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In this work, we introduce a new concept of the stream function and derive the equation for the stream
function in the three-dimensional case. To construct a basis in the space of solutigns of the Navier-
Stokes system, we solve an auxiliary spectral problem for the bi-Laplacian with Dirichlet conditions on
the boundary. Then, using the formulas employed for introducing the stream_ funetiongwe find a system
of functions forming a basis in the space of solutions of the Navier-Stokes system. Tt is warth noting that
this basis can be utilized for the approximate solution of direct and inverse pszoblems for the Navier-Stokes
system, both in its linearized and nonlinear forms. The main idea of thisywoérk) can be summarized as
follows: instead of changing the boundary conditions (which remain unchangedyywe change the differential
equations for the stream function with a spectral parameter. As a regultpweyobtain a spectral problem for
the bi-Laplacian in the domain represented by a three-dimensional unit#Sphere, with Dirichlet conditions on
the boundary of the domain. By solving this problem, we find a system of eigenfunctions forming a basis in
the space of solutions to the Navier-Stokes equations. Importamtly;*®he boundary conditions are preserved,
and the continuity equation for the fluid is satisfied. It isg@l8e neteworthy that, for the three-dimensional
case of the Navier-Stokes system, an analogue of theftréam funiction was previously unknown.

Keywords: Navier-Stokes system, bi-Laplacian, spectral problem, stream function.

2020 Mathematics Subject Classification: 35K40, 35K51, 58J50.

Introduction

Previously, we solved the gpectral problem for the bi-Laplacian in the unit circle with Dirichlet
conditions on the boundaryWAs,is Known, in the two-dimensional case the linear Navier-Stokes system
can be transformed into a stagle,equation for the stream function [1-3]. Note that the spectral problem
for the two-dimensigmal bisLaplacian in the unit circle was solved in [4-6], and its results were applied
to an approximateyselution of the inverse problem with final redefinition conditions for the two-
dimensional system ofilNavier-Stokes equations. For the bi-Laplacian, the solvability of two-dimensional
spectral problems for square domains was considered in [7-12|, and for the 2m—Laplacian, spectral
problems for multidimensional domains with smooth and non-smooth boundaries — in [13-16|. In
[8,10,11], lower bounds for eigenvalues were obtained by introducing intermediate spectral problems
(the main thing was the fact that one of the boundary conditions was replaced by a family of
approximate conditions on the boundary, which in the limit tended to original). In [13-16], estimates
were given for the number of eigenvalues not exceeding a given number. However, the calculation
of eigenvalues and eigenfunctions in the above spectral problems has remained open. This issue is
dedicated to submitted work.
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The question of constructing a basis applicable to domains with time-varying boundaries also
remains open. For example, problems of this kind in degenerate domains or in domains with time-
varying boundaries were considered in papers [17-29]. Note that the results of this work can be used
in the construction of this basis.

1 Stream function for a three-dimensional linearized Navier-Stokes system. Statement of the spectral
problem

Let y = (y1,92,¥3), Qu = {y,t : |y < 1, 0 <t < T} be a cylindrical domain, and Q be a
section (sphere with unit radius) of the cylinder @, for any fixed time ¢ € [0,T] with boundary 0,
Yyt = 02 x (0,T). In the cylindrical domain @, we consider the following initial boundary value
problem for the linear three-dimensional Navier-Stokes equation of determining the vector function
w(y,t) = {w1(y,t),w2(y,t), ws(y,t)} and scalar function P(y,t):

Ow—Aw=f—-VP, (y,t) € Qu, (1.1)

divw =0, (y,t) € Qut, (1.2)

w=0, (y,t) € Ly is a lateral surface of the cylin@er, (1.3)
w =0, y € is a unit sphere, base ofseylinder. (1.4)

Let’s introduce the notations of spaces V, H, L%(Q), Hj)(Owdand H2(Q2), used in studying the
solvability of the initial boundary value problem (1.1)—(1.4),@nd which we will use in the future:

V= {v: veH)Q) =N, div v =0},
H = {v:veI&Q), dive =0},
L2(Q) = (LAQ))°, H(Q) = (H*())°.
The following dense embeddinggytake place
VcH=H gV H{(Q) cL}Q) = (L2(Q) c H(Q),

and (,-), ((+,)) are scalanprodifets in spaces H, L2(Q) and V, H}(€), respectively. The Helmholtz
decomposition of space BZ(Q)y, L2(Q) = H® H, where

H" i§ an orthogonal complement to H in the space L2(f),
H! = {v: vel?Q),v=Vu, uecH(Q)],
/
(H @ HL) = (L2(Q)) = L}(Q) = He HL,

and the "prime" symbol denotes a topologically dual space.

So, we will look for a solution of the initial boundary value problem (1.1)—(1.4) in the spaces of the
vector functions of liquid velocities w(y,t) = {w1(y,t),w2(y,t),ws(y,t)} € L*(0,T;V N H3()) N
HY(0,T;H(Q)), and scalar liquid pressure function P(y,t) € L%*(0,T;H'()) for a given vector
functions of the acting forces f(y,t) = {fi(y, 1), f2(y, 1), f3(y,t)} € L*(0,T; H(Q)).

Let us transform boundary value problem (1.1)-(1.4). For this purpose, in the domain @ we
introduce the scalar stream function U(y,t), defined up to an additive constant, by the equations:

w1 = 8y2U—8y3U, wo = 8y3U—8y1U, w3 = 8y1U—8y2U. (1.5)
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We will act with the operators 0y, — Oy,, Oy; — Oyy, Oy, — Oy, to equations (1.1) respectively and
add the obtained results. Then for U(y,t) we obtain the equation

0= D) (A=05,, =0, — 00, )U=GCG(y,t), {yt}e€Qy, (1.6)

viya ~ “yays — “ysy
where
2G(y,t) = (83/2 - 8?;3) fi+ (ays - ay1) f2+ (ayl - ayz) S
From relations (1.3) and (1.5) we have the identities:

(81/1 - ayz) U= (81/2 - ays) U= (8y3 - 61/1) U=0, (ya t) € Eyt (1-7)

or

0y, U = 0y, U = 0,,U, (y,t) € By (1.8)

