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Estimates of singular numbers (s-numbers) for a class
of degenerate elliptic operators

In this paper we study a class of degenerate elliptic equations with an arbitrary powed d racy

the line. Based on the research carried out in the course of the work, the authors propoSe,me to
overcome various difficulties associated with the behavior of functions from the definiti ain for a
differential operator with piecewise continuous coefficients in a bounded domain, whi he'spectral
characteristics of boundary value problems for degenerate elliptic equations. It i conditions

imposed on the coefficients at the lowest terms of the equation, which ensure the tenc uniqueness
of the solution. The existence, uniqueness, and smoothness of a solution a
found for singular numbers (s-numbers) and eigenvalues of the semiperiod'
of degenerate elliptic equations with arbitrary power degeneration.

and estimates are
roblem for a class
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1 Introduction. Mai

Let Q = {(z,y): -7 <z < 7,0 <y < 1}. Consi llowing problem
Lu = —k(y)uzs — tyy + a(Wu, +€(y)u = f(z,y) € L2(2), (1)
’U,(—Tl',y) = Way)aum(_ﬂ-vy) = um(ﬂ-ay% (2)
=u(z,1) =0, (3)

where a(y), c(y) are piecewi
C5%(€2) be a class of infinitel
We also denote closur
In the study of the thiness and approximation properties of solutions to boundary value
uations we encounter questions of the spectral properties of linear
. In contrast to elliptic operators, spectral questions for degenerate elliptic

of mixed and hyperbolic types were investigated. In contrast to the above works, here we investigate
previously unconsidered degenerate elliptic equations with an arbitrary power-law degeneracy on the
degeneracy line.

Definition 1. The function u € Lo(2) is called a solution to (1)—(3) if there exists a sequence
{ur(z,y)}2, C Cgf;r(ﬁ) such that
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||lug — ulle — 0, |[Lug — fll2 — 0 as k — oo.

By C(]0, 1], La(—m, 7)) we denote the space obtained by completing the set of continuous functions
on the interval [0, 1] with values in Lo(—m, ) relative to the norm

1
s 2
lullogor.c = Sup (/ u(z, y)2de
y€[0,1] i

and W3 (€2) is the Sobolev space with norm

2 2 213
lull2,,0 = [luall3 + llugllz + lull2] 2, *
where || - || is a norm of Ls(92).

Definition 2. [11] Let A be a completely continuous linear operator and |A| = . Eigenvalues

of |A| are called s-numbers of A.
Nonzero s-numbers of L ™! will be numbered in descending order, taking intéaccount their multiplicity,
so that @

sp(L7Y) = M(IL7H), k= 1,2,3, .

Theorem 1. Let a(y),c(y) are piecewise continuous fundbio

1)a(y) > 6o > 0, c(y) \

Then there exists a unique solution u(z,y) to (1)—(3psuchythat

1] and satisfying the conditions

lullco,),L, < coll fll2

for all f € La(£2), where ¢ is a constant.
Theorem 2. Let the condition i) be fulfilled. Then the estimate

1
sk < e, k=1,2,3,..

k2
holds, where ¢1, co are congtants;, c1 < ca, 8p is singular numbers (s-numbers) of L7,

2 Auziliary lemmas

Lemma 1. e
[Lullz > cflull2 (4)

, where ¢ is a constant.
o,n(Q)‘ Integrate by parts and taking into account the boundary conditions we have

< Lu,u >> /(“Z + c(y)u?)dzdy + /k(y)uidmdy
Q Q

and

< Lu,uy >= /a(y)uidmdy.
Q

From these relations we obtain (4) using the Cauchy inequality with "e"and taking into account
the condition i). Lemma 1 is proved.
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We denote by I,, the closure of the operator
Lou(y) = —u” + (n%k(y) + ina(y) + c(y))u,n = 0,41, £2, ...
defined on C§°[0, 1], where C§°[0, 1] is a set of infinitely differentiable functions satisfying the conditions
e Lemma 2. The estimates

llnull £o(0,1) = 01(||U/HL2(0,1) + [[ull £y (0,1))s (5)

