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Introduction

Over the years, nonlocal and local boundary value problems (BVPs) for third-order partial differen-
tial equations (PDEs) have gone through extensive investigations (see, for instance, [1–9]). Time delay
(TD) is a common phenomenon in various engineering projects. The theory as well as applications of
delay nonlinear and linear third-order ordinary differential and difference equations having delay terms
have been explored in numerous works (see, for instance, [10–16]).

The stability of the third order partial delay differential equation (PDDE) having involution and
Dirichlet condition was investigated in [17]. Nevertheless, the third order PDDE with involution and
Robin condition (IRC) is not studied before. Therefore, the main motivation for this paper is to study
the stability of the third order partial delay differential and difference equations with IRC.

1 Differential problem stability

In [0,∞)× (−ρ, ρ) , the initial BVP for the TD third order PDE with IRC.

∂3u(ζ,y)
∂ζ3

− (δ(y)uζy(ζ, y))y + β (δ(−y)uζ,−y(ζ,−y))−y
= −b (−δ(y)uy(ζ − w, y))y + β (δ(−y)u−y(ζ,−y))−y
+Φ(ζ, y), 0 < t <∞, (−ρ, ρ) ,

u(ζ, y) = g(ζ, y),−w ≤ ζ ≤ 0, y ∈ [−ρ, ρ] ,

α1u(ζ,−ρ)− γ1uy(ζ,−ρ) = 0, α2u(ζ, ρ) + γ2uy(ζ, ρ) = 0, 0 ≤ ζ <∞

(1)
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is studied. In this study, we make the assumption that w > 0, δ ≥ δ(y) = δ(−y) ≥ δ > 0, y ∈ (−t, t)
and δ − δ|β| ≥ 0, α1, α2, γ1, γ2 are non negative constants.

We examine the Hilbert space L2 [−ρ, ρ] consisting of all square integrable functions defined on
[−ρ, ρ] , equipped with the norm

‖ Φ ‖L2[−ρ,ρ]=

(∫ ρ

−ρ
|Φ(y)|2dy

) 1
2

.

A unique solution u(ζ, y) is possessed by problem (1) for the smooth functions δ(y), y ∈ (−t, t),
g(ζ, y),−w ≤ ζ ≤ 0, y ∈ [−ρ, ρ] ,Φ(ζ, y), 0 < ζ < ∞, y ∈ (−ρ, ρ) , and b ∈ R1, provided the
compatibility conditions are met.

Theorem 1. The following stability estimates hold for the solutions of problem (1):

max
0≤ζ≤nw

‖vζζ(ζ, ·)‖W 1
2 (−ρ,ρ) , max

0≤ζ≤nw
‖vζ(ζ, ·)‖W 2

2 (−ρ,ρ) , max
0≤ζ≤nw

‖v(ζ, ·)‖W 3
2 (−ρ,ρ)

≤M2

[
(2 + |b|w)n a0 +

n∑
i=1

(2 + |b|w)n−i
∫ iw

(i−1)ω
‖Φ(s, ·)‖

W1
2 (−ρ,ρ)

ds

]
,

a0 = max

{
max
−w≤ζ≤0

‖gζζ(ζ, ·)‖W 1
2 (−ρ,ρ) ,

max
−w≤ζ≤0

‖g(ζ, ·)‖W 3
2 (−ρ,ρ)

}
.

Here, the Sobolev spaces W k
2 for k = 1, 2, 3 consist of all square integrable functions ψ (y) defined on

[−ρ, ρ], each equipped with their respective norms

‖ψ‖Wk
2 (−ρ,ρ) =

∫ ρ

−ρ

k∑
i=0

ψy · · · y︸ ︷︷ ︸
i time

(y)

2

dy


1
2

.

Note that M2 does not depend on g(t, y) and Φ(ζ, y).

Proof. With this we are able to change problem (1) to the following initial value problem
d3v(ζ)
dζ3

+Adv(ζ)
dζ = bAv(ζ − w) + Φ(ζ), 0 < ζ <∞,

v(ζ) = g(ζ),−w ≤ ζ ≤ 0

(2)

in H = L2 [−ρ, ρ] which happens to be Hilbert space having a self-adjoint positive definite operator
(SAPDO) A that is given by the formula below:

Au(y) = −(δ(y)uy(y))y + β(δ(−y)u−y(−y))−y, (3)

having domain

D(A) = {u(y) : u(y), uy(y), (δ(y)uy)y ∈ L2 [−ρ, ρ] , α1u(−ρ)− γ1uy(−ρ) = 0, α2u(ρ) + γ2uy(ρ) = 0} .