Note that relations (1.7)—(1.8) do not completely determine the boundary coaditions on the lateral
surface of the cylinder Q. In addition to (1.7)—(1.8) we will require that Q,®L = 0 on X,;, which do
not contradict relations (1.7)—(1.8). So, instead of (1.8) we will have:

0y, U = 0,,U =0,,U =0, (y,t) € Ly (1.9)
Thus, equalities (1.9) allow us to set the following boundaryfconditions for equation (1.6)

0:U =0, (y,t) €T (1.10)

U =0, (y,The %y, (1.11)

where 7 is the outer unit normal to the sphere |y[%d and from (1.4) (doing the same thing as when
establishing conditions (1.10)—(1.11)) we obtain the initial condition

U=0, ne Q={ly| <1}, t=0. (1.12)

To numerically solve the initial"Seundary value problem (1.1)-(1.4) we will need to be able to solve
approximately the initial boundawy value problem (1.6), (1.10)—(1.12). We will look for a solution to
this problem using the method efsseparation of variables. We have

Uly,t) = > er(t)ur(y).
k=1

Then from equation (1.6) we obtain
cx(t) [Dur(y) — 07 ue(y) — Opye e (y) — Oy uie(y)] =

= ci() A [Dug(y) — 05,y ur(y) — Opyys i (y) — Ory ui(y)] -

Further, we have

ci(t) _ DD =05y = Oy = Oyys) ur(y)

Yy1y2 Y2Y3

cp(t) (A—E?? —02 ~— 02 )uk(y)

Yy1y2 Y2Y3 Y3y1

= —Ag, A\ >0 foreach k€N,

i.e., we finally come to the need to solve the following spectral problem:

A(D=02,, =02, —02, ) uly)=-X(A—07,, — 0%, —02.,)uy), (1.13)

Y1y2 Y293 Y3y1 Y19y2 Y2Y3 Y3y1
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wWY)|pq = O7u(Y)|ye = 0 (1.14)

Solving the spectral problem (1.13)—(1.14) poses certain difficulties (details in Appendix A). We
actually need to construct a basis in the space solutions of the Navier-Stokes system V N H2(Q),
the elements of which would ensure the fulfillment of equation (1.2) and boundary conditions (1.3).
Therefore, it will be enough for us to use the solution to the following spectral problem, also posed
on a unit sphere (but with a simplification of the equation in which there are no terms with mixed
derivatives of the desired function):

(—A)Z(y) = p* (A Z(y)), y € Q= {ly| <1},
0rZ(y) =0, at |y| =1, (1.15)

Z(y) =0, at |y| =1. (1.16)

Let us rewrite the equation in the form of a system for unknown func &Z Y(y)}:
—AZ@y) =Y(y), —AY(y @ (1.17)

So, we got spectral problem (1.17), (1.15) and (1. 16 !

2 Transition to spherical coordi he spectral problem

Let us write spectral problem (1.17), (1.15) (1416) in a spherical coordinate system {r,6,(} €

= {0<r<1, € (0,x], ¢e€(0, 27T }x tr ormation formulas

yl—rsm€c rsinfsin(, ys3 = rcosb,

regarding the functions Z(r &{) (in this case, for the sake of simplicity, we leave the function
designations unchanged)
1
05 (%0,2) - Lanz =Y. (no.C) e, 1)
7= Dp (sin6 0pZ) + L 2z {r,0,¢} €0 (2.2)
9.0 = 5ine"? 0 sin2g ¢ T ’ ’
1 2 1 2
— T—28T (r0,Y) — T—2A97<Y =Y, {r0,(}€qQ, (2.3)
1
Ag CY —89 (sm 0 89Y) 5 08§K {’I”, 0, C} € Q, (2.4)
sin
Z is bounded in the neighborhood of the point r =0, (2.5)
oZ =0 at r=1, (2.6)
Z =0 at r=1. (2.7)
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38 Solution of the spectral problem in spherical coordinates

We will solve problem (2.1)—(2.7) using the method of separation of variables:

Z(r,0,¢) = ZRZ )027,(0,¢), Y(r,0,¢) = ZRY )y (8, ¢), (3.1)
2p/ ! 2,.2 2/ ! 2
(r RY]) + pjr*Ry; _ _AO,CGYJ- 2 (7" RZj> + r“Ry; _ ez e (52)
Ry, Oy, Yi? Ry, 0z, % ‘

where the "prime" symbol here and below denotes the derivative with respect to the variable r.

The second relation from (3.2) follows from the fact that the boundary value problems (3.3)—(3.4)
and (3.5)—(3.6) for the functions ©z,(0,¢) and Oy, (0,() coincide, then their solutions can be taken
equal to each other, i.e. ©z,(0,() = Oy, (0, () and ,uQZ], = /@/j.

Substituting (3.1) into (2.1)-(2.7) and taking (3.2) into account, we obtain

- AO,C@ZJ- = MQZ]-@ZJ-’ NS (Oa 7T), C € <07 2”)7 (—)Zj (07 C) = 9Zj (07< 7 ) 27)? (33)
conditions of boundedness ©z,(0,() at 0 0,70 = , (3.4)

- AQ,C@YJ = M%@Yﬁ AS (07 ﬂ'), Ce (07 27T)7 @YJ (0’ @YJ (97 ¢+ 27T)7 (35)
conditions of boundedness Oz, (¢, (),_at =0, 0 =, (3.6)

T’Qjo (r) + 27’R’Zj (r) — ,U2ZjRZj (rh= —rQRyj (r), (3.7)

PRy, (1) + 2Ry, (e (13 1) Ry, () =0, (3.8)

Rz;(r) are bounded in the neighborhood of zero, Rz, (1) =0, R’Zj(l) =0. (3.9)

Let us deal with the solution of boundamyalue problems (3.3)—(3.4) and (3.5)—(3.6). Let us use
the variable separation method:

ZPZW ¥Q2,,.(0), ©y,,.(0,0) =Y Py, (0)Qy,, Q). (3.10)

m

Then (3.3)—(3.4) and (3%)<3.6) are reduced to the following systems:

gjm (C) + m2Qij (C) =0, C€ [0’ 27['), m? S {0’ L,2,.. '}7 Qij (C) = Qij (C + 277)’ (3'11)

