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In the paper a novel boundary value problem for a third-order partial differential equation (PDE) of a
parabolic-hyperbolic type, within a pentagonal domain consisting of both parabolic and hyperbolic regions
was investigated. Such equations are pivotal in modeling complex physical phenomena across diverse fields
such as physics, engineering, and finance due to their ability to encapsulate a wide range ofidynamics through
their mixed-type nature. By employing a constructive solution approach, wejdefhenstrate the unique
solvability of the posed problem. The significance of this study lies in its exténsion of the mathematical
framework for understanding and solving higher-order mixed PDEs in complex geemetrical domains, thus
offering new avenues for theoretical and applied research in mathematical physiegyand related disciplines.
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Introduction

The study of non-classical equations of mathematical®physics refers to the investigation of partial
differential equations (PDEs) that exhibit behaviegs Jbeyond the standard classifications of parabolic,
hyperbolic, and elliptic equations. These equations are often referred to as non-classical or degenerate
equations. At present, the study of non-classieal equations of mathematical physics is being intensively
developed — equations of mixed, composite and mixed-composite types. One of the main reasons is
the emergence of applied applicationsyof¥®éundary value problems posed for equations of these types.
Many problems in physics, techng@logy, mechanics and other areas require the study of such equations.

First, they began to study $ecomnd¢order mixed equations of the elliptic-hyperbolic type. The Italian
mathematician Tricomi begamto Study fundamental studies of equations of such types in the 1920s.

After that, we begamto study many different problems for equations of these types. A review of
theoretical and applied research is given in the works and books of A.V. Bitsadze, L.. Bers, M.M. Smirnov,
as well as, in Uzbeki§tang'in the books of M.S. Salokhitdinov, T.D. Juraev.

Research into equations of elliptic-parabolic, parabolic-hyperbolic types began in the 1950s and
1960s. In 1959, I.M. Gelfand [1] pointed out the need for joint consideration of equations in one part
of the domain of parabolic, and the other part of hyperbolic types. He gives an example related to the
movement of gas in a channel surrounded by a porous medium: in the channel, the movement of gas
is described by the wave equation, and outside it — by the diffusion equation.

Then, in the 1970s and 1980s, they began to study various problems for equations of the third and
higher orders of the parabolic-hyperbolic type. Such problems were studied mainly by T.D. Dzhuraev
and his students (for example, see |2, 3]).

At present, the study of various boundary value problems for equations of the third and higher
orders of the parabolic-hyperbolic type has been developed on a broad scale (for example, see [4-15]).
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1 Formulation of the problem

In this article, we consider one boundary value problem for a third-order parabolic-hyperbolic type

equation of the form
2_2_'_0 (Lu) =0 (1)
or Oy N

in the pentagonal region G of the plane Oy, where G = G1 U G2 U G3 U J1 U Ja,

T — { Ugy — Uy, (2,y) € Dy,
u= .

Upe — Uyy, (2,y) € Dy, i=2,3,
¢ € R, and G is a rectangle with vertices at points A(0;0), B(1;0), By(1,1), Ap(0,1); G3 — triangle
with vertices at points B, C'(0,—1), D(—1,0); G3 — rectangle with vertices at points A, D, Dy(—1,1),
Ap; J1 — open segment with vertices at points B, D; Jo — an open segment with vertices at points A,
Ag.

The equation (1) is a special case of the equation ( az. + bay + c) (Lu)e O when v = g = -1,
that is, the angular coefficient of the characteristic of the operator a% + ba% is,equal to v = —1.