Theorem 1’s proof relies on the positive definiteness as well as the self-adjointness of the space operator
A as specified by equation (3), as well as the results presented in paper [18]. Additionally, the proof
incorporates the theorem on the stability of the solution to problem (2).
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Theorem 2. [19] The following estimate applies to the solution of problem (2):

max
0≤ζ≤nw

∥∥∥∥A 1
2
d2v(ζ)

dζ2

∥∥∥∥
H

, max
0≤ζ≤nw

∥∥∥∥Adζ(ζ)

dζ

∥∥∥∥
H

,
1

2
max

0≤ζ≤nw

∥∥∥A 3
2 v(ζ)

∥∥∥
H

≤ (2 + |b|w)n a0 +

∫ nw

0

∥∥∥A 1
2 Φ(s)

∥∥∥
H
ds, n = 1, 2, ...,

where

a0 = max

{
max
−w≤ζ≤0

∥∥∥∥A 1
2
d2g(ζ)

dζ2

∥∥∥∥
H

, max
−w≤ζ≤0

∥∥∥∥Adg(ζ)

dζ

∥∥∥∥
H

, max
−w≤ζ≤0

∥∥∥A 3
2 g(t)

∥∥∥
H

}
.

Stability of the difference scheme

For the approximate solution of problem (1), we study the stable difference scheme (DS). Prob-
lem (1) discretization is conducted in two stages.

Firstly, the spatial discretization is executed. The equation below defines the grid space:

[−t, t]h =
{
y = yn

∣∣ yn = nh, −Γ ≤ n ≤ Γ, Γh = t
}
.

We present the Hilbert space L2h = L2([−t, t]h) of the grid functions ϕh(y) = {ϕn}Γ−Γ defined on
[−t, t]h, endowed with the norm

∥∥∥ϕh∥∥∥
L2h

=

 ∑
y∈[−t,t]h

∣∣∣ϕh(y)
∣∣∣2 h
1/2

.

We associate the difference operator Ayh with the differential operator A that is defined by equation (3),
using the following expression

Ayhϕ
h(y) =

{
−
(
δ(y)ϕny

)
y
− β

(
δ(−y)ϕ−ny

)
y

}Γ−1

−Γ+1
, (4)

that acts in the space of grid functions ϕh(y) = {ϕn}Γ−Γ and meeting the requirements

α1hϕ
−Γ − γ1(ϕ−Γ − ϕ−Γ+1) = 0, α2hϕ

Γ + γ2(ϕΓ − ϕΓ−1) = 0.

Here

ϕnȳ =
ϕn − ϕn−1

h
, −Γ + 1 ≤ n ≤ Γ, ϕny =

ϕn+1 − ϕn

h
, −Γ ≤ n ≤ Γ− 1.

It is properly-established that Ayh, as defined by equation (4) is a SAPDO in L2h. By making use of
Ayh, the initial discretization step leads to the problem that follows:

∂3uh(ζ, y)

∂ζ3
+Ayhu

h(ζ, y) = −bAyhu
h(ζ − w, y)

+Φh(ζ, y), y ∈ [−t, t]h, 0 < ζ <∞,
uh(ζ, y) = gh(ζ, y),−w ≤ ζ ≤ 0, y ∈ [−t, t]h, −w < ζ < 0.

(5)
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Secondly, problem (5) is replaced with the following first order of accuracy DS



uhk+2(y)−3uhk+1(y)+3uhk(y)−uhk−1(y)

η3
+Ayh

uhk+2(y)−uhk+1(y)

η

= bAyhu
h
k−M(y) + Φh

k(y),Φh
k(y) = Φh(ζk, y), k ≥ 1, y ∈ [−t, t]h,

uhk(y) = gh(ζk, y),−M ≤ k ≤ 0,

(Υh + η2Ayh)
uh1 (y)−uh0 (y)

η = ghζ (0, y),

(Υh + η2Ayh)
uh2 (y)−2uh1 (y)+uh0 (y)