Sull . (smepz (9))' + {;ﬁ‘zj - S::;@] Py, (0) =0, (3.12)

conditions of boundedness Pz, (0) at points 6 =0, 0 =, (3.13)

Qv (¢) +m*Qy;, (¢) =0, ¢€[0,2m), m*€{0,1,2,...}, Qv;,, () =Qy;,, (C+27),  (3.14)
Sirll - (smeP;jm (9))' + [,ﬂyj - S::jg] Py, (6) =0, (3.15)

conditions of boundedness Py, (f) at points 6 =0, 0=, (3.16)

where the "prime" symbol denotes the derivative with respect to the variables ¢ and 6.
The solutions of boundary value problems (3.11) and (3.14) coincide and are equal:

QZ]'m(C) = QY]m(C) = {COST)’LC, SinmC}a Ce [07277)7 m e {07 L2,.. } (317)
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In addition, it is easy to see that relations (3.12)-(3.13) and (3.15)—(3.16) also coincide, and their
solutions were found, for example, in ([30], p. 374-376) with using Legendre polynomials Pz, (¢) and
Py, (0).

If in the equation (3.12) we make the substitution ¢t = cos# and denote X (t)|,_ .o = X(cosf) =
Pz,(0), so we get the equation

(1) x'(1) + (pﬂzj — 1”_112) X(t)=0, |t <1. (3.18)

Relation (3.12)—(3.13) admits bounded solutions only if and only if u2zj =j(+1) (3.20):

X(t) = P{"™(t)),_.,, = P\ (cos0) = Pz, (0), where m=0,1,2,....j. (3.19)

It:cos 0

Thus, according to (3.10) and (3.17)—(3.19) we obtain the eigenvalues

ng; =ty =j(i + 1), (320)

each of which corresponds to 2j + 1 spherical functions
0
0%)(0,¢) = P;(0),
(9 () =P, (cos 6) cos ¢, @(1)(9 6= 1) (cos@)sin(,

@(Z;2 0,¢) = PJ( )(cos 6) cos 2( @(22]_)(9,() = sz) (cos @) sin 2¢,

(0 ()= (COSQ) gos I(, @U (0,¢) = )(COSO) sin (¢,
P12, 7, (3.21)

where Pj(il)(cos ) are Legendre polyliomials.

It should be noted that the syStem of spherical functions {@ 7;(0,¢), j=0,1,2,.. } is orthogonal
with weight sin # and formsqanforthogonal basis in Ly (X), where {1,6,(} € X is the surface of the unit
sphere. We can normalize thisjsystem of functions using the condition

T 27

2
//]@(Zf”(e,g)‘ sin6dod¢ = 1.
0 0

Functions @ (0 ¢) = Pj(cos®) do not depend on ¢ and called zonal. Since P;(t) has exactly j
zeros inside the 1nterval (—1,1), the unit sphere is divided into (j + 1) latitude zones, inside which the
zonal function retains its sign.

Let us consider the behavior of the function on the sphere

1
050(6,¢) = sin' 0 [j l (t)] sin IC.

t=cos 6

cosl¢, © +l)(t9 ¢) = sin' 0 [jll (t)}

t=cos 6

Since sin @ becomes zero at the poles and sin I¢ or cosI¢ becomes zero at 2 meridians, and % dtl P;(t)

at (j — 1) latitudes, the entire sphere is divided into cells in which @(Zfl (0, ¢) maintains a constant

sign. Functions @(Zfl)(Q, ¢) at I > 0 are called tesseral.
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Similar constructions are valid for boundary value problem (3.15)—(3.16).
Now we transform equations (3.7)—(3.8), by making the following substitutions

¢>yj (r) _ <I>Zj (r)
v Raln ==

Then, taking into account (3.20), instead of (3.7)—(3.9), we obtain the following equations with
boundary conditions:

Ry,(r) = (3.22)

r2oy (r)+ 1oy (r) — v3, 87, (r) = —r Py, (r), v3 = (j+1/2), (3.23)
7"2(1)5’% (r) + r@{/j (r) + <u]r — yy) Py, (r) =0, y%/j = (j+1/2)%, (3.24)

T’_%CI)ZJ. (r) are bounded in the neighborhood of zero,
®z,(1) =0, @7 (1)=0.
If in (3.24) we make the replacement p = p;r, then by definition the‘%cyldrical function @y, (r) =
Jyyj (pyr) will satisfy the equation (3.24), here vy, = vz, = j + %, J =012, ..
So, according to the definition of cylindrical functions ([31], chapter WILJ§ 3) for the equation (3.24)

the following statement is true.

Lemma 1. Equation (3.24) has a general solution in the fortfl of a cylindrical function ®y,(r) =
Jj+%(ujr), j=0,1,2,...

Substituting this solution into equation (3.23), we will'have a boundary value problem for a second-
order nonhomogeneous ordinary differential equation:

7°2<I>g], (r)+ T(I>'Zj (r) — V%JxI)Z].(r) P —7‘2Jj+% (pgr),r € (0,1),

1

77 2@y (r) are baunded in the neighborhood of zero, (3.25)
W =0, @ (1)=0,

where j =0,1,2,...
For boundary value problem (3/23) we establish the following lemma.

Lemma 2. For each j g {0;192; ...} the boundary value problem (3.25) has a countable family of
solutions

/G r0) 1 (i1 p) dp, Wi o k=1,2,...,

where (1411 are the roots of the equations Jj+;(,u) =0, and Gj, j =0,1,2,... is the corresponding
2
Green’s function.

Proof. We look for fundamental solutions for (3.25) in the form ®j¢q (r) = r?, where o is whole
unknown number. Substituting r? into the homogeneous case of equation (3.25), we find: for 7 # 0
oc=j+ %, o=—j— %; forj=0 o= %, o= —%, i.e. fundamental solutions are equal
215(r) = rj+%, 205(r) = r~7% for each J#0, zi10(r) = % zoo(r) =1~ 2.

