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Deformations of the three-dimensional Lie algebra s[(2)

Deformation is one of key questions of the structural theory of algebras over a field. Especially, it plays
a important role in the classification of such algebras. In odd characteristics of algebraically closed fields,
local deformations of classical Lie algebras are completely described. Local deformations are-also known for
classical Lie algebras with a homogeneous root system over an algebraically closed field of characteristic 2,
except for the three-dimensional Lie algebra s[(2). In the characteristic 2, deformations of Lie algebras
with an non-homogeneous root system are calculated only for Lie algebras of small ranks. In this paper
we investigate deformations of the three-dimensional classical Lie algebra s[(2) over an algebraically closed
field k of characteristic p = 2. We also describe three-dimensional two-sided' Alia algebras associated with
Lie algebra sl(2) in the characteristics 2 and 3. It is proved that, in characteristic 2, the space of local
deformations of the Lie algebra s[(2) is five-dimensional. The structural specialty of the second cohomology
space of the adjoint representation of the Lie algebra s[(2) areranalyzed. In particular, the subspace of
cosets of restricted cocycles is described. It is proved that the subspace of classes of restricted cocycles
is two-dimensional and the corresponding local deformations are restricted Lie algebras in the sense of
Jacobson. It was found that a family of simple three-dimensional unrestricted Lie algebras correspond
to unrestricted non-trivial cocycles. In characteristics 2 and 3, three-dimensional two-sided Alia algebras
that are non-isomorphic to the Lie algebra s[(2) are constructed. In the process of the study, a complete
description of the space of all derivations of the Lie algebra s[(2) is obtained.

Keywords: Lie algebra, module, representation, derivation, outer derivation, deformation, restricted defor-
mation, cohomology, cocycle, commutative coeycle, Alia algebra.

Introduction

Over an algebraically closed field of characteristic zero, classical Lie algebras are rigid. Deformations of
classical Lie algebras in positive characteristics were studied in [1-10]. In [11-14] deformations of Cartan type
Lie algebras are studied.

In this paper deformations of the three-dimensional classical Lie algebra g = s[(2) over an algebraically closed
field k of characteristic p.= 2 are calculated. It is well-known that, in the case when p > 2, the Lie algebra
5[(2) is rigid [6]. We prove that in characteristic 2 the Lie algebra s[(2) admits a five-dimensional space of local
deformations (Theorem 1). To prove Theorem 1, we use information on the structure of the space of outer
derivations of the'Lie algebra g. In section 1 we give a complete description of the space of outer differentiations
of the Lie algebra g (Proposition 1). The dimension of the space of outer derivations of the Lie algebra g was
previously calculated in [15]. In section 2 the spaces of usual and restricted second cohomologies of the Lie algebra
g with coefficients in the adjoint representation are calculated. According to the general theory of deformation,
asnecessary condition for the deformation of a Lie algebra is the non-triviality of its second cohomology with
coeflicients in the adjoint representation. However, in the general case, the correspondence between the 2-cocycle
classes of the second cohomology for the adjoint representation and the deformations of the Lie algebra is not
one-to-one [8]. In this connection, we prove that the parametrizability of local deformations of a restricted Lie
algebra g by elements of the second cohomology H?(g,g) (Lemma 1). By restricted local deformations of a
Lie algebra g we mean deformations corresponding to elements of the second restricted cohomology HZ(g,g).
A restricted cohomology of a restricted Lie algebra was first introduced by Hochschild in [16]. In the last section 3
the space of commutative cocycles with coefficients in k is calculated (Proposition 2). Commutative cocycles
play an important role in the structural theory of two-sided Alia algebras [17-19] and in the second cohomology
groups of current Lie algebras [20]. An algebra (A4, o) is called a two-sided Alia algebra if the identities

[a,b]oc+ [b,c]oa+ [c,alob=0,
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aolbc]+boleal+cola,b =0

hold, where [a,b] = aob—boa is the usual commutator. The two-sided Alia algebra is Lie-admissible, i.e. the
space A becomes a Lie algebra respect to the multiplication [a,b] = a o b — b o a. The Lie algebra deformed
by commutative cocycles is a two-sided Alia algebra non-isomorphic to the Lie algebra itself. It was proved
in [17] that if p # 2,3, then among the classical Lie algebras only the three-dimensional Lie algebra s[(2) admits
commutative cocycles. Commutative cocycles for some important classes of Lie algebras such as current Lie
algebras, Kac-Moody algebras, finite-dimensional semi-simple algebras were studied in [21].