η2
= ghζζ(0, y), y ∈ [−t, t]h,

(Υh + η2Ayh)
uhmM+1(y)−uhmM(y)

η =
uhmM(y)−uhmM−1(y)

η , y ∈ [−t, t]h,

(Υh + η2Ayh)
uhmM+2(y)−2uhmM+1(y)+uhmM(y)

η2

=
uhmM(y)−2uhmM−1(y)+uhmM−2(y)

η2
, y ∈ [−t, t]h,m = 1, 2, ...,

(6)

here η = 1/M and ζk = kη, −M ≤ k <∞.
Theorem 3. Let h and η be values that are small enough. The following estimates hold for the

solution of DS (6):

max
0≤k≤(m+1)M−2

∥∥∥∥∥uhk+2 − 2uhk+1 + uhk
η2

∥∥∥∥∥
W 1

2h

, max
1≤k≤(m+1)M

∥∥∥∥∥uhk − uhk−1

η

∥∥∥∥∥
W 2

2h

,

max
0≤k≤(m+1)M

‖uhk‖W 3
2h
≤ χ1

[
(2 + η|b|(M− 2))mbh0

+
m∑
i=1

(2 + η|b|(M− 2))m−iη
iM∑

s=(i−1)M+1

‖Φ(ζs)‖W 1
2h

 ,m = 0, 1, ...,

bh0 = max

{
max
−M≤k≤0

‖ghζζ(ζk)‖W 1
2h
, max
−M≤k≤0

‖ghζ (ζk)‖W 2
2h
, max
−M≤k≤0

‖gh(ζk)‖W 3
2h

}
.

Here, W 1
2h,W

2
2h and W 3

2h represent spaces of all mesh functions ψh (ζ) defined on the interval [−ρ, ρ]h
having the specific norm

∥∥∥ψh∥∥∥
Wk

2h

=

 ∑
y∈[−ρ,ρ]

k∑
i=0

ψhy · · · y︸ ︷︷ ︸
i time

(y)

2

hk


1
2

.

Note that χ1 does not depend on η, h, gh(tk), and Φh
k(y).
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Absolutely stable difference scheme ...

Proof. DS (6) can be written in abstract form

uhk+2−3uhk+1+3uhk−u
h
k−1

η3
+Ah

uhk+2−u
h
k+1

η = bAhu
h
k−M + Φh

k , k ≥ 1,

uhk = ghk ,−M ≤ k ≤ 0,

(Υh + η2Ah)
uh1−uh0
η = ghζ (0), (Υh + η2Ah)

uh2−2uh1+uh0
η2

= ghζζ(0),

(Υh + η2Ah)
uhmM+2−2uhmM+1+uhmM

η2
=

uhmM−2uhmM−1+uhmM−2

η2
,

(Υh + η2Ah)
uhmM+1−u

h
mM

η =
uhmM−u

h
mM−1

η ,m = 1, 2, ...

(7)

in L2h which is a Hilbert space with SAPDO Ah = Ayh that is defined using the formula (4). Where,
ghk = ghk (y), Φh

k = Φh
k(y) and uhk = uhk(y) are known and unknown abstract mesh functions that are

defined on [−ρ, ρ]h with the values in H = L2h. Consequently, Theorem 2 proof relies on the theorem
4 below as well as the self-adjointness and positive definiteness of the space operator Ah (4) [20].

Theorem 4. [21] The following estimate holds for the solution of DS (7):

1

2
max

0≤k≤(m+1)M−2

∥∥∥∥∥A 1
2
h

uhk+2 − 2uhk+1 + uhk
η2

∥∥∥∥∥
H

, max
1≤k≤(m+1)M

∥∥∥∥∥Ahuhk − uhk−1

η

∥∥∥∥∥
H

,

max
0≤k≤(m+1)M

‖A
3
2
hu

h
k‖H ≤ χ1

[
(2 + η|b|(M− 2))mbh0

+
m∑
i=1

(2 + η|b|(M− 2))m−iη
iM∑

s=(i−1)M+1

‖A
1
2
HΦ(ζs)‖H

 ,m = 0, 1, ...,

where b0 = max

{
max
−M≤k≤0

‖A
1
2
h g
′′(ζk)‖H , max

−M≤k≤0
‖Ahghζ (ζk)‖H , max

−M≤k≤0
‖A

3
2
h g

h(ζk)‖H
}
.

