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plane, is determined. Moreover, it is determined that zero is nof a
type operator, in other words, zero is a regular point of the opera
original operator. Adjoint operator with periodic boundary val

igenvalue'of a third order composite
at belongs to resolvent set of the
s is constructed.
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Introduction and n of the problem

Series of spectral boundary value proble s nposite type equations
&m—i—uyy +Au=0
has been investigated in [1, 2|. Soluti initial-boundary value problems for partial differential equations by
the Fourier method is almost a; uced to the problem on determining eigenvalues and eigen-functions of

some differential operators [3-6
This paper is devoted_to finding the eigenvalues of one boundary value problem for the equation

Lu = Ugga + Uyyy + Au =0, (1)

where X is a s ra ameter and complex number, which is also composite type equation [1].
In a rectangular domain D we consider the problem on eigenvalues of the equation (1), satisfying the
following iy nditions:

Uop =0, (0.9) = s (L,y), 1y (2,0) = uy (x,1), (2)
D={z,y: 0<z<1, 0<y<l}.
Solution of the problem
Looking for a solution of the problem (1), (2) by the Fourier method as follows:
u(z,y) =X (x)-Y (y),
we come to the following spectral problems in the space Ls (0,1) for ordinary differential operators

LoX=X"+4+puX =0, X(0)=X(1)=0, X' (0)=X (1), (3)
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LY =Y"4vY =0, Y(0)=Y(1)=0, Y'(0)=Y'(1), (4)

moreover, A = y + v. Boundary value problems in (3),(4) are regular by G.D. Birkhoff [7]. In the monograph
of M.A. Naimark [8; 67] a subclass of regular boundary conditions is distinguished, and it is noted that for an
odd order of the equation, all strongly regular conditions are regular.

We solve the problem (3) (problem (4) is solved analogically). General solution of the equation (3) has the
form

X (z) = C e 4 (C’g - cos V3ax + Cs - sin ﬁax) e,
where C7, Cy, C5 are arbitrary constants,
a= \3/—_,u # 0.
Putting (5) into the boundary value condition (3), we will have the linear system concerning tonent Cj:
C1+Cy =0,
C1 -62“+C’2-6_“~cos\/§a+C’3 -e @ ~sin\/§a:0,

Cl-(2a—2a-62‘1)+C’2-(—a+\/§a-6_a~sin\/§a+a~e_“~c
+Cs5 - (V3a—3a- e cosV3a+a-e® sinv3a) =0

Its determinant will be a characteristic determinant for the problem

0
e~ %sin+/3a . (M
—@ (\/§ Ccos \/§a + sin \/§a)

minant (7) is reduced to the form:

A ((1,) _ (\/§+ 32) 1+z\f \/__’_ 31) (1+i\/§)a+

1 1
Afa) = e2® e~%cos/3a J
2a — 2ae2®  qe~“ (\/§ sin \/§a + cos \/§a) —a

From where by standard calculations and transformations

Theorem 1. Characteristic deter the spectral problem (3) is represented as a form of quasi-
polynomial (7) and is the entire anal n of the variable a.

Connection of quasi-polynomi T ith spectral problems is reflected in [9-13].

Sometimes entire analyti
[8, 14-18|.

The papers [19, 20] 2 o study of zeros of entire functions with an integral representation, related
to spectral problems o rd-order differential operator with nonlocal boundary value conditions.

In [21, 22] the
regular bounda conditions, which is an entire analytic function of the spectral parameter, is calculated.
Also in this pa study stability problems of basis property of root functions systems of the original
operator.

0S e éntire analytical function A (a) in (8) are eigenvalues of the operator Ly. Therefore, further we
t ion about distribution of eigenvalues of the entire function A (a) on the complex plane a.

ing into account results of the monographs [9, 10, 16|, the conjugate indicator diagram of the function

will be a regular hexagon on the complex plane a. Sides of the hexagon consist of the following segments:

{1—1'\/5; —1—i\/§J, [—1+i\/§; 1+i\/§J, [—_2; “1-iv3],

—1+iV3; —2} {l—l—z\/_ 2} { 1-iV3],

where lines mean complex conjugation, and they are commensurable numbers, that is, the length of each
segment is equal to d = 2, and therefore they form the regular hexagon. From the origin we draw rays that are
perpendicular to the sides of the regular hexagon.