Let g be a Lie algebra over an algebraically closed field k of characteristic p. The space of i-dimensional
cochains C'(g, g) of an ordinary cochain complex is defined as the space of skew-symmetric poly-linear functions
¥ : N\'(g) — g with differential d defined by

i+1
dw(lh l2a e 7li+1) = Z(_l)] [lja ’l,[}(ll, e alja e ali+1)]+
j=1
Z(_l)p-‘rqd}([lpa lq]7 e 7/l;77 e 7217 e 7li+1)a
p<q
where [1,l2, -+ ,l;41 € g, and the notation E means that the element /; should be omitted.

Let

Z'(g,9) = Kerdn Ci(g,g) is the space of i-dimensional cocycles,
Bi(g,g) = Imdn Ci(g,g) is the i-dimensional cochains,

and H'(g,g) = Z'(g,9)/B"(g, g) is the i-dimensional cohomologies.
Ifwe Z'(g,9), ¥ € Z%(g,9) then

7&]([11, lg]) — [ll,w(lg)] —+ [lg,&)(ll)] = O fOI‘ all ll, 12 e g, (1)

—([l1, 2], 13) + (I, 3], L) — b ([l2, I3], 1) — (2)
(11, ¥(la, 13)] + [l2, (11, 13)] =dll3, 9 (l1,02)] = O for all I1,15,13 € g.

Let now g = sl(2). Choose a basis {e, h, f }-of the Lie‘algebra g with the multiplication table [h,e] = 2e,
[h, f] = —2f, [e, f] = h. In the dual space g* we choose the dual basis {e*,h*, f*} for the basis {e,h, f}.

We identify the space C(g, g) with the space /\l(g*) @ g. The cohomological class of the cocycle 1 € Zi(g, g) is
denoted by [¢].

1 Derivations

Proposition 1. Let g = sl3(k) be the three-dimensional classical Lie algebra over an algebraically closed field
k of characteristic p = 2. Then the following isomorphisms of the vector spaces over k hold:

(a) Z'(g,9) = (w1,@2, Wy WasWs, We) k;

(0) H'(g,9) = ([wi], [wa], [ws], [wal),
where w; = e* e+ h*"@h,ws=e*Q f,ws3=f"Re,ws=fF*Qf+h*"Qh, ws=€e*"Rh, wg = [f*R h.

Proof. (a) First we prove that the cochains wy,ws, - ,ws are cocycles. To do this, it is sufficient to check
condition (1) for the basis elements e, h, f. Indeed, since

—wi([e, h]) — [e,wi(h)] + [h,wi(e)] = —2wi(e) — [e, h] + [h,e] = —2e — 2e + 2¢ = 0,

—wi(le, ) = [e,; (N + [frwi(e)] = —wi(h) + [f,e] = =h = h =0,
—wi([h, 1) = [hywr (N] + [, w1 ()] = 21 (f) + [f, h] = 2f = 0,

then wy is a cocycle. Similarly, the condition (1) is easily verified for other cochains.
Let

w=zie*Re+ a2 Qh+ 123" R f +1y1h*" Qe+ 1yh*@h+1y3h* R f
+af @etnf @htaf ©feZ (g 0),

where x;,¥;,2; € k. The following implications hold:

—w(le,h]) — [esw()] + [hyw(e)] = 0 = y3 =0,
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—w(le f) = le;w(Hl + [fiw(e)] =0 = y1 =y3 =0, 21 +y2 + 23 = 0,
—w([h, ) = [hw(H] + [f,w(h)] = 0 = 51 = 0.

Therefore, from the condition (1) it follows that y; = y3 = 0 and z1 + y2 + 23 = 0. These equalities form a
linear system with respect to x;,y;,2; € k. The rank of this system is 3, so it has a six-dimensional space of
solutions. As a basis of Z1(g,g), one can choose cocycles wy,wsa, - ,We.