[lnull Ly0,1) = e2llullero,s (6)
hold for all u(y) € D(l,,), where ¢, ca are constants.
Proof. Let us compose quadratic form (l,,u,u), u € C5°[0, 1]. Integrating by par\
1 1
/ (lnu)ady‘ = / (u? 4+ (n?k(y) + inaly | Y
0 0
Hence, using the inequality |« + i3] > maz(|a|,|[]|) (o, 5 € R), @ ity Schwartz and the

| (b, u)| =

Cauchy inequality with "e > 0"we obtain

lnul2 00y > 0267l

1
2
Ml yion = e [ (o + e s Sy Pkl 7)

From (7) taking into account k(y) > 0 w

tnelZ 0.1 = ealllullZ, 0. Lo(0,1)) = Cl”““%@(o,l)-

Since the embedding operator of the Sobolev space W3 (0, 1) to [0, 1] is bounded it follows that

ull£,0,1) > c2(llull oo,y
which is true for all u € D(L& is proved.

Lemma 3. The operat is inuously invertible.

Proof. Taking into a ) it is enough if we show the density of D(l,,) in Lo(£2). Assume the
contrary. Let th (In)adsaiot density in L2(0,1). Then there exists nonzero element w € Ly(0,1)
such that (I,u,w) € D(l,). Hence since the set D(l,,) is not density in L2(0,1) we obtain
that w is a solu w = —w" 4+ (n?k(y) + c(y))w = 0. From this equality it follows that w” €
Ls(0,1 ue of the continuous coefficients on [0,1]. Now we show that w(y) satisfies the condition
w(0 = egrating by parts we obtain

0= (u,ljw) = (lyu,w) — u'(1)w(1) + u'(0)w(0)
for all w € D(l,). Last equality holds if w(0) = w(1) = 0. Therefore w € D(l,,). Then, we obtain
1wl Ly00,1) 2 ellwllLy0,1)

same as (5). It is shown that w = 0. The resulting contradiction proves the lemma 3.
Lemma 4. The following estimate holds for [ !

1
Hln”Lg(O,l)—)Lg(O,l) > n_éo’n ==+1,£2 ...
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Proof. Taking into account the condition i) we have for any function u € C§°[0, 1]

|, u)| =

1
[ inatlulas] = il o,
Hence, using the Cauchy inequality we obtain

1lnull Ly(0,1) = I2ld0l|wl Loc0,1)-

From the last estimates it follows Lemma 4.

(1.1 f2)(y). By direct verification, we make sure that the function

8 Proofs of the main theorems
*
Proof of Theorem 1. The existence and continuity of ;! follows from Lemm\ ) =

k k
up(zy) = D un(y)e™ = Y (1 fa) (y) el
n=—k n=—k @
is a solution to (1) with the right side
L 4
k .
Ao = 3 HiON,
nza—k
which satisfies the condition (2)—(3). Moreover the followingyequality
k
s ) By T ()]
n=—k

holds. Then from the estimate (5) i

k
Su %2(—71',#) =2m Z sup |un(y)’2 <
n:_kye[ovl]

k
null7 0.0y < c22 W0 0.0) = el falz, 913 (8)
(0,1) (0,1)
n=—k
From Le a4 have
uk(x7y) 2 0 i l—l me\|(2 _ ||s i l—l inz|2
— @, =l S ) @E™)E = llin Y U ) (m)e™ I3 <
n=—k n=—k
b 1 & 1
< Z |n|2“l;1||%2(0,1)—>L2(0,1)||fn||%2(o,1) < 52 Z ||fn||?:2(0,1) = 5_2||fk(way)”% (9)
n=—~k 0 ==k 0
Similarly, using estimates (5), (6) we obtain
Our(,y) | o 2 9 . -1 inzy |12 . -1 inzy (|2
Ha—yllfr Jukllz = Ha_y ST G WE™E YD 0 ) )™ <
n=—=k n=—=k
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k k
< D Ml + Y fall3 <= 20l )3 (10)

n=—"k n=—k

It is known that a set of functions

Z fa)e™ (k=1,2,..)