D=

(3.26)

Thus, the general solution of homogeneous equation (3.25) according to (3.26) is written in the
form

[un

q)Zj f,s,(?") = Cljrj—i_% + ng?"_j_%, j e {1,2, .. .}, (I)Zo f.s'(r) = 0107“% + Coor™ 2. (3.27)
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Thus, general solutions for the equation from (3.25), obtained on the basis of fundamental solutions
(3.26)—(3.27) (|30], chapter 1, §5, Cauchy method), have the form:

1
C1j1772 + @ pares (1), 7 #0,
/ G(r,p)d

D, gen.s. (1) = (ujp) dp, 7=0,1,2,.

41

1 1
ClOT§ + &g part.s. (’I“), .7 "
(3.28)

where

Gj(r,p) = , A X i=1,2,3,..., (3.29)

oo j =0 (3.30)
b [r_§— a}, 0<p<r<1,,\
_,;fl [p—y+ —J 2} ) d 2 3,.
25+1 J j+1/2 (1p) Pa&
1
z — }Jl/zﬂpdp, :@J—O

(3.31)

l\J\OJ

(3.32)

Cy; =0, 7=0,1
the equality of the coefficients Cy; to zero follow from Qltlons of boundedness in the neighborhood
of the point r = 0 from (3.25).
We have included the details of the calculatio ntained in (3.27)—(3.32) in Appendix B.
Next, taking into account the solution Qﬂas (3.28)—(3.31) and satisfying their second boundary
conditions at r = 1 from (3.25), we obtai

J

it =0, for each j € {0,1,2,...}. (3.33)

Really, we have

@ 0= /P”?J 1 (up) dp, j=0,1,2,..

,’@ from ([31], chapter VII, § 3) the last relations are equivalent to the equalities

According to form
(3.33).

Finally, as a solution of spectral problem (3.7)-(3.9) and taking into account formula (3.22) as
eigenfunctions Rz (r) from (3.28)—(3.30), we obtain:

1
Rygel(r) =1~} / Gy D)y (rsr k) dp. Tys (Hysne) = 0, Gk =1,2,3,. (3.34)
1
Rzox(r) 2/ Go(r, P)Jl (p1,kp) dp, J1 (k) =0, k=1,2,3,. (3.35)
As the roots of the equations Jj+% (j+1) =0, 5 =0,1,2,..., (into (3.34)—(3.35)) we find the
eigenvalues
Wi §=01,2,..., k=1,2,3,... (3.36)
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Thus, from solutions (3.7)-(3.9), problems (3.11)-(3.21), (3.25) and (3.34)-(3.36) we obtain the
following system of eigenfunctions and the corresponding its eigenvalues:

+ +m
{Zj(lﬂzl(raevq) :RZ]k(’r)@(Z] )(97C)7 Mj2+1,k}
je{0,1,2,...}, me{0,1,2,...,5}, ke{1,2,3,...}.

(3.37)

Note that the system of eigenfunctions (3.37) satisfies the orthogonality conditions with weight
2 .
r°sinf.

4 Construction of eigenfunctions in Cartesian coordinates. Main result

Now in (3.37) let us move on to the Cartesian coordinate system.
The system of eigenfunctions and eigenvalues has the form

2 2
+ +m VYT Y Y
{ngy)n(y) = Rz(ly)oy;" (arctg =2 arctg 3) , /ﬁk}
R U1
jef{1,2,..}, me{0,1,2,3,...,5}, ke {1,236yl < 1,

(4.1)
2 .2
0 Yty Y2
{UOkO(?/) = RZOk(‘yD@(Z; (aTCtg S L ) ; M%k} ;
Y3 Y1
7=0, m=0, ke {l,2,3, %}, |yl <1, (4.2)
(10,5),  y1>0, y2 > 0;
(3F.2m), 41 >0, y2 <O
arctg 92 _ arctg ¢, gmwhete (€ q (7, 37”), y1 < 0; (4.3)
n
5 y1 =0, y2 > 0;
37”7 y1 =0, y2 <O0.

Note that under the condifions of orthogonality of the system of eigenfunctions (4.1)—(4.2) there

VY3

will be missing weiglityjy|%sin <arctg -

), since the Jacobian of the transformation when passing

from the Cartesian $§stemn to the spherical coordinate system is equal to 72 sin 6.
Thus, we have established the validity of the following theorem.

Theorem 1. From the solution formulas (3.17), (3.20), (3.21), (3.34)—(3.37) for boundary value
problems (3.3)-(3.4), (3.5)—(3.6) and (3.7)—(3.9) respectively, we obtain the following system of eigenfunctions
and the corresponding eigenvalues:

+ + +m
{uon(v) = 2500, (,0,0) = Rzjn(r)05™0.Q), 41}
j€{0,1,2,...}, me{0,1,2,...,5}, ke {1,2,3,...}.

In the Cartesian system, accordingly, we obtain the relations (4.1)—(4.3).

Now, according to the formulas (1.5), (4.1)-(4.2) we define the system of eigenfunctions w(y) =
{w1(y), wa(y), ws(y)} for the spectral problem (1)—(1.16).
Using the statement of Theorem 1, we establish the following result.
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Theorem 2 (Main result). For all j € {0,1,2,...}, m € {0,1,2,...,5}, k€ {1,2,3,...}, |y| <1,

we have that each triple of eigenfunctions {wﬁck)m(y), wéj.ck)m(y), w:(,)jck)m(y)}

wii) = O — 0y o (1), w5 = By, — Oy) ul) (), wis) = By — B ubh (), (4.4)

wit) = (8, — By) ult) (), wit) = (0, — 0, ult) (n), W) = (0, —a,) ) ( 45

Ljkm y2 — Oys) Wikm \Y)» Wojkm ys — Oyr) Wigm\Y)s Wsjkm 1 Ujkm y), (45)
where for j # 0:

(Oys — Oys) g?f,;(y) (Oy, — 9ys) Rzji(ly))© arctg ~— —= arctg y1>, (4.6)

7 (e
(9s = O) B[O <arcth y) (4.7
PO

(8 — By) ul) ()

jkm

(O0: = By2) Wjgon () = (Oun = 02) Rzsn(ly)OF;™ { aretg X2GG y) SNCRY
and for j = 0:
(00 = ) uoroy) = (Do = Oy) Raron(141)0) (arctg I ey y1> SR

(Oys — Oy,) uoko(y) = (Oy; — Oy, ) RZOk(YZUD@(ZO; (aTCtg y1> : (4.10)

Dy — Bys) oo (y) = (B, — g N z0k([y)OF) (arctg VIEEYS ety yl) (4.11)

form an orthogonal basis in the spage VRO FH2(€2).
nd (

Remark 1. From (3.34)—(3.35); (#.1)(4.2) and (3.25) it follows that the boundary conditions from
(3.9) are valid for r = |y| =1, fndifzom (1.5), (4.4)—(4.11) we obtain the satisfiability of the equation
(1.2), i.e. divw = 0.