(b) Let w = Z?Zl ajw; € Z'(g,9), where a; € k. Suppose that w € B!(g, g). Then for the basis elements of
Li algebra the equalities

w(e) = [6, bie + boh + bgh], w(h) = [h, bie + boh + bgh], OJ(f) = [f, bie + boh + bgh]

hold, where b; € k. From these equalities it follows that a; = az = a3 = a4 = 0, as = c1, ag = c3. Thus, the
cocycles wy,ws, w3, wy are linearly independent and its cosets form the basis of the space H'(g;g).
The proof of Proposition 1 is complete.

2 Local deformations

Theorem 1. Let g = sl(2) be the three-dimensional classical Lie algebra over an algebraically closed field k
of characteristic p = 2. Then the following isomorphisms of vector spaces over k hold:

(a) Z°(g,9) = (Y1, V2, V3, Ya, Us, Ve, Y7, Ys)k;

(b) H*(g,9) = ([¥1], [V, [¥s], [va], [¥s])k

(c) HZ(g,0) = ([¥s), [¥6))k,
where 1 = e* AW @e+h* AN f*@ f, pa=e" AR Q@ f, b3 =hA ffQ@e, Ppy=e"Nf"@f, s =e"ANf"Re,
Yg=€e*"ANh* @h, v =h* N f*Q@h, Yg=€*" A f*®h.

Proof. (a) Since for any cochain ¢ € C?(g, g),

—([e, ], ) + ¢ (le; 1, )= ([R5 ] e) = 0

and
—[e, V1 (h, )] + [h, (e, H)] =[f, ale. h)] = [e, f] — [f. €] =0,
—les¥a(h, £)] + [hfiba(e, I = 1f, ¥2(e, h)] = =[f, f1 =0,
—le; ¥3(h, f)l4 [h, balesf)] — [f,vos(e, h)] = —[e,e] =0,
—les Ya(ha /)] + s ale, )] — [f, vale, h)] = [h, f] =0,
—les s (i N [ s (e, )] = [f, ¢s(e, h)] = [h,e] =0,
—le s (. )] + [h, Ys(e, )] — [f, ve(e, h)] = —[f, h] =0,
—le, 7 (h, )] + [h, ( NI =1f v(e,h)] = —[e,h] = 0,
=le; ¥s(h, )] + [, vs(e, /)] = [f vs(e, h)] = [h, h] =0,
theani] (2), the cochains ¥y, s, - - - , g are cocycles.

Y=z AN ®e+ze" AR*@h+23e" AR Q f+y1e A" Qe+ ANf"Qh+yse* NfF R f

F2h A fF@e+ 2mh* Af*@h+23h* A fF @ f e Z%(g,0),

where z;, y;j, z; € k. Then from the cocycle condition (2) it follows that z; + 23 = 0. Therefore,
dim Z2(g,g) = 9 — 1 = 8. The cocycles ¢, j = 1,2,---,8 form the basis of Z?(g, g).
(b) Let

8
= aj; € Z2°(g,0)
j=1

and
w=bie"R@e+be*Qh+b3e* @ f+bsh*Re+bsh*@h+bgh™ R f

+brf* @e+bsf* @h+bof* @ f € Clg,g),
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where a;,b; € k. Then from the condition ¢ = dw it follows that a1 = a2 = a3 = 0, as = b, as = bs, as = bs,
a7 = by, ag = by + bs + bg. Therefore the cocycles

W1, P2, 3, V4, U5

are linear independent and its cosets form a basis of H(g, g).
(¢) For the adjoint g-module g there is the following Hochschild exact sequence [16]:

D
0 — H.(g,8) — H'(g,8) — S(g,0%) = H(g,0) — H(g,9) — S(g, H'(g,0)),

where
S, V)=A{u:g—=V | ulaaly + asls) = Ju(ly) + abu(le), ar,as € k, 11,12 €@}

is a space of semi-linear maps from g to V. The maps T" and D defined by

To(h) = [0 b)) — w(i?),

p—1

Dy(l)la = > (ad ) (%1, (ad )P~ (1)) — v (@, 13),

Jj=0

where [1,1; € g, w € Z1(g,9), and v € Z?(g, g). In particular, if p = 2 then
To(h) = [l w(h)] = w(@f), (3)

Dy (l1)lz = (1, [, o)) + [, 0 (1L, g)] = D@, 1o). (4)

If Dy(ly) is a inner derivation for the Lie algebra g for some [y & g then It is obvious that the image of cocycle
coset [¢] under the map

