems with free boundaries”. For example, for single-
llowing assumptions: the liquid phase with a positive temperature
< s(t), at x = 0 a positive heat flow is given, and free boundary x = s(t)

starts at the solid bo X .e. the condition is satisfied s(0) = 0”. In the work [9] the theorem on the
unique solvability o sidered boundary value problem in weight Holder spaces is established.
In this pape to the trivial solution in the class of essentially bounded functions with a given

x <t, 0 <t < T} be an arbitrary bounded triangle, where T is a finite number. By
ctions

(x + tl/Z)—l, {xl t} € GT/ (x1+a + t(1+a)/2)_1/ {xl t} € GT/
0(x, t) = O:(x, t) = ‘
exp(-2¢}, (x,t€G\Gr, exp (-2t + LIV iy, 1) € G\ Gr,
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a >0, ¢ >0, we can determine the classes of functions
Lo(G, 6(x,), Leo(G, 0.(x, 1)), @)

which mean, respectively, the following inclusions

O(x, 1) - u(x, t) € Lo(G), Oe(x, t) - u(x,t) € Lo(G).
2. Transformation of Problem (1)-(2) and Reducing it to an Integral Equation

We transform the problem (1)—(2). To do this, we introduce the function v(x, t) = au(gz’” ur formally
differentiating equation (1) with respect variable x, we get:

do(x, 1) ,%0(x, 1)

g a 5.2 =0,0<x<t t>0; ® (4)
do(x,t) 2
o(x, t)lx=0 = 0, ( s a—Zv(x, t) =t = 0. )

Remark 2.1. First of all, we note the following: each solution Jo ry value problem (4)-(5) determines
a unique solution (up to a constant factor) to boundary valu (1)—(2). Indeed, from the second

boundary condition (2) and equation (1) for the function u( &, 1)d & + c(t) we obtain:

[20(x, £) + us(x, )] | _, +¢'(H) = % + @i (x )] |, + (B =0,

or

Further from here, by virtue of sec
constant does not belong to class (

Solution of the proble are looking as the sum of the double and the single-layer potentials
([10], p. 476-479):

t
x? 1 1 (x —1)?
v(x, t) = exp {—m} v(t)dT + Yo f e exp {—m p(t)dr, (6)
0
where t v(t) and @(t) are unknown and should be defined.
e lution (6) to the first of the boundary conditions. We have:
0 t :
v(t 1 1 T
D=0 = —= - dt = 0. 7
0(x, Bx=0 w2 o = f o exp{ T 'c)} @(t)dT =0 (7)
0

From here we express the function v(t) in terms of ¢(t):

t
2

a 1 T
v(t) = "R Con P {—m} p(r)dr. ®)
0
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Using the representation (6) and equality (8), we obtain the following expression for the solution to
problem (4)—(5):

t
1 1 B (1 _ (x=p
v(x, t) = N f T [ exp{ 1200 T)} + exp{ T p(t)dT. )
0
In order to satisfy the second boundary condition of (5) we find from (9) its derivative with respect
Jo(x, 1) _ f X+T (x+77 | x-1 (=7
ox e \/‘ [ -1z { WwG-0) = P -0 |

According to the second boundary condition (5) we have:

¢

du(x, t) P ) 1 t+1

( ax ) ( t)|x t = oa ryy 4a3ﬁ (t—’[)3/2 exp{—
0

(t+1)3

t
_4a31\/E Of (t —17)1/2 P {_%}

1 t 1 (t+ T)2
AV f (=02 P a- ) YOI

Using equalities t + 7 = 2t — (t — 1), (t+1)* = (t — 1)? (11) we obtain an integral equation for the
unknown function ¢(t), t > 0:
1 t—1
t - dt—
(P( ) + 2a \/E 4@ 4a2 }(P(T) T

exp {_%} p(t)dT = 0. (11)

t
5 1 t—1
_ZQﬁf(t_T)l/z { (P(T) T+2 \/_f(t—"[)l/z {—W}@(T)d’f—o (12)
0
The solution of the int n (12) will be sought in the class
Vi exp {t/(4a2) . ie. @(t) € Lo G Vi exp {t/(4a2)}). (13)

It should be note
[1,2,4].