2 Numerical algorithm for the third order delay partial differential equation

We give the algorithm for numerically solving the initial BVP for third order delay PDE having
involution and Robin boundary condition

∂3u(ζ,y)
∂ζ3

− ∂3u(ζ,y)
∂ζ∂y2

+ 8∂u(ζ,y)
∂ζ − 1

8
∂3u(ζ,−y)
∂ζ∂y2

+ ∂u(ζ,−y)
∂ζ

= −0.1(−∂2u(ζ−1,y)
∂y2

+ 8u(ζ − 1, y))

−35e−2ζ cos 2y + 1.2e−2(ζ−1) cos 2y,

0 < ζ <∞, −π < y < π,

u(ζ, y) = e−2ζ cos 2y, −1 ≤ ζ ≤ 0, −π ≤ y ≤ π,
u(ζ,−π)− e−2ζ = 28uy(ζ,−π),−u(ζ, π) + e−2ζ = 28uy(ζ, π), 0 ≤ ζ <∞.

(8)

The exact solution of problem (8) is u(ζ, y) = e−2ζ cos 2y,−π ≤ y ≤ π,−1 ≤ ζ < ∞. We use the set
of grid points [−1,∞)η × [−π, π]h = {(ζk, yn) : ζk = kη,−M ≤ k,Mη = 1, yn = nh, −Γ ≤ n ≤ Γ,
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Γh = π}, for the approximate solutions of the problem (8), we get the first order of accuracy DS in t



uk+2
n −3uk+1

n +3ukn−u
k−1
n

η3
− uk+2

n+1−u
k+1
n+1−2(uk+2

n −uk+1
n )+uk+2

n−1−u
k+1
n−1

ηh2

+8u
k+2
n −uk+1

n
η − 1

8

uk+2
−n+1−u

k+1
−n+1−2(uk+2

−n −u
k+1
−n )+uk+2

−n−1−u
k+1
−n−1

ηh2

+
uk+2
−n −u

k+1
−n

η = −(0.1)

(
−uk−M

n+1 −2uk−M
n +uk−M

n−1

h2
+ 8uk−M

n

)

−35e−2ζk cos 2yn + 1.2e−2(ζk−M) cos 2yn,

tk = kη, mM + 1 ≤ k ≤ (m+ 1)M− 2,

m = 0, 1, ..., −Γ + 1 ≤ n ≤ Γ− 1,

Mη = 1, yn = nh, −Γ + 1 ≤ n ≤ Γ− 1, Γh = π,

u0
n = cos(2nh),

u1n−u0n
η + η(−u1n+1−2u1n+u1n−1

h2
+ 8u1

n)

+η(
u0n+1−2u0n+u0n−1

h2
− 8u0

n) = −2 cos(2nh),

u2n−2u1n+u0n
η2

+ (−u2n+1−2u2n+u2n−1

h2
+ 8u2

n)

+2(
u1n+1−2u1n+u1n−1

h2
− 8u1

n)

+(−u0n+1−2u0n+u0n−1

h2
+ 8u0

n) = 4 cos(2nh), −Γ + 1 ≤ n ≤ Γ− 1,

umM+1
n −umM

n
η + η(−umM+1

n+1 −2umM+1
n +umM+1

n−1

h2
+ 8umM+1

n )

+η(
umM
n+1−2umM

n +umM
n−1

h2
− 8umM

n ) = umM
n −umM−1

n

η ,

umM+2
n −2umM+1

n +umM
n

η2
+ (−umM+2

n+1 −2umM+2
n +umM+2

n−1

h2
+ 8umM+2

n )

+2(
umM+1
n+1 −2umM+1

n +umM+1
n−1

h2
− 8umM+1

n ) + (−umM
n+1−2umM

n +umM
n−1

h2
+ 8umM

n )

= umM
n −2umM−1

n +umM−2
n

η2
, −Γ + 1 ≤ n ≤ Γ− 1, m = 1, 2, . . . ,

uk−Γ − e−2ζk = 28
h

(
uk−Γ+1 − uk−Γ

)
,

−ukΓ + e−2ζk = 28
h

(
ukΓ − ukΓ−1

)
, 0 ≤ k <∞,

mM ≤ k ≤ (m+ 1)M, m = 1, 2, . . .