\/_ 3@ 362 — 2v/3¢7%¢, (8)
We formulate the obtained result a& theorem.
f
func
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Rays, which are perpendicular to the indicator diagram, are called critical. According to [10] the critical
rays on the plane a are exactly six, that is

arg%z%—l—w—;, n=0,1,2 3,4, 5.
Along the ray, perpendicular to the segment passing through the points 2; 1 — /3, there are zeros of the

quasi-polynomial (\/§ + 31) ce(1+ivB)a _ 24/3 - €2 from (8), which are majorizing exponents. M

oreovery along
this ray other exponents from (8) do not contribute.
We find zeros of the quasi-polynomial:
(x/ﬁ + 3i) e(1HivBle _g\/3. e g <

(\/§+3i) Ce(1+iv3)a _ 23 - 2k

) 23 : 2v3
a1 = 2ikm + o ’ \/§+3i’ g (\/ngBi) k=1, 2
~1+iv3 ~1+iv3 ’ ’
which are zeroes of the first series, where In ‘ \/25\1532 ‘ +iArg (\/25\@1) =

Otherwise, from (7) if follows that eigenvalues of the first series of the

B < dikm N const ) g f 9 3
M1 _1+7/\/§ —1+7,\/§ ) 5 Dy e
A similar procedure is carried out on the other sides of the gon, and along the other perpendicular rays

we have the corresponding series of quasi-polynomials zer

Hi2 =

+—""), k=123, .
1+i\/§>

ries of zeros

axz = ikm +const, k=1,2,3, ...
ks = —(2ikm + const)g, k=12, 3, ..

— segment 3} , 4-th series of zeros

2ikm const

gy = + ., k=1,2 3, ..,
@ MTIriE  1+iV3
2ikm const 3
=— + . k=1,23, ...
i <1+i\/§ 1 +i\/§>

— segment [5; 1+ z\/g], 5-th series of zeros

2k const

1+iV3 1+iV3

_( 2k n const )3 k=1 9 3
k5 1+Z\/§ 1+l\/§ ) 5 Ly Dy eeen

aks =

=1,2,3,

eny
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— segment [—1 +iV/3; —_2}, 6-th series of zeros

2ikm const

age = + )
N S N

k=1,2, 3, ..,

dikm const \°
k6 = — + , k=1,2,3, ..
fio (1 —iV/3  1-iV3 ) ’
Thus,
Proposition 1.
1. There exists an infinite number of operator eigenvalue of the operator Ly.
2
2. Distance between neighboring eigenvalues of the operator Ly of the each series is equalfto ﬁ
3. Eigenvalues of each series of the operator L lie on the rays, perpendicular to the segmenticontaining the
numbers

(1—1\/5; —1-iv3), (—l—i-i\/?); 1+iv3), (—_2 —1-iv3), (—1+i
(1+i\/§; i), (2 1—2‘\/5).

Similarly, by repeating the whole process of researching the problem(3),\we sol problem (4), and we
obtain eigenvalues of the operator Lj:

4l const 3
v = — + .)l 1,2, 3, o
" (—1+N§ —1+N§>

2l const
Vig = —

+
1+iv3  1+ivV3

v = —(2ilm + co 1, 2, 3,
2
Vl4__<1 Zl.ﬂ- lzl) 27 3a
+1

1=1,2 3, ...

4ilm const \*
+——F, 1=1,2 3, ..

iv3  1—iV3 )

Analogically, all points sition 1 are true for the operator L.

So, we have proved the

) ditions of Theorem 1 and Proposition 1 hold for the operators Ly and L;.
or L are Agj =+ (urj +1v15), where k=1,2,3,..,01=1,2,3,....,5=(1-6)

= 3—V2_” = 0, representing general solution (3) as X (x) = az? + bz + ¢ and satisfying

Conjugate problems

X =1y (X) = X" (z). Applying the method of integration by parts, we get the Lagrange formula:

10 ()5 @+ | X (0T (0)de =X (1)1 — X" 0) 2 10)-

[0 = V)] - X (0) + X (1) 7 (1) - X (0) - 07 (0).
Here [} (v) is the conjugate differential expression:

I5(v)=-v" (), 0<z<l. (9)
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Consequently, the operator oneparop Lf, conjugate to the operator Lo, is given by the differential expression
(9) and the boundary value conditions

v(1)=v(0)=0, v (0)—2"(1)=0. (10)
Analogically, for the operator L; conjugate operator is
LY =L (Y)=Y"(y), Li:l@=—"(), 0<y<l

with the boundary value conditions (10). From this, it follows that in the domain D conjugate problem %o the
problem (1), (2) will be
L*V = Ve + Vyyy — AV =0,
satisfying the boundary value conditions
Vlep =0, Vi (Ly) =V (0,y), Vy(z,0) =V, (x,1).

This study was supported by Committee of Science of the Ministry o catio @ ciences RK (Grant

No. AP05132587).
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H.C. Nman6
PerynspibIk 1meTTik eH OepiJireH YIIiHII peTTi
KypaMJIaCc THUMTI T, : MEHMTIIKTI MOHAEPl >KaiiJIbl