n=—=k
is dense in Ly(€2). Therefore, we can assume that ||fx(z,y) — f(x,y)||2 — 0 as k — oo. Then the
sequence { f}72, is fundamental, and by virtue of estimates (8)—(10)

L 4
Jur(,) = om0 o)+ () = ) < ’\\,
< collfr(@,y) = fmlz,y)l2 = 0

as k,m — oo. Hence, since the spaces C([0, 1], La(—7, 7)) and W} (Q) are pletegif follows that the
sequence {up(x,y)}32 . has limit u(x,y), for which, by virtue of (8)_ estimate

lulleqoaco) + lullzi.0 < el fll2

holds. Theorem 1 is proved.
Let us introduce the sets

M:{UELQ(Q)Z

M., = {u € C([0,1], Ly(—7

MC;1 = {u € L2(Q); (Hum”2 + [luyy

where ¢ > 0 n cl_1 > 1.
The following lemma holds

Lemma 5. Let condition i) be . Then for some constant ¢; > 1 the inclusions

M, CMC M,

hen, taking into account condition i), we obtain

1
Jull3 < ealllwwall3 + lluyyl3 + lluall3 + luyll3 + ul3)? < cites,

)l la(y)l, le(y)l}-

suming co = c1, we have M 1 C M.
. Then it follows from Theorem 1 that

1
(luzll3 + lluyll3 + lull3)2 < C(ILullf + [lul3) < C,

ie. M C MC. By choosing a constant ¢; such that ¢; > ¢ we obtain the assertion of the lemma. Lemma
5 is proved.
Lemma 6. Let condition i) be satisfied. Then the estimates

cldy < dp <cdy, k=1,2,...
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hold, where ¢ > 0 is an any constant, Jk, dg, dj, are the k-widths of the sets respectively Mc, M, Mc_1.
The proof of this lemma it follows from Lemma 5 and the properties of the widths.
Let us introduce the functions

=Y LNV =) 1LNXN=> 1,

dp>A dp>A dp>\

equal respectively to the number of widths dj,(M), dj, and dj, are greater than A > 0. Estimates (8)
easily imply the inequalities ' B
N(cA) < N(\) < N(c7th)

Proof of Theorem 2. It is known that the estimates * \
A2 <N < 72 (11)
g TSN < epa (12)
hold for the functions N(A) and N(A). Let A = di,. Then N(dy,) = k. T from 11) and (12) it
follows .
Cil—=<d, < C <d
N k 0 = o k < dg
respectively. Hence, taking into account estimates (7) and th Sk+1(L = d;. we obtain
1
Cl_ < Sk < C2
k
Theorem 2 is proved.
cknow
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C.2K. Urucunos, JI.J1. 2Kymammesa, A.O. Cyneiimbexkona, BiH. bag#ines

M.X. [ysamu amomdazer Tapasd enipaix ynusepcumemi, Tapas, Kasarxeman

OszreniesleHEeTIH JUIUIITUKAJIBIK, OIlepaTOPJIaAPIbiHgOip Kiachl YIMiH
CUHTYJISIPJIBIK CaHIap/bl (S-cangapmbl) barajay

Makasaa Ty3yaeri TybIHABL JopexKee o3relleseHyl 6ap e3felIeicHeTiH S/ UIMIITUKAJIBIK, TeHeyIepain 6ip
KJTachl 3eprTeired. 2KyMbic 6apbIChIHIA XKYPTi3iren@epTreyre Cyitele OTHIPHIIN, AaBTOPJIap OeJiKTi-y3ilmricci3
KoaddurmenTrepi 6ap guddepeHnnaIbl OIePATOPALIHNAHBIKTAIY OOJIBICHIHIATBI (PYHKIIAATAPILIH ©3Te-
pyiHe 6aiIaHBICTHI TYBIHIANWIBIH [IIEHEITEH OOJBICTAFI ITEKAPATMBIK, €CEITEP/IIH CIIEKTPAJIBIIK CUIATTAMA-
JIapBIHA DCEP €TETiH 9PTYPJIi KUBIHIBIKTAPIbI KEHY/IIH 9JICT€PIiH YCBIHFAH OChI KYMBICTA IIENTiMHIH O0JTy bl
MEH >KaJIFBI3/IBIFBIH KAMTAMAChI3 eTeTiH TeHIeyAiH Killi Mylrneaepi KoadduimenTTepi YiliH KOWBIIFAH Iap-
Trap Kepceriiren. Illemimuin 6ap 60/Iybl, KATFBI3ALIFBI MEH TETICTIN JI9JIeJIIeH/ i, COHBIMEH KaTap €pKiH
JOPeKeJTi O3Telle/IeHeTIH JUTHITUKAIBIK, TERIEYIep/IiH Oip KIachlHa KONBLIFAH KapThlaail mepuoArsr Jlu-
puxJe ecebiHiH CHHIYIAPIBIK, caHnapbili(sCalliapblH) MEH MEHIIKTI CAHJaPBIHBIH GAFachl AJIbIHIBL.