(9)
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We rewrite (9) in the matrix form as in the following:

∆χk+2 + Θχk+1 + Λχk + Ωχk−1 = ϕ(χk−M),

k = 1, 2, 3, . . .

χ0 =



cos (2(−Γ)h)

cos (2(−Γ + 1)h)
...

cos (2(Γ− 1)h)

cos (2(Γ)h)


,

χ1 = LHχ0,

χ2 = Y Pχ1 + Y Qχ0,

χmM+1 = LJχmM + LWχmM−1,

χmM+2 = Y PχmM+1 + Y XχmM + Y SχmM−1

+Y ZχmM−2,

m = 1, 2, . . . ,

where ∆,Θ,Λ,Ω, F,H, J, P,Q, S, V,W,X and Z are (2Γ + 1) × (2Γ + 1) matrices, ϕ(χk−M), χ0, χ1

and χr, r = k, k ± 1, k + 2 are (2Γ + 1)× 1 column vectors defined by

∆ =



1 + 28
h −28

h 0 · 0 0 0 · 0 0 0
a b a · 0 0 0 · a∗ b∗ a∗

0 a b · 0 0 0 · b∗ a∗ 0
· · · · · · · · · · ·
0 0 0 · a 0 a∗ · 0 0 0
0 0 0 · b w1 b∗ · 0 0 0
0 0 0 · w1 w2 w1 · 0 0 0
0 0 0 · b∗ w1 b · 0 0 0
0 0 0 · a∗ 0 a · 0 0 0
· · · · · · · · · · ·
0 a∗ b∗ · 0 0 0 · b a 0
a∗ b∗ a∗ · 0 0 0 · b a
0 0 0 · 0 0 0 · 0 −28

h 1 + 28
h



,

Θ =



0 0 0 · 0 0 0 · 0 0 0
l c l · 0 0 0 · l∗ c∗ l∗

0 l c · 0 0 0 · c∗ l∗ 0
· · · · · · · · · · ·
0 0 0 · l 0 l∗ · 0 0 0
0 0 0 · c l + l∗ c∗ · 0 0 0
0 0 0 · l + l∗ c+ c∗ l + l∗ · 0 0 0
0 0 0 · c∗ l∗ + l c · 0 0 0
0 0 0 · l∗ 0 l · 0 0 0
· · · · · · · · · · ·
0 l∗ c∗ · 0 0 0 · c l 0
l∗ c∗ l∗ · 0 0 0 · l c l
0 0 0 · 0 0 0 · 0 0 0



,
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Λ =



0 0 0 0 · 0 0 0
0 d 0 0 · 0 0 0
0 0 d 0 · 0 0 0
· · · · · · · ·
0 0 0 0 · d 0 0
0 0 0 0 · 0 d 0
0 0 0 0 · 0 0 0


, Ω =



0 0 0 0 · 0 0 0
0 e 0 0 · 0 0 0
0 0 e 0 · 0 0 0
· · · · · · · ·
0 0 0 0 · e 0 0
0 0 0 0 · 0 e 0
0 0 0 0 · 0 0 0


,

W =



0 0 0 0 · 0 0 0
0 w 0 0 · 0 0 0
0 0 w 0 · 0 0 0
· · · · · · · ·
0 0 0 0 · w 0 0
0 0 0 0 · 0 w 0
0 0 0 0 · 0 0 0


, S =



0 0 0 0 · 0 0 0
0 s 0 0 · 0 0 0
0 0 s 0 · 0 0 0
· · · · · · · ·
0 0 0 0 · s 0 0
0 0 0 0 · 0 s 0
0 0 0 0 · 0 0 0


,

Z =



0 0 0 0 · 0 0 0
0 z 0 0 · 0 0 0
0 0 z 0 · 0 0 0
· · · · · · · ·
0 0 0 0 · z 0 0
0 0 0 0 · 0 z 0
0 0 0 0 · 0 0 0


, F =



1 + 28
h −28

h 0 · 0 0 0
f∗ f f∗ · 0 0 0
0 f∗ f · 0 0 0
· · · · · · ·
0 0 0 · f f∗ 0
0 0 0 · f∗ f f∗

0 0 0 · 0 −28
h 1 + 28

h


,

P =



0 0 0 · 0 0 0
p∗ p p∗ · 0 0 0
0 p∗ p · 0 0 0
· · · · · · ·
0 0 0 · p p∗ 0
0 0 0 · p∗ p p∗