It is obvious thatmedeh triple of functions from (4.4)—(4.11) satisfies the homogeneous Dirichlet
condition on the Wound&my of the unit sphere, with the possible exception of the following six points
on the sphere {y1, y23g34: {1,0,0}, {—1,0,0}, {0,1,0}, {0,—1,0}, {0,0,1} and {0,0,—1}.

5 Towards an approximate solution of the initial boundary value problem (1.1)—(1.4)

We have constructed the orthogonal basis w](:khgl(y), j=0,1,2,....m=0,1,2,...,5,k=1,2,3,...
in the space VN H?(Q). And based on this basis, we will introduce an approximate solution and given
functions for the initial boundary value problem (1.1)—(1.4), formulated in weak form (in terms of the

integral identity):

W (y,t) = Z Zcﬁ;N Yl (), (5.1)
j=—N,k=1m=0

+ al j:

K=Y ZdﬁkmN yu'lt) (), (5.2)
j=—N,k=1m=0
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Pt = > ZejkmN Wi (4), (5.3)

—N,k=1m=0

<8tw§$),wl(:p))+((w]($),wl(:;)) :(f](\,i),wl(:p)>, 0<I<N, n=1,...,N, p=0,...,1, (54)

w$E (y,0) =0, (5.5)

where the expansion coefficients nglfr)n ~(t) (5.1) are to be determined at given coefficients d;zlfr)n () (5.2)

from the Cauchy problem for ordinary differential equations (5.4)—(5.5). And the expansion coefficients
eg.:,;)n ~(t) (5.3) are determined from equations (1.1). Thus, it is possible to find an approximate solution

to the initial boundary value problem for the linearized system of Navier-Stokes equations (1.1)—(1.4).

Conclusion

In this work, a basis is constructed in the space solutions of the sysfem,ofsiNavier-Stokes equations
V N H?(Q), composed of eigenfunctions of the generalized spectral{problém for a three-dimensional
bi-Laplacian with Dirichlet boundary conditions in the unit sphefe,W= {y = (v1,v2,¥3) : |y| < 1}.
It is shown that these eigenfunctions satisfy the boundary cenditions for the liquid velocity vector
w(y) = {w1(y), wa2(y), ws(y)} and the continuity equation diai(y) =0, y € Q.

Appendiz A. Spectral problem (1.33)%(1.14) in spherical coordinates

Let us recall the well-known formulas for gradient and divergence in spherical coordinates (r, 8, ():

| , 1 .
vu(y) = a?"u(rv 97 C) S 4 ;a?u(ra 07 C) “12 + maCu(ra 07 C) 13, (Al)
.= 1 1 . 1
divD(y) = r—28r (r* D1 (r, 0, O n969 (sin@Ds(r,6,()) + s eacDg(r, 0,¢), (A.2)

where the vector D = {0,u(r,0, &) %Bgu(r, 0,¢), Tsmeagu 7,0,()} defined by the gradient vector. In
addition, it is known that if @#@;0¥¢) = R(r)©(0, (), then

AN Vuly) = 5 (PR/() ©(6,0) + T%R(rme,c@ 0.0).

r

where

1 .
AQA'Z = mag (SlH@@gZ) ac

9

Now, instead of gradient (A.1), we introduce a new vector (modlﬁed gradient vector):

~ 1 , 1 . ,
vu(y) - ;89@4(7", 97 C) <11+ maCU(T, 9a C) “12 + aru(ra 07 C) 13, (A3)
where %(%u = Dy, Tsmgag =Dy, Oyu= Ds.

Then, using (A.2) and (A.3), we have:

div Vau(y) = (82, + 0

2
Y1Y2 Y2Y3 + aysy1) (y) =

1 1
= T—Q&» (T2r89u(r,0,C)> +

rsinﬁag <sm0 8Cu(r 0 C)> rsin@ac (Oru(r,0,Q)).
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And finally, we have for the required operator (1.13):

(A=02,, —02, —02, )u= 18r(r28ru(r,9,o)+

Y1y2 Y2y3 Y3y1 ,r.2

m&; (sin 09gu(r, 0,C)) +

acu(r 0,¢) — 1 Oy (rogu(r,0,¢)) — ;,32 u— ,;(’“)gru(r, 0,¢).

r2sin @ %¢ rsind

Having separated the variables u(r, 9, ¢) = R(r)©(0, (), we obtain

r2sin26

1 / 1
(A 831312 a§2y3 a533/1) ( ) =2 (TQR/(T)) © (9’ O + ﬁR(T)AG,C@ (‘970 -

r

—%R’(r) (aee(a,g) + @aga(e,g)) - %R( ) (ag@ 6,0) + Hagce 0, g))

100 (6,€) = 50y (50005 (6,0)) + 026 (4.4)

sin2f ¢
Thus, we have obtained the spectral problem (A.4) and (1.14), \ In our opinion) is an

unsolvable problem to solve. Naturally, the boundary conditions (1.14) be written on the surface
of the unit sphere and at the center of the sphere (in spherical ¢ z ates):

u(r,0,)m =0, du(r.g,

u(r, 0, ) is bounded in the neighbo the center of sphere.