Kiam ce3dep: 3JLITUNITUKAIBIK, ONIEPATOPHIIIEKADATIBIK, €CEIT, CHHTYJISIPJIBIK, CAHIAP, JOPE’KEJIK O3relleseHy,
IIIeITiM, YKAJFbI3/IbIK,.

C.ZK. Urucusiosg/le/1. 2Kymamena, A.O. Cyneitmbexora, E.H. Basunnes

Tapasckut petoRarvorvti yHusepcumem umenyu M. X. Jdysamu, Tapas, Kazaxcman

OreHKY, CHHTYJISIPHBIX YUCeJI (S-9ucest) JJisi OJHOTO KJIACCa
BBIPO2K/IAIONIAXCS JINIMOTUYECKIX OIEPaTOPOB

B efaThe | W3yyeH OMH KJIACC BBIPOXKIAIONINXCS JUINNITUIECKUX YPABHEHUN C ITPOU3BOJIBHBIM CTEIIEHHBIM
BBIpOXK1gHUeM Ha npsiMoii. Ha ocHOBe ucciieoBanumil, IpOBEIEHHBIX B X0/1€ PAOOTHI, AaBTOPAMHY I1PEJJIOYKEHbI
METQMIBI, MMO3BOJISIIOIIIE TPEOIOIETh PA3JINYHbIE TPYIHOCTH, CBSI3aHHBIE C MMOBEIEeHMEM (DYHKIINi U3 00JIa-
cTu onpezeneHus auddEepeHInalIbHOr0 OIePaTopa ¢ KyCOIHO-HEIIPEPBIBHBIMU KOIMMUIMEHTAMA B OI'pDa-
HUYEHHON 00JIACTH, KOTOPbIE BJIMAIOT Ha CIIEKTPAJIbHBbIE XapaKTEPUCTUKM KPAEBbIX 3a/ad JJIsi BBIPOXK/ A~
FOIUXCS YJUIMNITHIECKUX ypaBHeHuil. [lokazaHbl yCI0BUsl, HAJIOXKEHHbIE HA KOI(DDUITHEHTHI IPU MJIAJIIITAX
wieHaX ypaBHEHUsl, 00eCIeYnBAOIINe CYIECTBOBAHNE U €JIMHCTBEHHOCTH perleHus. Jloka3aHbl CymecTBo-
BaHUe, eJUHCTBEHHOCTD U IVIAJKOCTD DEIIeHNs, & TaK>Ke HANEHbl OIIEHKU CHHIYJISIPHBIX HCeJT (S-9IHucest) u
COOCTBEHHBIX YHCET IOy IEPUOANIECKOi 3amaun Jlupuxiie 11t OJHOTO KJIacca BBIPOXKTAFOIUXCS SJIIUIITH-
YECKUX YPABHEHUIl C IPOU3BOJILHBIM CTEIEHHBIM BBLIPOYKICHUEM.

Kmouesvie cao6a: SJUTMITHIECKUIN OllepaTop, KpaeBasl 3ajada, CUHIYJIsIpHbIE YUCJIa, CTEIIEHHOE BBIPOXK/Ie-
HUE, pelleHne, eIUNHCTBEHHOCTD.
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