D : H*(g,0) <% S(g, H'(g,9))
is trivial.
By (3) and Proposition 1,
Twl = Tw4 = U, ng == w57 ng = wﬁa

where u is a semi-linear map defined by u(h) = h;u(e) = u(f) = 0. Therefore, IT = S(g, g?). Then from the
previous exact sequence it follows that the following sequence is exact:

D
0> H(g;0) — H*(g,0) — S(g, H' (9. 9))- (5)
Using (4) and the statement (a) of Proposition 1, we get
Dy, (h) = @i + w4, Dy, (h) = wa, Dy, (h) = w3, Dy, (h) = ws, Dy, (h) = we.

Then, by the statements (@) and (b) of Proposition 1, the maps Dy, (h), Dy, (h) are inner derivations of g,
and the maps Dy, (h), Dy, (h), Dy,(h) are outer derivations. Therefore, [4], [t)5] € HZ2(g,g) and [11], [¢2],
[v3] ¢ H?(gyg)- Then the statement (c) follows from the exact sequence (5).

The proof of Theorem 1 is complete.

Lemma 1:The cocycle cosets of the space H?(g,g) define nontrivial local deformations of the Lie algebra g.
Proof. By Theorem 1,

H?(g,9) = ([v1], [, [¥s], [Ya], [5])k-

Denote by s((2,¢;) the local deformation of the Lie algebra g corresponding to the cocycle coset [¢);]. For the
basis elements of the Lie algebra s[(2,¢;), we also use the notation of the basis elements of the Lie algebra g.
The multiplication of the Lie algebra sl(2,t;) is defined by

[ll,lg]tJ = [ll,lg] + tj’(/Jj(ll,lg), l1,l5 € 5[(27tj)7 tj € k.

First, we consider the Lie algebra s[(2,¢1). It is a simple Lie algebra. Therefore, it corresponds to a nontrivial
local deformation of the Lie g.
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If j € {2,3,4,5} then sl(2,t;) is not a simple Lie algebra. Any homomorphism s[(2,¢;) — g is not one-to-
one. Indeed, if ¢ : sl(2,t;) — g is a homomorphism of Lie algebras, then ¢(h) = 0if j = 2,3, tad(h)+o(f) = 0if
Jj =4,and t5p(h)+¢(e) = 0if j = 5. Hence, the cocycle cosets 19, 13, 14, 15 define nontrivial local deformations
of the Lie algebra g.

The proof of Lemma 1 is complete.

Remark 1. By Theorem 1, H?(g,g) is a proper subspace of H?(g,g). This means that not all local
deformations of the Lie algebra g admit a restricted structure.

8 Deformations by commutative cocycles

Let g be a Lie algebra over an algebraically closed field k of characteristic p and V' be a g-module. A bilinear
map 7 : g x g —> V satisfying conditions

([, 2], 1) + n([l2, 1], 1) + n([ls; L], 12) = 0, (6)

n(l1,l2) = n(la, ), (7)
where 1y, Iy, I3 € g, is called a commutative cocycle with coefficients in V. Let Z2,, (g,M) be the space

com
of the commutative cocycles with coefficients in V' and Z2, (g) = Z2,,(9, k). If p # 2,3, then among
classical Lie algebras only a three-dimensional classical Lie algebra sl(2) admits commutative cocycles and
dim Z2,,(sl(2)) = 5 [17, Theorem 1]|. In characteristic p = 2, from the condition (6) it follows that if
n € Z2,.(s1(2)) then n(h,h) = 0. Hence, using the condition (7), we get the following

com

Proposition 2. Let g = sl(2) be the three-dimensional classical Lie algebra over an algebraically closed field
k of characteristic p = 2. Then

Z2yn(9) = (i =i =1 By,
where
m(e,e) = 1; mae, h) = n2(h,e)= Tims(e, f) = n3(f,e) = 1;
na(h, f) =na(fsb) = L ns(f, f) =1
(not specified components are equal to zero).

Remark 2. A statement similar to Proposition is also true in the case of characteristic p = 3. Indeed, according
to (6), any commutative cocycle 7 satisfies the equality n(e, f) = n(h, h). Therefore, a basic commutative cocycle
73 may be chosen so that the equalities

ns(es f) =ns(f.e) =n3(h,h) =1
hold.