Appendiz ByCauchy Method

According to [23, chapter 1,§5] a part% solution to the equation (3.25) has the form

P; ?@ /77] 7)1 (ip)dp, (B.1)
G
where for the Cauchy fu@, p) we have

ni(rp) = Cuj(p)r? "2 + Coy(p)r 7~

Using (B.2), we obtata system of equations for determining the unknown coefficients C1;(p) and
Caj(p):

N[

(B.2)

ni(pp) = Cii(p)ets + Coilp)p 2 = 0,
.1 .3 (BS)
. — i [ s — oo it] =
omi(p.p) = (7+3) [Cia(p)p ™2 = Coslp)p 73] = 1.
From (B.3) we have:
Cui(p) = s p T8, Cjlp) = — o piE, (B.4)
J 2j +1 ’ J 2j +1

Thus, from (B.2)—(B.4) for the Cauchy function we obtain

1 il o1 3 1
7']](7"7p) = —2J+1 [p ]+2fr.7+2 _p7+2,r. =3 ,
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respectively for the particular solution ®; ., s (1) (B.1):

T

/ (7t heits = pt3pmih]

0

1

(I)jch‘s.(r) = _2j T1

(1jp)dp. (B.5)

+1
+3

Now, using (B.5) and (3.22), we write the formulas for general solutions of the nonhomogeneous

equations (3.25) and (3.7), respectively. We have

L 4
where in (B.6)-(B.7) C1; and Cy; are the unknown constants that need Xfo

neighborhood of zero, it is necessary that the coefficients Cs; be eq

T

1 a1 1 _
D; gen.s. (1) = C1j1? T2 + Coyr 772 — 2j+1/{/’ H3pits it 2} Jir1(pip)dp,  (B.6)
0
1 T
i i 4l o i3 s
Rjgen.s.(r) = Cyjr? + Coyr™? L m {p Itapd — pitapTd 1] Jj+% wip)dp, (B.7)

d. To do this, we

0, i.e., Cy; = 0. According

will use the boundary conditions from (3.25). Due to the boundeLd( e solution (B.7) in the

to the boundary condition R;(1) = 0 from (3.25) from (B.7) we

98
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Bipaik miapaarsl yinesmieMal ou-Jlamnnacuan
YIIiH KOWBLIFAH CIEKTPJIIK ecell TypaJibl

M.T. Kuenonues!', A.M. Cepix!?

! Mamemamura oicone mamemamurasvr, modesvoey urnemumymat, Aamamo., Kazaxcman;
20n-Dapabu amvindaes. Kasax yamos yrnusepcumemi, Aamamo, Kasaxcman

MakaJjaga ToK (DYHKIMSICHIHBIH >KaHa TYCIHITIH eHrizeMi3 >KoHe YIIeJIIeM Il »Karaaija TOK (OyHKIUICHI-
HBIH, TeHJieyiH mbirapambr3. Hapbe-CTOKC KyiieciHiH, menrimaepinii KeHicTirinae 6a3uc Kypy VIIiH IIeKa-
pana Jlupuxie maprrapsl 6ap 6u-Jlammacnan yimH KOMEKIm CIIeKTPJIHK eCelTi IemeMis. Opi Kapaii, TOK
bYHKIUSCBIH €HIi3y YIIIiH KOJIJIaHbLIFal (popMyiaiap/sl naiganana oreipeil, HaBbe-Croke kyiiecinin mie-
mriMIepiHiy KeHicTirinae 6asuc 6osiaTeiH QYHKIUIAP XKyiiecin Tabambr3. Byu 6asucti Hasbe-Crokc Kyiieci
VITiH CBHI3BIKTHI KOHE CBI3BLIKTBI €MeC Typa YKoHe Kepi ecemTepsl *KybIKTall IIelry VIMH KOJIaHyFa OoJa-
TBHIHBIH aTall OTKEeH »KOH. ¥ CHIHBLITAH KYMBICTBIH HETi3ri uaeschl Kejecifeil: mekapablk MapTTapibl eMec
(osmapapl e3repiccis KajaabpaMbl3) CIEKTPJIK nmapaMeTpi 6ap TOK MYHKIUSCHIHBIH JuddepeHINAIIbIK, TEH-
neynepin esrepry. Hormxkecinme 6i3 06sbIic mekapacoiaaa Jupuxiie mapTrapbIMeH VIO meM/ i OipJ/Iik map-
MeH beiiHesieHreH obJibicTarbl 6u-Jlamiacnanga CrieKTpIIiK ecen ajaMbl3, OHbI ety Kesifye Hasbe-Croke
TeHey/Iep KYHEeCiHiH MeniMIepiHiH KeHicTiriHgae 6a3uc KypaiTbiH MEHIIKTI (pyHKHEsIap) )Kyiecin Taba-
MBI3. Byut xkarmaiina mekapasblk, MapTTap CAKTAJBIN, CYHBIKTHIH Y3LTiCCi3 minismmapBbIMeH OepiireH TeHiey
JiH OpBIHJAJFaHBl MaHBI3ABI. Hapbe-CTOKC »KyieciHiH yimeamemal >KarJadsifyiH TOK (YHKIMSICHIHBIH,
aHaJIorbl Oesirici3 GOJIFaHBIH J[a €CKEPEeMi3.

Kiam cesdep: HaBbe-CrTokc xkyiteci, 6u-Jlanmacuan, cuexkrpiiik ecen) ok GyHKIUICH.

O cnekTpaJibHOI 3aa4e OJis apexmepHoro om-Jlaniaacuana
B €IMHHYHOM I11ape

M.T. dxenames', A.M. Cepuk!?

MaMEM, M M, A ' ;
L Hnemumym mamemamury u M@memamiuieckozo modeauposanus, Aavamon, Kasaxcman;
2 Kasazcrutl nayuonarvHbd Yrusepcumem ument arb-Papabu, Aimamo, Kasaxcman