For the equation (1), the following problem is posed:

Problem 1. Tt is required to find the function u(x,y) which is 1) ¢dntinuéus in G and in the domain
of G\Ji\J2 has continuous derivatives involved in the equation f#9y and u, and u, are continuous in
G up to part of the boundary of the domain G specified in theydoundary conditions; 2) satisfies the
equation (1) in the domain G\J;\Jz; 3) satisfies the follewing houndary conditions:

u(lvy) :@1(3/)’ Fy<1, (2)

u(—1,y) =2y N y <1,
uy(1,y) = 3l 0 <y < 1,

U|BC’ — ¢1(1U), 0<z< 1’ (3)
1
upgp =W2(r), —1<z< 5 (4)
ou
an, BC:¢3($), -1 <z <0; (5)

4) satisfies the following glaing,conditions on the lines of type changing:

u(z,+0) = u(x,—0) =T(z), —1<zx<1, (6)
uy(x, +0) = uy(z, —0) = N(z), —1<z <1, (7)
uyy(m +O) - uyy(x _0) = M($)7 —1 S < 17 (8)
ux(+0,y) =uz(—0,y) = v3(y), 0<y<1, (10)
Uxx(+07y) = ua::c(_ovy) = MS(y)7 0<y<1, (11)
where ( £ 0 .
T1(x), <z <1,
T(a { T , —1<z<0;

)= { i)
2(x), if
), if 0<z<1, [, if 0<z<l,
N(@) = { (), if —1<z<0 M=V p@), if —1<z<0,
sufficiently smooth functions, 7;, v, p; (i = 1, 2, 3) are unknown yet sufficiently smooth functions, n
is an internal normal to the line  — y = 1, and the point F' has coordinates F' (—1/2,—1/2).

i, ¥i (1,2,3) are given
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2 Studying of the Problem

Theorem 2.1. If 1, gy € C?[0,1], @3 € C?[0,1], ¢1 € C?[0,1], ¢ € C*[-1,-1/2], 3 € C?[0,1],
and the matching conditions ¢1(0) = (1) fulfilled, 12(—1) = ¢2(0), then Problem 1 is uniquely
solvable.

Proof. We will prove the theorem by constructing the solution. To do this, we will rewrite the
equation (1) as

Uige — Uy = wi(z+y)exp(cy), (z,y) € G, (12)

Uizz — Uiyy = wi(z +y)exp (cy), (z,y) € Gi, i=2,3, (13)

where the notation u(z, y) = u; (z, y), (z,y) € G; (z = 1,73), functions w; (x +y), i = 1,3 are
unknown sufficiently smooth functions to be determined.

The study will be carried out first in the domain G. The solution of the equation (13) (i = 2)
satisfying the conditions (6), (7) can be represented as

wey) = 3T+ + Ty
4 [N [Cexpenan [ un(gom a4

-y —y+n

Substituting (14) into the condition (5), after some calculatigmsy We find

+y+1
wa(w +y) = —V2( ) exp [~ puy D] “1 <oy <L

Further, substituting (14) into the condition (8)Naftemysome simplifications, we obtain the first
relation between the unknown functions T'(z) and N{&) on the line J; of type changing:

T'(z) + N(z) = aff®), -1 <z <1, (15)

where aq(z) = ] (Z5L) + wa(x) fo(xfl)/Z eSlidn):
If we take into account the reprégentation of the function 7'(x), then for —1 <z < 0 the equation
(15) has the form
T+ vo(z) = a1 (z), —1 <z <0. (16)

Now, substituting (14) inbe (#); after some transformations, we have
T5(x) — vo(z) = 61(z), —1 <z <0, (17)

where 01(z) = ¢ (Tl W (x+1)/2 e“wa(z + 2n)dn.
From (16) and (17) we obtain

n@) =5 [ (a0 +00)d+ val-1), vala) = 3 fan () ().

-1

For 0 <z <1 from (15), we have the first relation between the unknown functions 7 (z) and vy (z)
on the line J; of type changing in the following form:

mi(z) +vi(e) = ai(z), 0<a <1, (18)

Passing to the limit at y — 0 in the equation (13) (i = 2), we will find the second relation between
the unknown functions 7 (x) and pi(x) on Ji:

1 (2) = pi(z) =wa(x), 0<z <1 (19)
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The equation (1) in the domain G; can be rewritten as
Ulgzr — Uloy — Ulzzy T Ulyy T CUlze — CULYy = 0.