Remark 3. In the space g ='5[(2) the commutative cocycles of Z2, (g,g) define Lie-admissible two sided
Alia algebras non-isomorphic to g [17]. Since

Z(9,0) 2 22, (0) @4

then, according to Proposition 2 and Remark 2, in characteristics p = 2,3 there exist three-dimensional Lie-
admissible Alia algebras non-isomorphic to the Lie algebra s[(2).

The work of the second author was supported by grant AP05131123 of Ministry of Education and Science
of the Republic of Kazakhstan by theme «Cohomological and structural problems of non-associative algebrass.
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A.A. Ubpaesa, [I1.I11. bl6sipaes, B.E. Typbaes

Yt esmmemzai s((2) JIu anrebpachiabiy, gedopMaliusiiapbl

HedopMmarusi epicke KaTbICTBI airebpajapblH KYPBLIBIMJIBIK, TEOPHUSCHIHBIH, MAHBI3/IBI CYPAKTAPBIHBIH,
6ipi GosbIm  TabBLIAABI. OCipece, OCBIHIA aJredpaiapiblH, KIACCU(PUKAIUSICHIHIAFBl OHBIH, OPHBI
epekire. CunarramMachl Tak, ajareOpaIbIK, TYHBIK ©picTep/ie KIACCUKAIBIK, JIu asrebpasiapbIiHbIH, JIOKAJTIBI
necdopMmanusapbl TONBIK, ecenrenred. CoJl CUSIKTBI, CAIIATTaMachl 2-re TeH epicre TyOipsep xKyiieci 6ip-
TEKT] KJIACCUKAJBIK JIu anreGpanapblHbiH JOKaIbI gedopmarusiaapbl ga s((2) Jln anrebpaceiaan 6acka
xKarpainapaa Gesrini. Cuarramacel 2-re TeH epicre Tybipsep Kyiieci GipTeKTi eMec KJIACCUKAJBIK, Jlu
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asrebpasIapbIHbIH, JTOKAJIbI1 JedpopMalusiapbl TeK paHri Temed JIu ajaredbpasapbiiia ecernresren. Maka-
JIaJla, CUIATTaMachl p = 2 aarebGpasiblk, TYHBIK k epicingeri ym esmemal Kiaaccukaublk, s1(2) JIu anrebpa-
CBIHBIH JedopMalysIapbl 3epTTesIi. 2 XKoHe 3-Ke TeH opic cunarramasapbiaaa, s/(2) Jlu agrebpacbiMen
GallyTaHBICTHI YIII OJIIIEM/I €Ki »KaKThl Asna anrebpasapbl KapacTeipbuirad. CumarraMacsl 2-Te TeH epicTe
5[(2) JIn anrebpachbIHbIH JIOKAIbIL gedopManusIapbl KeHicTirinin 6ec emmemai exeni mpsenaenmi. sI(2) Jln
asIreOpachIHbIH KiPIKTIpiJINeH MOy IiHIH eKiHIII KOrOMOJIOTHsJIap KEHICTITIHIH KYPBLIBIMIBIK, €peKIeTiKTepi
TaJigaHabl. Jdepbec karmaiiia, MeKTeJIreH KOMUKIIEP KAACTapbIHbIH, imKi KeHicTiri curmarraaasl. [lekres-
PeH KOIMKJIJIEP KJIACTapPbIHBIH, IITKI KeHICTIriHIH eKi eJIIeM/ Il XKoHe CONKecTi JJOKaJIbIl e OpMaIUsiIapIblH,
J>kekobcoH MarbIHACBHIH/A IeKTesren JIu anrebpasapsl ekeni mpienaenmai. [IlekTesmeren TpuBuaJib eMec
KOTIMKJIIepre Kol yur esmemai JIu ajarebpasapblHbIH Yiipi coffkec KeTeTiHl aHBIKTAIILI. 2 KoHE 3-K€ TeH
cunarramasapaa, s((2) Jlu anrebpacbina u30MOPMTHI eMec yII eJmeM i eKi »KakTbl Asina asreGpasapbl
KypbuLael. 2Kyprisiires seprreysep normxkecinae s1(2) JIu anrebpachlHblH 6apiIblK quddepeHnuaiayiap
KEHICTITiHiH TOJIBIK, CUTIATTAMACHI AJIBIH/IHI.