Makastazia peryssipJibIK, JaJipex AHT, PUOJITHIK IIETTIK IapTTapMeH OepijreH yImiHImi peTTi KypaMm-
i iHiH OpHAJIACyBbI TYpPaJbl Mocese 3epTTesdi. bacranksr ecenti Pypbe
9JliciMeH Ienty 1l KoJIJaHFaHHa (0, 1) KenicTirinae MepUOATHIK MIAPTTAPMEH GepiareH yuiHii per-
Ti xKait quddepenua iH MEHIIIKTI MOHJEPIH 3epTTEyre apHAJFaH €Ki eCelKe TapMAaKTAJIFaH.
Ochbl ecenTepiiy cunar BIK \AHBIKTAY BIINITAPBIHBIH OYTiH aHAJIUTUKAJIBIK (DyHKIHAIAD OOJMATHIHIBIFBI
ePi@aObIIbII, KEIIEeH/ Tl >Ka3bIKTHIKTAFbl OPBIHIAPH! aHbIKTAIFaH. bacTamnke! ome-
ePiHiH CAHAJIBIMJIBI, IIEKCI3 eKeH/1iri kepceriiren. TyiliHaec WHIUKATOPJIBIK, JIHa-
epusarbl MEHIMKTI MOHJEP/IH MMEePIECHANKY/ISD COyJIeaepAi, OOMbIHIa apaka-
aH. CHekTpasablK NapaMeTp/iH HOJIIK MOHI OepaTOpPblH MEHIIMKTI M9HI 6oJ-

rpaMMachl
IIBIKTHIKT

MaMTBIHIb! inren. Tyiiinnec onepaTopsl KypBIJIFaH.
Ki aMJaC THIOTI TeHJE eryJIsSIpJIbIK IEPUOATHIK IIETTIK IMapTTap, TOPTOYPHIII alMak,
) ) )
y JTicl, XapaKTePUCTUKAJIBIK, AHBIKTAYBII, OYTiH aHAJUTUKAJIBIK (DYyHKIINA, MEHINKTI MOHIAED, OyTiH
H [H HOJIIEPI.

Cepust «Maremarukas. Ne 4(96)/2019 49



N.S. Imanbaev, M.N. Ospanov

H.C. Umanbaes, M.H. Ocnanon

O coOGcTBEHHBIX 3HAUYEHUSAX yPaBHEHUI TPEThero IopsiKa
COCTABHOTI'O THUIIA C PEryJSIPHbIMU KPaeBbIMU YCJIOBUIMU

B craTbe ncciemoBan Bopoc pacnpenesienns COOCTBEHHBIX 3HAYEHUN yPABHEHUI TPETHETO MOPSIKA COCTAB-
HOI'O THUIIA C PEryJspPHBIMHU, TOYHEE, C IIePUOJUIECKIMU KPAaeBbIMH ycjaIoBUsAMH. Ilocsie nmpuMeHneHns MeTo;
na Pypbe ucxomHas 3a7ada paclaaeTcs Ha JBE 3aJa49d, T.e. Ha COOCTBEHHBIE 3HAYEHUsI OOBIKHOBEHHBI
nuddepeHnmanbHbIX OIEPATOPOB TPETHETO MOPSIKA C IEPUOIUIECKUMI KPAEBbIMU yciaoBusaMu B Lo (0,1).
Brrunciiensl xapakTepucTHyeckue ONEpesesInTeN M U HalJIeHbl HYJIN IEJIbIX aHAJUTUIECKHX Oy,
OIIPEJIEJICHO MX PACIIOJIOXKEHNE Ha KOMILIEKCHOH IIocKocTH. JlokasaHo cyIiecTBOBaHIEe OECKOH
J1a, COBCTBEHHBIX 3HAYEHUN OIlepaTopa TPETHEro MopsiJiKa cOCTaBHOrO Tumna. OnpeesieHo pace
COCETHUMU COOCTBEHHBIMY 3HAYEHUSIMU OIIEPATOPa TPETHETO MOPSIIKA COCTABHOI'O TUIA KaXKJI0
TOpOe JIEYKAT Ha JIydaX MEePIEHIUKYIAPHO CTOPOHAM CONPSXKEHHOU HHIMKATOPHON Juarpa ecThb
IPaBUILHOTO IMECTHYTOIbHUKA Ha KOMILIEKCHOM TmockocTu. JlokazaHo, 9TO Hy/b HE SBJIfETCs] CH-

JIISIDHON

HBIM 3Ha4YE€HUEM OllepaTopa TPeThero IopsiKa COCTAaBHOTO THUIIA, MHa4Ye TOBOPH, HY/Ib ABJI
TOYKOH ollepaTopa, KOTopas MPUHAJJIEIXKAT PE30JIbBEHTHOMY MHOXKECTBY HCXOJHOT aT
COIIPSAKEHHBIN olepaTop ¢ NepuoANYECKUMU KPAaeBbIMU YCJIOBUAMU.

Karoueswie caoea: ypaBHEHHSI COCTABHOIO THIIA, PEryJIsSpHBbIE, IEPUOAUECCKHE Kpae CJIOBUSI, IIPAMO-
yrosbHast 0b6aacTb, MeTon Pypbe, XapaKTEePUCTUIECKUN OIPEIeIUTEND, niecKre QpyHKINH,
COOCTBEHHBIE 3HAYECHUSI, HYJIH [EJIbIX (DyHKIIHIA.
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