Passing to the limit at y — 0 in the last equation, we obtain the third relation between the unknown
functions 71(x), vi(x) and p;(x) on the line of type changing J:

(x) — vi(z) — v (2) + p1(x) + e (x) — an(z) =0, 0<z<1. (20)

Eliminating the functions v;(z) and pi(x) from the equations (18), (19) and (20) and integrating
the resulting equation from 0 to x, we arrive at the equation

() + (1+ g)T{(x) + gn(gg) —as(z)+ ki, 0<z<1, (21)

where as(z) = §al(z) + ga1(z) + 5 [ [wa(t) + car(t)] dt, and ky is still unknown constant.
When solving the equation (21), we consider the following cases:

1° ¢ #2, ¢ 0; 0\
2°. c=2; \

3. c=0. %
In the case 1° it is easy to see that the solution of the equation% isflying the conditions

71(0) = 3 [°) [aa (t) + 61(2)] CQ ),
7(0) = 3 [a1(0) + 6,(0)],* (22)
n(1) = 91(0) Q\
has the form 5 N
T1(z) = 5= c/ .y (G et_‘r} as(t)dt+
+2Qflc [2(1 OQ (1- e—x)} 4 koe T + k3e—§x,
1 0
where by = 1 { [ () + 2a(-1) + ar(0)+1(0) .

[aq(t) + 01(t)] dt + cpa(—1) + a1(0) + 01 (O)} )

b= [sa-eh-a-en) {25 wo-

]_/01 [e%(t_l) - et_l} ozz(t)dt}.

Also, in the case 2°, one can show that the solution of solving the equation (21) satisfying the
conditions (22), has the following form

o

—kge_l + kze™

1 (z) = /Ox(a: —t)e' Pag(t)dt + ki [1 — (x4 1)e ] + (k2 + ksz)e ™,

where ky = 1 [©) [on(£) + 61 (1)] dt + ha(—1), ks = ks + & [01(0) + 61 (0)],

1

ki =
! e—2

1
[301(0)6 — kg — k3 — /0 (1 —t)etag(t)dt| .
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Moreover, for the case 3°, the solution of (21) satisflying (22) defined by
T
1(z) = / e Tag(t)dt + ky(x — 14+ e %) + ko(1 — %) + ke,
0
where ag(@) = [ aa(t)dt, ks = 5 [ [aa(t) + 61(t)] dt + 2(—1), ks = ks + £ [a1(0) + 61(0)],

1
Fy = @1(0)e — Fale — 1) — kg — / et oy (1) L.
0
Now, we consider the GG3. Let us introduce the notation:

wsi(x+y), -1<z+y<0,

wg(m+y):{ wa(z+y), 0<z4+y<l1.

Then, passing to the limit at y — 0, in the equations (13) (i = 2) and K 3) due to (6)—(8),

we get \
w31 (z) = wa(z), —1<z<0. 6
Now, we consider the following problem: é
U3gy — U3yy = W3(l‘ + y)ecy’ 2 2 *
U3(513, O) = T2<:1:)7 U3y(xa O) = x7 -1
US(_]-v y) = ()02(y)’ U3( 3 y)v 0

The solution to this problem will be sought in the form

uz(x, y) = UJ@) + uz2(w, y) + uss(w,y), (23)

where ug(z, y) is the solution of t

U31g y =0,
( s TQ(.’,E), U31y(56, 0) = O, -1 S X S 0, (24)
) y) = ()DQ(y)v U31(O, y) = 7-3(3/)7 0<y<I
us2(x, y) is the s e problem

U32zpr — U32yy = 0,
uz2(, 0) =0, uzzy(, 0) = va(z), ~1 <z <0, (25)
uz2(—1, y) =0, u32(0,y) =0, 0<y<1;

uss(z, y) is the solution of the problem

U332z — U33yy = wW3(T + y)eV,
uzs(z, 0) =0, usgy(z,0) =0, ~1 <2 <0, (26)
ugz(—1,y) =0, us3(0,y) =0, 0<y <1