B crarbe Mbl BBOMM HOBOe nogéiTHe BPHKIMU TOKA M BBIBOJIUM ypaBHEHHE Jjis (DYyHKIMM TOKA B TPEX-
MepHOM cirydae. st mocrpoennst 6aduca B npocTpaHcTBe perrennit cucrembl HaBbe-CToKca MBI peraemM
BCIIOMOTATEIHHYIO CHEKTPAGBHYIO 3amady s 6u-Jlamracuana ¢ ycaosusimu lupuxite Ha rpanute. lasee,
€ TIOMOIIIBIO (POPMYJI, KOTOPBIGMCIIOIH30BAICH I BBEJeHNs (DYHKIIUU TOKA, Mbl HAXOJIUM CUCTEMY (DYHK-
nnit, obpasyrory 6asuc B WpocTpancrse pertennii cucrembl HaBbe-Crokca. Crieyer OTMeTHTD, ITO 9TOT
6a3nuc MOXKeT OBITH |HCIOMBB0BaH JJIsi TPUOJ/IMKEHHOTO PEIIeHNsT TPSMBIX U OOPATHBIX 331a49 /I CHCTE-
mbl HaBbe-CroKeal KaK) JIMHeapu30BaHHOM, Tak M HejauHeiHoi. OCHOBHAsI Mjies NPEJICTABJIEHHON PabOThI
3aKJIIOUAETCS B CIEyfoIneM: U3MEeHsITh He IDAHUYHbIE YCIIOBHsI (MX OCTaBiisieM 0e3 M3MEHEHHMIl), a MEHsTh
muddepeHmaIbHbIe ypaBHEHUs 11 (DYHKIIME TOKA CO CIEKTPAIbHBIM mapaMeTpoM. B pe3ynbrare MbI mmo-
JlydaeM CIIEKTPAJIbHYIO 3ajiady s 6u-Jlammacuana B 061acTy, IPeICTABIEHHON TPEXMEPHBIM €IMHUTHBIM
mapowm, ¢ ycaoBusimu Jlupuxiie Ha rpanuie obacTy, pemast KOTOPYIO, MbI HAXOMM CHCTEMY COOCTBEHHBIX
byuKImit, obpasyomux 6a3uc B IPOCTPAHCTBe pereHuit cucrembr ypasuenuit Hasbe-Crokca. IIpu sTom
SIBJISIETCST BarKHBIM, YTO COXPAHSIOTC I'DAHUYHBbIE YCJIOBHs, ¥ BBIIIOJIHAETCS yDABHEHUE, [IPEJCTABIEHHOE
YCJIOBHEM HEPa3PBIBHOCTU XKUIKOCTH. 3aMETHM TaKKe, UTO JJIsi TPEXMEPHOTO ciiydasi cucreMbl Hambe-
Croxkca anayior GyHKIUN TOKa ObLJI HEU3BECTEH.

Karoueswie caosa: cucrema Hasbe-Crokca, 6u-JlansiacuaH, criekrpajbHas 3aja4a, (QyHKIMs TOKA.

References

1 Ladyzhenskaya, O.A. (2014). The mathematical theory of viscous incompressible flow. Connecticut:
Martino Fine Books.

Mathematics Series. No.2(114),/2024 101



M.T. Jenaliyev, A.M. Serik

2 Temam, R. (2000). Navier-Stokes equations: Theory and numerical analysis. Providence: AMS.

3 Lions, J.-L. (1969). Quelques methodes de resolution des problemes auz limites non lineares. Paris:
Dunod.

4 Jenaliyev, M., Ramazanov, M., & Yergaliyev, M. (2022). On the numerical solution of one
inverse problem for a linearized two-dimensional system of Navier-Stokes equations. Opuscula
Mathematica, 42(5), 709-725. https://doi.org/10.7494/OpMath.2022.42.5.709

5 Jenaliyev, M.T., & Yergaliyev, M.G. (2023). On the solvability of a boundary value problem for
a two-dimensional system of Navier-Stokes equations in a truncated cone. Lobachevskii Journal
of Mathematics, 44(8), 3309-3322. https://doi.org/10.1134,/S199508022308022X

6 Jenaliyev, M.T., Bektemesov, M.A., & Yergaliyev, M.G. (2023). On an inverse problem for a
linearized system of Navier-Stokes equations with a final overdetermination condition. Journal
of Inverse and Ill-Posed Problems, 31(4), 611-624. https://doi.org/10.1515/jiip-2022-0065

7 Taylor, G.I. (1933). The Buckling Load for a rectangular Plate with four Clamped Edges.
Zeitschrift fur Angewandte Mathematik und Mechanik, 13(2), 147-152. https://doi.org/10.1002/
zamm.19330130222

8 Weinstein, A. (1937). Etude des spectres des equations aux dérivées partielles de la théorie des
plaques élastiques. Mém. des Sciences math., facs. 88. Théses ded®entre-deuz-guerres, 1-63.

9 Aronszajn, N. (1943). Rayleigh-Ritz and A. Weinstein metheds fer approximation of eigenvalues.
I, II. Proceedings of National Academy of Sciences of the{\USA, 34(10),(12), 474-480, 594-601.
https://doi.org/10.1073 /pnas.34.10.474 https://dei.org/10.1073 /pnas.34.12.594

10 Gould, S.H. (1966). Variational Methods for Eigenvalue, Problems. An Introduction to the Weinstein
Method of Intermediate Problems. 2nd editioq. lsonden: " Oxford University Press.

11 Weinstein, A., & Stenger, W. (1972). Methods of,Intermediate Problems for Eigenvalues. Theory
and Ramifications. Amsterdam: Elsevier scienceq

12 Goerisch, F., & Haunhorst, H. (1985). Bigenwertschranken fiir Eigenwertaufgaben mit partiellen.
Zeitschrift fur Angewandte Mathemdtkatind Mechanik, 65(3), 129-135. https://doi.org/10.1002/
zamm.19850650302

13 Ashbaugh, M.S., Gesztesy, F.7Mitrea, M., & Teschl, G. (2010). Spectral theory for perturbed
Krein Laplacians in nonfmeoth domains. Advances in mathematics, 223(4), 1372-1467.
https://doi.org/ 10.1046 }j.atme2009.10.006

14 Ashbaugh, M., GesztesyyF., Laptev, A., Mitrea, M., & Sukhtaiev, S. (2017). A bound for the
eigenvalue coumging, fumetion for Krein—von Neumann and Friedrichs extension. Advances in
mathematicshy, 304791081155 https://doi.org/10.1016/j.aim.2016.09.011

15 Frank, R.L., Lapte¥, A., & Weidl, T. (2023). Schrodinger Operators: Eigenvalues and Lieb—Thirring
Inequalities. Cambridge: CUP.