Kiam cesdep: Jlu anrebpacel, MO/Ly/Ib, KOpiHic, nuddepennnaniay, CbIpTKbI guddepernuaiay, aedpopma-
[st, MeKTeIreH JedopMalys, KOrOMOJIOIUs, KOIUKJI, KOMMYTaTUBTI KOIMKJI, Ajna ajareGpachi:

A.A. Ubpaesa, I1.I11. l6paes, B.E. Typbaes

Hedopmanuu Tpexmepoii aareopor JIu 51(2)

Hedopmariust siBsSIeTCS OJHUM U3 KJIIOYEBBIX BOIIPOCOB CTPYKTYPHO# Teopunu aarebp Has nmojgeM. OcobeHHO
BA’KHYIO POJIb OHA MIPAET IPHU KJIACCH(PUKAIINU Takux ajaredp< B HeueTHBIX XapakTepucTHKax ajredpan-
YeCKM 3aMKHYTBIX IIOJIell JIOKaJIbHbIe Hedopmanuu Kjaaccudecknx ajiedp JIu ommcansl nmonmxocTwio. Takke
M3BECTHBI JIOKAJbHbBIE JedOopMaliii KIacCudeckux ajredp JIum ¢ omHOpomHO#W cucTeMoi KOpHEH Hajl aJi-
re6panvIecKy 3aMKHYTBIM IIOJIEM XapaKTEPUCTUKU 2, KpOMe Tpexmeproit anre6bpor Jlu s[(2). B xapaxre-
puctuke 2 nedopmarmu anrebp JIu ¢ HeOIHOPOIHON CUCTEMONl KOPHEH BBIYUCIEHBI TOJBKO JJIsd ajreop
JIn manpix panros. B crathe msydennr gedopMmalym TPEXMEPHON KJIaCCHYIECKO# anrebper Jlu s[(2) man
ajrebpanvecku 3aMKHYTBIM IojieM k xapakrepucTuku p = 2. OnucaHbl TpexMepHbIE ABYCTOPOHHUE ajired-
pol Asma, cBs3aHHble ¢ asrebpoii JIu sl(2) B xapakrepucrukax 2 u 3. JokasaHo, 9TO B XapaKTEPUCTHUKE
2 MPOCTPAHCTBO JIOKAJILHBIX jedopmanuii anre6psr JIn §l(2) narumepno. [IpoanaamsmpoBaHbl CTPYKTYP-
HbIE 0COGEHHOCTHU TIPOCTPAHCTBA BTOPOM KOTOMOJIOIUY IPHCOEAMHEHHOTO [Ipe/IcTaBIeHns aare6pnl Jlu s((2).
B wacrTrOCTH, ONIEICAHO TTOANIPOCTPAHCTBO KJIACCOB OrPAHIMYEHHBIX KONMKIIOB. JloKa3zaHo, YTO MOmIIpocTpaH-
CTBO KJIACCOB OI'PAHUYEHHBIX KOIUKJIOB JIBYMEPHO M COOTBETCTBYIOIINE JIOKAJTbHBIE TeDOPMAIIAN SBJISTIOTCST
orpanndeHHbIMU ajredbpamu JIu B cMbice [I2kekobcona. Brisicneno, 4To HEOrpaHUYIEHHBIM HETPUBHUAJILHBIM
KOITMKJIAM COOTBETCTBYET CEMEMCTBO ITPOCTHIX TPEXMEPHBIX HEOI'DAHWYEHHBIX ajredp Jlu. B xapakrepuc-
THKaxX 2 ¥ 3 MOCTPOEHBI TPEXMEPHBIE JIBYCTOPOHHME ajirebpbl Asma, memsomopdubie anredpe JInm s((2).
B xozne npoBesenHOr0 nceaeg0BaHnsA MOy YEHO MOJTHOE OMUCAHNE TPOCTPAHCTBA BCexX AuddepeHinpoBaHuit
asre6per JIu s((2).

Kmouesvie crosa: anrebpa Jlu, momysns, npeacrasienne, quddepeHImpoBanne, BHeITHee auddepeHnnpoBa-
Hue, nedopManus, orpaHnyeHHas JedopMalyst, KOrOMOJIOI s, KOIUKJI, KOMMYTATUBHBIN KOIMKJI, ajarebpa
Anma.
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