Using the continuation method, we find solutions to the problems (24)—(26). The solutions can be
represented as follows

usi (@, 4) = 5 [Ta(e +9) + Tafe — y)] (27)
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209(—1—2) —1(-2—2), —2<z< -1,
where Th(z) =< m(z), —1 <z <0,
213(x) — m2(—x), 0<x <1,

1 [oty
usz(z, y) = 5 Na(t)dt, (28)
T—y
~w(-2-2), —2<z <1,
where No(z) = ¢ a(z), —1 <2 <0,
_VQ(_x)7 0 S x S 17
T+y— n
mwﬂy———/ emdn [ u(e -+ i, (29)
T—y+n

Using the condition ugz(—1, y) = 0, after some transformations, from (29), we abtain

%/y_l 2 W05 (2)dz = —wsi (y — 1) /Oy ech\ o

—1—y

Hence, by differentiating (30), we find @

931(—1—3/):00031 -1 fy and @
it b N

Now, using condition ug3(0, y) = 0, after some tr \tions, from (30), we have

w32(y / e“ldn = 7(y+Z)Q3(z)dz.
Substituting (27), (28) and (29) into Qe get
us(z, y) )+ To(x —
1 x+y n
+ t——/ mm/‘ (€ + ).
T—y+n
Differentiating this sol Wi h respect to x and tending x to zero, and also taking into account
the condition (10), ransformatlons we have the following relation:
, 1 (Y &
= 4) + 3w — e+ [ Bz @1
—y

Passing to the limit at z — 0 in the equations (12) and (13) (¢ = 2) and taking into account (9)
and (11), we obtain

pa(y) — 75(y) = wii(y) exp(—cy), ps(y) — 75 (y) = waz(y)e®.
Eliminating the function pg(y) from these equations, we find
wa2(y) = wii(y) — [3(y) — m5(y)] e (32)

Now, passing to the limit at y — 0 in the equation (13) and taking (6) and (7) into account after
replacing x with = 4 y, we obtain

wi(zt+y)=m(z+y) —n+y), 0<z+y<l, (33)
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. wu(x—l—y), 0<x+y<1,
where wy(z +y) = { wi(@+y), 1<ot+y<2
Finally, by substituting (33) into (32), we arrive at the relation

waa(y) =1’ (y) —vi(y) — [ (y) — 73(v)] e, (34)

and substituting (34) into (31), after some calculations, we get

1 c—2 Y C(y—z
i) = 57300 = = [0 + p1),
where )
Bi(y) = 13(—y) — va(—y) + Fri(0)ex¥+
1 /0 . 1 /Y .
—|—§/ 6§(y+z)W31(2)dZ + 5/ €§(y+z) [ Z — Ul(Z) Z.
—y 0

Now, we consider the domain G. The solution of the equation 12)’8\&@ he conditions (2),

(6), (9) has the form
we ) = | ['n UQ@%,£§§sb
—/0 01(n)Ge(x, y; 1, m) d"7+/0T1QSC y; &, 0)dE—

/ Cndﬁfl n Q@ v € m)dé—
/ ey / LGz, y: €, n)ie.

Differentiating this solution by x an a: to zero and to one, we obtain the following relations
v3(y) = 0 43 0,m)dn+
1
+/%ﬂ’ 0 y,l,n dn+ T{(ﬁ)N(O,y;é,O)d&r
0

)

Y

dn 1(E+m) —V1(§+77)] Ne(0,y; €, m)dé+
0

0
1
¢y /1 wia(€ + MNe(0, y; €, m)de,
-n
i

Y
/0 4(nN(1,y;0,n)dn+
1

Y
4 / AN (Ly: 1, n)dn + / HAEON(, y: &, 0)de+
0

Py = (35)
—i—/o ecndn/ﬂ [71 &+n)—n(€+ 77)] Ne(1,y5€,m)dé+
Y 1
+ [Ceman [ e+ V(L
-1
Here and at the top of the functions G(z, y; £, n) and N(z, y; £, n) have the form:

Gowem 4oy e [~ e [-Em2) )

©3(y)
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They are Green’s functions of the first and second boundary value problems for the heat equation.
Substituting (32) into (33), after some transformations, we have the equation

)+ /0 ") K ()i + /0 " Koy, myona (1 + n)dn = a1(v). (36)

And differentiating the equation (35) after some calculations, we obtain the Volterra integral
equation of the second kind with respect to wi2(1 + ¥):

wia(1+y) + /0 Y Ka(ys mwna(1 + n)dy + /0 YKy, n)dn = ga(v), (37)

where Kl(?/ﬂ?), K?(yvn)v K3(y777)a K4(y7n)v gl(y)v gQ(y) are known functions, and Kl(yvn)v KS(?JJI)
have a weak singularity (%), and Ks(y,n), Ka(y,n), 91(y), g2(y) are continuous functions.

Solving the system of equations (36), (37), we find the functions 75(y), w12l + y) and thus, the
functions VB(y)? UJ32(y), Ul(fL', y)v ug(l‘, y)

Remark 1. The case when —1 < « < 0, the problem is investigated by dividing the domain G into
n parts whose heights of the first n — 1 domains are equal to fg, and thé"asty- no more than fg. The
problem is solved in each domain sequentially, similar to the case of & = —I1.

Remark 2. In [4, 11], a number of boundary value problems fommoge general equations of the third
and fourth orders of parabolic-hyperbolic type in a domain it d) single line of type change were
considered.

Conclusion

This work presents the formulation and comprehensive analysis of a boundary value problem for
a third-order parabolic-hyperbolic PDE within a géemetrically intricate pentagonal domain. Through
the development of a constructive method, forythe equation’s solution, we have established its unique
solvability. Our findings enrich the theoreticalunderpinnings of mixed-type equations and extend the
toolkit for addressing boundary valiesprobléms in domains with complex geometries. This research not
only advances our understanding ofiparabolic-hyperbolic equations of third order but also has potential
implications for their applicationiist modeling multifaceted physical systems and phenomena. Future
studies may explore the appligatiof of these findings in practical scenarios and the investigation of
similar problems in higher-dintensional spaces or with more complex boundary conditions.
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144

IeKapaJIbIK IaMa ecebiH TYKbIPhIM/Iay »K9HE 3epTTey TYPaJibl

M. Mamazkonos!, K. Paxumos?, X. IIlepmarona?

L Koxan memaexemmir nedazozuransis, uncmumymae, Kokan, ©3bexcman;
2 Pepeana memaexemmix yrusepcumemi, Pepeana, Ozbexcman

Maxkasaga mapabosiajbiK, KoHe TUIEPOOIANBIK, aliMaKTapJaH TYpPaTbIH 6eCOYPHINIThHI aiiMaKTaFbl mapabo-
JIAJIBIK-TUIePOOIAJIBIK, TUIITEr] YIIiHI PETTi imiHapa TyBIHIBIIAPIAFEl TEHACYIIH KaHa MeKTi ecebi 3epT-
Tenared. Mynnait teraeynep dbusmnka, HHXKEHEPHs KOHE KAPXKbl CHUSIKTBHI OPTYDJIl cajajiapiarbl Kypesi
(UBNKAIBIK KYOBLIBICTAPIBI MOJEIBIEY/ e MIENTYIN POJT aTKAPaIbl, OJap/IblH apaJiac TUIITErl TaOUFaThIHA
opail JUHAMUKAHBIH KEeH ayKbIMBIH HHKAICYJIAnusiay Kabingerine GaitmanbicTel. [llernmymin KOHCTPYKTHUBTI
TOCIJIIH KOJIJaHa OTBIPHII, 0i3 KOHbLIFAH ecenTiH Oip:KakThl IIeNIiIyin KepcereMis. By 3eprreyaiH MaHbI-
3/IBLJIBIFBI MATEMATUKAJIBIK, (PU3UKaA MeH cabaKTac MOHIEPETT TEOPUIIBIK XKoHe KOJIIaHOA bl 3epTTeyIepre
2KaHA MYMKIHJIKTEp aIlaThlH KYP/Iei TeOMETPHUIIBIK, CAJTaIap/Iarbl XKOFaphbl PETTi KapTrbuiail auddepen-
IUAJIIBIK TeHJIeYJIeP/i TYCIiHY »KoHe IIeNTy YIIiH MaTeMaTHUKAJIBIK Heri3 i KeHelTy OOJIBbIN, TabbLIa bl