16 Henrot, A. (2006). Eztremum problems for eigenvalues of elliptic operators. Basel: Birkh&user
Basel. https://doi.org/10.1007/3-7643-7706-2

17 Jenaliyev, M.T., Assetov, A.A., & Yergaliyev, M.G. (2021). On the solvability of the Burgers
equation with dynamic boundary conditions in a degenerating domain. Lobachevskii journal of
mathematics, 42(15), 3661-3674. https://doi.org/10.1134/S199508022203012X

18 Jenaliyev, M.T., Kassymbekova, A.S., & Yergaliyev, M.G. (2022). On a boundary value problem
for a Boussinesg-type equation in a triangle. Journal of Mathematics, Mechanics and Computer
Science, 115(3), 36—48. https://doi.org/10.26577/JMMCS.2022.v115.13.04

19 Jenaliyev, M.T., Kassymbekova, A.S., Yergaliyev, M.G., & Assetov, A.A. (2022). An initial
boundary value problem for the Boussinesq equation in a trapezoid. Bulletin of the Karaganda
University. Mathematics series, 2(106), 117-127. https://doi.org/10.31489/2022M2/117-127

102 Bulletin of the Karaganda University


https://doi.org/10.1002/zamm.19330130222
https://doi.org/10.1002/zamm.19330130222

On the spectral problem for three-dimensional ...

20

21

22

23

24

25

26

27

28

29

30

31

Jenaliyev, M.T., & Yergaliyev, M.G. (2023). On initial-boundary value problem for the Burgers
equation in nonlinearly degenerating domain. Applicable Analysis. https://doi.org/10.1080,/00036
811.2023.2271967

Jenaliyev, M., Kassymbekova, A., Yergaliyev, M., & Orynbassar, B. (2023). On boundary value
problems for the Boussinesqg-type equation with dynamic and non-dynamic boundary conditions.
Advances in the Theory of Nonlinear Analysis and its Applications, 7(2), 377-386. https://doi.org/
10.31197 /atnaa.1215178

Ramazanov, M.I., Gulmanov, N.K., & Kopbalina, S.S. (2023). Solution of a two-dimensional
parabolic model problem in a degenerate angular domain. Bulletin of the Karaganda University.
Mathematics series, 3(111), 91-108. https://doi.org/10.31489/2023m3/91-108

Kosmakova, M.T., Izhanova, K.A., & Kasymova, L.Zh. (2023). A fractionally loaded boundary
value problem two-dimensional in the spatial variable. Bulletin of the Karaganda University.
Mathematics series, 2(110), 72-83. https://doi.org/10.31489/2023m2/72-83

Attaev, A.Kh., Ramazanov, M.I.;, & Omarov, M.T. (2022). On the cortectness of boundary
value problems for the two-dimensional loaded parabolic equation. Bullétin of the Karaganda
University. Mathematics series, 4(108), 34-41. https://doi.org/10.31489%2022m /34-41
Kosmakova, M.T., Izhanova, K.A., & Khamzeyeva, A.N. (2022)¢"®On the non-uniqueness of
the solution to a boundary value problem of heat conduction with a load in the form of a
fractional derivative. Bulletin of the Karaganda University. Mathematics series, 4(108), 98-106.
https://doi.org/10.31489/2022m4/98-106

Kosmakova, M.T., Iskakov, S.A., & Kasymova, L.ZHy (2021). To solving the fractionally loaded
heat equation. Bulletin of the Karaganda_ Unfivegsity. Mathematics series, 1(101), 65-77.
https://doi.org/10.31489/2021m1/65-77

Jenaliyev, M.T., Ramazanov, M.I., & Assetov, A.A. (2020). On Solonnikov-Fasano problem for
the Burgers equation Bulletin of the Karagamda University. Mathematics series, 2(98), 69-83.
https://doi.org/10.31489/2020m2 /69583

Kosmakova, M.T., Romanovski, ¥.Gy, Akhmanova, D.M., Tuleutaeva, Zh.M., & Bartashevich,
A Yu. (2020). On the solutioni &two-dimensional boundary value problem of heat conduction
in a degenerating domain. Balletinsof the Karaganda University. Mathematics series, 2(98), 100—
109. https://doi.org/10.31489/2020m2/100-109

Kosmakova, M.T., Tanit®™A.O., & Tuleutaeva, Zh.M. (2020). Constructing the fundamental
solution to a problem“ef heat conduction. Bulletin of the Karaganda University. Mathematics
series, 1(97) 468 78 "https: / /doi.org/10.31489/2020m1/68-78

Koshliakov, N¥8., Gliner, E.B., & Smirnov, M.M. (1962). Osnovnye differentsialnye uravneniia
matematicheskot™ fiziki [Basic differential equations of mathematical physics]. Moscow:
Gosudarstvennoe izdatelstvo fiziko-matematicheskoi literatury [in Russian].

Lavrentev, M.A., & Shabat, B.V. (1965). Metody teorii funktsii kompleksnogo peremennogo [Methods
of the theory of functions of a complex variable]. Moscow: Gosudarstvennoe izdatelstvo fiziko-
matematicheskoi literatury [in Russian].

Mathematics Series. No.2(114),/2024 103


https://doi.org/10.1080/00036811.2023.2271967
https://doi.org/10.1080/00036811.2023.2271967

M.T. Jenaliyev, A.M. Serik

Author Information™

Muvasharkhan Tanabayevich Jenaliyev (corresponding author) — Doctor of physical and
mathematical sciences, Professor, Cheif Researcher, Institute of Mathematics and Mathematical Modeling,
28 Shevchenko street, Almaty, 050010, Kazakhstan; e-mail: muvasharkhan@gmail.com; https:/ /orcid.org/
0000-0001-8743-7026

Akerke Mazhitkyzy Serik — PhD student, Mathematician, Institute of Mathematics and Mathe-
matical Modeling, Shevchenko street, 28, 050010, Almaty, Kazakhstan, al-Farabi KazNU, 71 al-Farabi
Ave., Almaty, 050040, Kazakhstan; e-mail: serikakerke00@gmail.com; https:/ /orcid.org,/0000-0003-3837-
4668

*The author’s name is presented in the order: First, Middle and Last Names.

104 Bulletin of the Karaganda University