0 0 0 · 0 0 0


,

V =



1 + 28
h −28

h 0 · 0 0 0
v∗ v v∗ · 0 0 0
0 v∗ v · 0 0 0
· · · · · · ·
0 0 0 · v v∗ 0
0 0 0 · v∗ v v∗
0 0 0 · 0 −28

h 1 + 28
h


, J =



0 0 0 · 0 0 0
j∗ j j∗ · 0 0 0
0 j∗ j · 0 0 0
· · · · · · ·
0 0 0 · j j∗ 0
0 0 0 · j∗ j j∗

0 0 0 · 0 0 0


,

H =



0 0 0 · 0 0 0
h∗ e∗ h∗ · 0 0 0
0 h∗ e∗ · 0 0 0
· · · · · · ·
0 0 0 · e∗ h∗ 0
0 0 0 · h∗ e∗ h∗

0 0 0 · 0 0 0


, X =



0 0 0 · 0 0 0
x∗ s∗ x∗ · 0 0 0
0 x∗ s∗ · 0 0 0
· · · · · · ·
0 0 0 · s∗ x∗ 0
0 0 0 · x∗ s∗ x∗

0 0 0 · 0 0 0


,
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Q =



0 0 0 · 0 0 0
q∗ q q∗ · 0 0 0
0 q∗ q · 0 0 0
· · · · · · ·
0 0 0 · q q∗ 0
0 0 0 · q∗ q q∗

0 0 0 · 0 0 0


, ϕ(k−M) =


ϕk−M
ϕk−M+1

...
ϕkM−1

ϕkM

 , χr =


χr0

χr−M+1
...

χrM−1

χrM

 ,

r = k, k ± 1, k + 2,
where

ϕkn = −(0.1)

(
−
uk−M
n+1 − 2uk−M

n + uk−M
n−1

h2
+ 8uk−M

n

)
− 35e−2ζk cos 2yn + 1.2e−2(ζk−M) cos 2yn,

ζk = kη, mM + 1 ≤ k ≤ (m+ 1)M− 2, m = 0, 1, ..., −Γ + 1 ≤ n ≤ Γ− 1.

Where, a = − 1
ηh2

, a∗ = − 1
8ηh2

, b = 1
η3

+ 2
ηh2

+ 8
η , b

∗ = 2
8ηh2

+ 1
η , c = − 3

η3
− 2

ηh2
− 8

η , c
∗ = −b∗, l =

−a, l∗ = −a∗, d = 3
η3
, e = − 1

η3
, w = − 1

η , s = − 2
η2

z = 1
η2
, f = 2η

h2
+ 1

η + 8η, f∗ = − η
h2
, p =

2
η2

+ 4
h2

+ 16, p∗ = − 2
h2
, v = 1

2p, v
∗ = 1

2p
∗, j = f + 1

η , j
∗ = f∗, h∗ = f∗, e∗ = f − 2, s∗ =

p∗ − 8, x∗ = −v∗, q = −1
, w1 = a+ a∗, w2 = b+ b∗, η2 − 2

h2
− 4, q∗ = x∗, L = F−1, Y = V −1.

3 Numerical analysis

Provided in Table below are the solutions obtained numerically for various values of M and Γ,
with ukn representing the solution of this DS at u(ζk, yn) numerically. The table consist of values for
M = Γ = 30, 60, 120 in ζ ∈ [0, 1], ζ ∈ [1, 2], ζ ∈ [2, 3] respectively and the errors are calculated by

mEM
M = max

mM+1≤k≤(m+1)M, −Γ≤n≤Γ
|u(ζk, yn)− ukn|.

T a b l e

Errors of DS (9)

(M,Γ) M = Γ = 30 M = Γ = 60 M = Γ = 120

ζ ∈ [0, 1] 0.1933 0.1012 0.0516

ζ ∈ [1, 2] 0.2350 0.1169 0.0583

ζ ∈ [2, 3] 0.1692 0.0780 0.0340

If M and Γ are doubled as shown in the above table, the values of the errors decrease by a factor
of approximately 1

2 for DS (9).

4 Conclusion

In this paper, the first order of accuracy DS for the numerical solution of the third order delay
PDE with IRC is considered. Numerical results are given for illustration.
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