Kiam ceadep: mapabosialiblK-TUIepOOIAIBIK, TUIITErN I depeHInaIIbIK, TeHIeyAep, VIR peTTi mapa-
0OIAJTBIK-TUIIEPOOIAIBIK, THII.

O mocTtaHOBKe U MCCJIeJIOBAHNUN KPaeBOii 3aJ1aYn /IJisi ypaBHEHUS
TPeThero nops/aKa mapadoo-rugepdo/imyeckKkoro TuIa

M. Mamaxkanos!, K. Paxumos®NX. [T1lepmaToBa?
) M

! Kokandexut 2ocydapemeenmot neda2deuvecklts uncmumym, Koxand, Ysbexucmar;
2 . .
Depeancruti 2ocydapcmseennoti yRusepcumem, Pepeana, Y3bexucman

B crarne ucciiemoBana HOBast KpaeBasi 3a/1a8a s YPABHEHUsI B YaCTHBIX ITPOU3BOIHBIX TPETHETO MOPSIIKA
mapaboJIo-TuIepObOINIECKOro TUITA, B IgPAVEOIBbHON 00J1aCTH, COCTOMAIIEH KaK U3 HapabOIUYeCKuX, TaK U
n3 runepbosmyaeckux obnacreil. Takue \ypaBHeHUsT UIPAIOT PEIIAIOIIYI0 POJIb B MOJEINPOBAHUU CJIOXKHBIX
bu3NIECKNX SBICHUN B PA3IUIHBIX QOIACTAX, TAKUX KAK (DU3NKA, WHXKEHEpUs W (DUHAHCHI, Oyiaromapst
UX CIIOCODHOCTH WHKAIICYJIMPOBATb JMUPOKUI JUANIA30H AMHAMUKYA U3-33 CBOEH IPUPOJIBI CMEIIaHHOIO TH-
na. Vcrnomb3ysi KOHCTPYKTUBEBIMLIOAXO/ K PEIIeHNI0, Mbl JIEMOHCTPUPYEM OJIHOZHAYHYIO Pa3pelInMOCTh
TTOCTABJIEHHOM 3a1a9r. SHAYUMOCTH 9TOTO UCCAEIOBAHNS 3aK/II0IAETCS B PACIITHPEHNN MaTEMATHIECKON 0C-
HOBBI JIJIs MTOHUMAHUS U PENTEHNsT CMENIaHHBIX YPABHEHNN B YaCTHBIX IPOU3BOJHBIX BBICIIIErO MOPSIKA B
CJIOXKHBIX P€OMETPHIECKIX OOIACTSIX, YTO OTKPBIBAET HOBbIE BO3MOXKHOCTH JIJIsl TEOPETUUECKUX U IIPUKJIA]I-
HBIX UCCJIeOBAfNIT BaMATEMATHIECKON (DUBKMKE M CMEXKHBIX JUCIUATLINHAX.

Kmouesvie carosa: muddepeHinaabable ypaBHEHN TapabOIo-TUIIepOOTNIeCKOro THIa, TapaboIo-rumepoo-
JINYECKUI THUII TPETHErO MOPSIIKA.
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