milar 1ntegral Volterra equation of the second kind we have been studied in

3. Solvi I ral Equation (12)

402

t
1 t tt
(Pl(tHa\/Ef(t—T)f“/z eXP{—m}(Pl(T)dT—
0

ce a new unknown function: ¢1(t) = ¢(t) exp { } then from (12) it follows:

t t
5 1 tT 3 1
_Zaﬁof =07 eXp{_azct—ﬂ}q’l(”d”zaﬁOf o =0 (14

or in the operator form ¢ + (I; — I + I3)p = 0.
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Remark 3.1. At first glance, in the integral equation (14) the main part is the first integral. However, due
to the fact that the solutions to this equation are sought in the class of functions that for small values ¢
have feature +~'/2, in fact the main terms are the first and second integrals. The third integral is a weak
perturbation for the two first integrals. Therefore, here, considering the first integral as the main one,
the use of the Carleman-Vekua method of regularization is not justified. The above is confirmed by the
following calculations norms of integral operators in the class of essentially bounded functions with
t1/2. At first, we calculate the following integrals

1 1312 tr 3 t1/2 3Vn
Il(t) = by \/E J Tl/z(i’ — T)3/2 exp{ —a2(t )}dT / I3 = 2 \/E ! Tl/z(t _ T)l/Z ‘/Z/

t1/2

t
5 tt 5 \/E t
L(t) = N f T12(t — 1)1/2 exp {_aZ(t — T)}dT T exp{a—z}er &
0

Hence, for the norm of the operator I, — I; we get:

I = Ll = sup -1/2| =

t>0

5\/Eex { ! }erfc \/;
22 OP\2 a
where f is the unique solution to the equation with respect to vari
\/? 1
T2 it

and the number f is bounded and strlctly greater t
In integral equation (14) we make the re he independent variable, and introduce a new

/27

erfc| —

unknown function

h(t) = (Pl(l/tl)

as a result from (14) we obtain:

¢ m-ms/z {a2<1 >}9”2(“)d“‘

5exp{ m} ] —@o(11)dT1 = (15)

the solution of integral equation (15), returning to the initial independent variable and
<1 function, we can get the solution to the initial integral equation (12).
é ation (15) we use the Laplace transformation. We have:

(e8]

[Sexp -=+-r f $2(q)dg = 0. (16)

p

-

Here we have used the following formulas of Laplace transformation ([7], p. 472 and [6], p. 158):

L[f k(ty —Tl)(Pz(Tl)dTl] = k(=p) - 2(p), -5 <P2(t1) =f 2(q)dq,
P

t
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We turn from integral equation (16) to the differential equation by introducing a new unknown function-
image:

(o)

P(p) = f Pag)dg,  ie, @ap) = -

dp
r
o) ___Seelivrlod
P(p) 20+-p [1 +exp {—% \/—_p}] ‘ <

dub(p), 17)

Integrating equation (18), we obtain

9)) _ Sexp -2 v=p) -3
ln(T) = _f2u\/_[1+exp{—% \/__}] \/_+lr1 1+exp (19)
From (19) we have: !

oy —c. el C R o s
(reptyT)  (trepl-2vp) J

Using formula (17), from equation (20) we find the solutio

(20)

A 5 eop|-iv exp {3 V7
P2(p) A ; ; t4 5 T v
(1+ exp{-2 v=7) 2 V7))
3 5 exp {
= [_E + 5 eXp {—— = (21)
Further, in order to find the orlglnal function (pz(p) we will use the following decomposition:

1+ Z)5 Z( DAz, % , |zl <1, where Ay = _ e DG+ 231('k +3)(k+ 4) (22)

Note that if z = 1, then the following equality holds (1 + z)‘5|Z:1 =1/32.

Using the decompositio from (21) we obtain the representation of the function ¢, (p) in the form of
the series:
5)\2
2 —1) 22yl —
P2p) =25 L )Ak[ \/_peXp{ (k+ Z)a ”}

—% —(k+§)§\/—_p}], Vpelp: Re{y=p} > 0. 23)
ce the inversion formula for the Laplace image is valid ([7], p. 497):

- [exp a\/_] expl{—a?/(4t)}
Va Vnty

then from (23) we have the function-original ¢,(t1) for all 0 < #; < co:

Z( 1)kAk[5exp{ (k+§)2 zlt} 3exp{ (k+;)2%}]

1ko

, 0<t1<00,

Pa(t) =
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Further, from here, returning to the initial independent variable 0 < t < oo, we obtain:

P10 = ) (-1 [plht) - 9], (24)
k=0

where
Wy = O ( 5)2t @ 3Ak ( 3)2t
t)y=—F— —\k+3) ¢/ t)y=——F— -k+5) 5¢-
Pl = 5 w7 P { ta) @l T w1 e @ )
Thus, the desired solution to initial integral equation (12) is defined by the formula:

o)=Y 1 [el ) - pP®)], 0<t<oo, (26)
k=0
where @

t t
o0 = g0 exp - 20 = P20 ep{- ). @)
Solution (26) actually belongs to the class L (G; Vit exp {wlz (13).

4. Solving the Boundary Value Problem (1)-(2)

ermined according to formulas (9) and
)—(2) has the form:

The solution v(x, t) to boundary value problem (4)
(26)-(27), and the solution to initial boundary value

u(x, t) = Cfv(é, tdé = Cii(x, t), (28)
0

since its solution is found up to a con; fac , where v(x, t) is defined according to formula (9).
To establish the boundedness e obtained solution u(x, t) (28) to problem (1)-(2) we need to study

the properties of the solution y(x, t to problem (4)—(5). Since @(t) € Lo (]R+, \/fexp {t/ (4a2)}) (13), we

need to make an estimate and s e boundedness of the integral I(x, t) for all {x, t} € G:
t
I(x,t) = 1 dt (29)
4 2a ﬁ ﬁ 7
where
b1 (1 + )2 (v = ?
I — - -+ —— | dxy. 30
! (=) [ P { w(i-of TP\ T2 o f|™ (30)
0
alculate the integral (29). For this purpose, after the replacement
‘ X117 dx1
z2=——,dz=———r||,
2aVt—1 2avNt—-1

from (30) we have

)= Cerf[ T ) f( X—1 )]
Li(x, t,7) a\/E[ er (211\/; +er T (31)
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And further, substituting the value of the integral I (x, t, 7) (31) into (29), we get

t
L (et 2 R bl
I(x,t)—zof‘[ erf(zam)+erf(2am)] Nz dr. (32)

From here we immediately obtain an estimate for integral (32):

Vt/(2a)
[ t) < 4a f expl-&2)dé = 20V erf(z—‘f). (
0

Thus, we have established uniform boundedness of the integral (29) over the
that is we have shown that solution i(x, ) (27) to boundary value problem (1)
Loo(Gr, (x + t/2)71). Note that the solution #i(x, t) is determined up to a constantfact,

u(x, t) = Cii(x, t), u(x,t) € Leo(Gr, (x + t\

defines the general solution to boundary value problem (1)—(2). Estimate
smallness for all {x, t} € Gr, i.e. the following inclusion holds:

also allows to get its order of

ii(x, t) € Lo(GT; O(x,

This follows from the asymptotic behavior for the functien e r small values of the variable t (having

a place for small values x).
5. The Main Results Q
We formulate the main results of the o

addition to the trivial solution has the non-trivial solution u(x, t) =

Theorem 5.1. Boundary value probles (1)—(2)i
and € = const.

Cii(x, t), where ii(x,t) € Lo(G, O(x,t)

Theorem 5.2. In the class
solution u(x,t) = 0.

6. Addition to the [ @ of Class (3)

Lo(G, Oc(x, 1)) (3) boundary value problem (1)—(2) has only the trivial

(34)
[ eXp{—ﬁ}d -
PV at—nf~ @ "
0a(x, 1) < Do, ) = — f R ) v 8 (36)
B N R G T
0
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For function v1g(x, t) (35) we have:
1 2x + t (x + 1) }
v10(x, ) = ex — bt 37
wloh = 5= ew f N { -0 47
We make the following replacements
X+t (x + 1)
=———, dt = ——%dz
T Vi—t' T s
As a result from (37) we get
x+t 2x+t r exp{—z2} dz
vo(x, t) = By \/_ \/_ 4a2 f . =
_‘f - 241

2
52 — ZZ (x4+ t) , éd&j

1 x4+t 2x+t (x+1)? )
TRV { i } exp {-&}de,
0
i.e., we have
v1o(x, t) = ﬂ exp {Zx } x - t (38)
2a
In deriving the equality (38) for calcu gral we have used the formula from ([3], 3.466.1)
e soluition to boundary value problem (1)—(2) u1(x, t) = f v1(&, )dE
0

Now, for obtaining the first part

(o)

we nave:
, é”)dé:lf (= f 2 dzd =
2a\/f a
27;\% Za\/?z—t
geithe order ofintegration” 2a exp{ } fexp{—zz} exp{z—}d(z—)dz+
M 0
2a
o x v
2 < _ 2 t
+ fexp{—z }fexp{ﬁ}d(z—)dz =2a exp{—z} fexp{—z }[exp{72—ﬂ}—1]d2+
Lkt 0 i
2aVt a
i
} 1]dz =2a exp{ _2}fexp{_22+ }dz—
i



M. Jenaliyev, M. Ramazanov / Filomat 32:3 (2018), 965-974 973

s o552

Since the integral in the last expression is calculated using the formula 1.3.17 from ([8], Vol. 1, p. 115), we
obtain:

t Vi 2x +t X+t
< )
lur(x, t)| <avn {erf( " \/_) exp {4a2 } erfc (_211 ) + exp {—4ﬂ2 } erfc (Za \/_)} 9)
Further, similar to the previous one, for function v,(x, ) (36) we have:

t
1 2x —t) 1 (x —1)?
va(x, t) < vylx, t) = N exp {— 17 }f \/m exp {_4a2(t — T)}d'[. (40)
0

We make the following replacements z = —— ‘/t_ dt = (;uz?s dz, as a resultffrom ta

1 —(x - 2x — e 1
Uzo(x, t) = e \/% . (x\ﬁ t) exp {— zaz t} f

I S et {__
TvE vE P

i.e., we have

vo(x, t) = 2—\/5 exp {—%} e ( . 41)

In deriving the equality (41) for caleulating the integral we have used the formula from ([3], 3. 466 1).

Now, for obtaining the secon of the solution to boundary value problem (1)—(2) ux(x, t) = f v2(&, H)dE

\/_f (é—t)

; HdE = erfc— de =

@— v0(&, t)dE = erfc Py &

@ exp —iT_Z} f ex p{ }d zd & = ||we change the order of mtegratlon“
0 _ &t

X

o
:2a-exp{£} fexp{—zz} f exp{—%}d(%)dz+

- 2’;;\’5 —2a\iz+t

we have:

o

+fexp{—zz}0fexp{—2%}d(%)dz =2a-exp{é} fexp{—zz}[exp{gz—z—;z}—

_ x—t
% 20Vt
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o
—exp{—ziaz}]dz+fexp{—zZ}ll—exp{—z—zz}]dz =2a-exp{—4—:2}fexp{—zz+%z}dz—
Vi

b7 20Vt

wenp (25 e 22| ] 1 o - )

Since the integral in the last expression is calculated using the formula 1.3.17 from ([8], Vol. 1

get:
lua(x, t)| < a v |erf +ex {i}erfc ﬂ —ex {—zx_t}erfc Xt (42)
2 a\/' Pl 2a P17 2avi)]

From the expressions for the components of solution u;(x, t) (39) and uy(x, t) (42) y obtain

|
=
X

lu(x, O < fur (x, )] + fuz(x, B)] <

<a\/_[2erf( mf) {%}erfc(;-:/;)—exp{—zza_zt}e

Thus, from (43) we get an admissible order of growth for the solution

(1D)—2):
ju(x, £)] < C- exp{2x+t}, {x,t} € G\ Gr, (44)

where Gy = {x,f: 0<x<t, 0<t<T< +oo}is an arbitr, ed triangle.
With the help of the weight functions
(x+t/2)71,  (x,t}€Gr, xl+e 4 fd+a)/2)=1) {x,t} € Gr,
Q(X, i’) = ¥ e(2x
exp(-522), (xHeG\ 0 exp{-2¢ + 21, (vt} € G\ Gy,

a >0, € >0, we can define the classes

(43)

to boundary value problem

Leo(Go(x, 1)), Leo(G, Bc(x, 1)),

inclusions

(x,1) € Loo(G), Oc(x,t) - u(x, t) € Leo(G).

which mean, respectively, the

is paper was published in extended abstracts of the Third International
pplied Mathematics, Almaty, Kazakhstan (September 07-10, 2016) [5].
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