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On the unique solvability of a family of multipoint-integral
boundary value problems for a third order differential equation

A family multipoint-integral boundary value problems for a third order differential equation with variable
coefficients is considered. The questions of a existence unique solution of the considered problem and ways of
its construction are investigated. The family multipoint-integral boundary value problems for the differential
equation of third order with variable coefficients is reduced to a family multipoint-integral‘boundary value
problems for a system of three differential equations by introducing new functions. For solve of resulting
family of multipoint-integral boundary value problems is applied a parametrization method. An algorithms
of finding the approximate solution to the family multipoint-integral boundary value problems for the
system of three differential equations are proposed and their convergence is proved. The conditions of
the unique solvability of the family multipoint-integral boundary value problems. for the system of three
differential equations are obtained in the terms of initial data. The results also formulated relative to the
original of the family multipoint-integral boundary value problems for the differential equation of third
order with variable coefficients.
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Introduction

Mathematical modeling of various processes‘in physics; chemistry, biology, technology, ecology, economics
and others are leaded to multipoint-integral boundary value problems for differential equations of higher orders
with variable coefficients and parameters [1-8].  The/problems of solvability of multipoint-integral boundary
value problems remain important for applications because they are directly connected with the theory of splines
and interpolations and used in the theory of multi-support beams. Despite the presence of numerous works,
general statements of multipoint-integral problems for ordinary differential equations with parameters remain
poorly studied up to now. The method of Green functions proves to be the main method for the investigation
and solution of family multipoint-integral boundary value problems. This method reflects the specific features
of the analyzed boundary wvalue problems. However, the problem of construction of the Green function is quite
complicated due to the complex nature of the investigated object and the absence of the required information
about its properties,

One of possible ways of overcoming these difficulties is connected with the development of constructive
methods aimed‘at the investigation and solving of family multipoint-integral boundary value problems for
higher order differential equations without using the fundamental matrix and the Green function. Thus, in [9],
a parametrization method was proposed for the investigation and solving of two-point boundary value problems
for ordinary differential equations. Parallel with construction of the coefficient criteria for the unique solvability
of the investigated problem, parametrization method enables one to propose algorithms for finding the solution
of this problem. In [10, 11], the parametrization method was applied to multipoint boundary value problem
for ordinary differential equations. A family of multipoint boundary value problems for system of differential
equations and multipoint nonlocal problem for system of hyperbolic equations were considered in [12, 13].

In the present paper we study of a questions the existence and uniqueness of solutions to family of multipoint-
integral boundary value problems for the third-order differential equations and the methods of finding its
approximate solutions. For these purposes, we are applied parametrization method [9] for solve of this problem.

We consider the family multipoint-integral boundary value problems for the third-order differential equation
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Here z(t, x) is unknown function, the functions Ag(¢,x), f(¢, ) are continuous on Q@ ={0,7T] x [0,w], k = 1,2, 3,
ai;(z), Bij(x), vij(x), dj(z) are continuous functions on [0,w], the functions. K;(t,z) are continuous on
Q i=0m,j=1,2,3,0=tg<t1 <to<..<tpm1<tm=T.

Let C(Q, R) be a space of continuous functions z : @ — R on Q with norm |[ullp = (m;ax9|z(t , )]
)€

The function =z(t,x) € C(, R), that has partial derivatives % e C(,R), Ptz ¢ C(, R),

ot?
332(?” € C(, R) is called a solution to family of problems (1)~(4) if it satisfies third-order differential equation

(1) for all (¢,z) € Q and meets the boundary conditions (2); (3).and (4) for all = € [0, w].

For fixed z € [0,w] problem (1)—(4) is a linear multipoint-integral boundary value problem for the third
order ordinary differential equations. Suppose a-variable z/is changed on [0,w]; then we obtain a family of
multipoint-integral boundary value problems for ordinary differential equations.

We will investigate the existence of a unique solution to the family of multipoint-integral boundary value
problems for the third-order differential equation (1)=(4). We use parametrization method for solve of the family
problems (1)—(4) and construct of its approximate solutions. An algorithms of finding the approximate solution
to the family of multipoint-integral boundary value problems for the system of three differential equations are
constructed and their convergence is proved. The conditions of the unique solvability of the family of multipoint-
integral boundary value problems for the system of three differential equations are established in the terms of
initial data. The results also. formulated relative to the original of the family multipoint-integral boundary
value problems for the differential equation of third order with variable coefficients. The obtained results are
applied to a family of multi-point boundary value problems for the third order ordinary differential equation.
The efficiency of the proposed approach for solve of the multi-point boundary value problems for the third
order differential. equations that arise in applications. The results can also be used in the study and solve of a
nonlinear multipoint-integral boundary value problems for the third order differential equations. Some types of
problems (1)=(4) were studied in [1-8]. For fixed x and K;;(¢t,x) =0, ¢ = 1,3, j = 1,3, the problem (1)—(4) were
consideredrin [14]. At fixed x the problem (1)—(4) were investigated in [15].

1 Scheme of the method

‘We introduce the following notations

0 1 0 0 dy (2)

At,z) = 0 0 1 , F(t,z) = 0 , d(z)=| da(x) |;
Asz(t,z) Aq(t,z) Aqi(t,x) ft,x) ds(x)
Yir(x)  Bi(r) () Kis(t,x) Kpot,z) Kii(t,x)
Ml(l‘) = ")/22(1') 612(LE) 041'2(56) ; K(t,x) = Kgg(t,l') Kgg(t,x) KQl(t,l')
viz(z) Piz(w)  auz(z) Kas(t,x) Kso(t,z) Kai(t,x)
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1 is identity matrix of dimension 3.
Problem (1)—(4) can be write in the vector-matrix form

ou
n =A(t,x)u+ F(t, x); (5)
. T
Z M;(z)u(t;, ) + /K(T, x)u(r, z)dr = d(x), (6)
i=0 0
where u(t,z) = (u1(t, z),uz(t, ), us(t, ), ui(t,z) = z(t,x), us(t,z) = azgft’w), ug(t, ) = & ggtf)

A continuously differentiable function u : © — R3 is called a solution of the family multipoint-integral
boundary value problems (5), (6) if it satisfies system (5) for all (¢,z) € Q and condition (6) for.all « € [0,w].
By p(x), we denote the value of the function u(t, z) for ¢ = tg.

We perform the change u(t, z) = u(t,x) + p(z) in the problem (5), (6).

Then problem (5), (6) is reduced to the following equivalent problem with unknown functional para-

meter pu(x):

?;t‘ A(t, )i+ A(t, 2)p(x) + F(t,z); (7)
u(to,x) = 0, x € [0,w]; (8)
m m T
> Mi(@)u(x) + Y M(2)u(ti,z) + /Km TxdT+/K7'xdTu z)=d(z), zel0,w. (9)
1=0 =1 0

A pair (u(t,z), pu(x)) is called a solution to family of problems(with parameter (7)—(9) if the function u(¢,x)
is continuous and continuously differentiable by ¢ on 2, satisfies of the system (7) for all (¢,2) € €, initial
condition (8) and multipoint-integral condition (8) for all z € [0, w].

Problems (5)—(6) and (7)—(9) are equivalent. If a vector function w(t,z) is a solution to family of
multipoint-integral problems (5), (6), then a pair (u(t, x), u(x)), where u(t, z) = u(t, ©)—u(to, x), u(x) = u(to, x),
be a solution to family of problems with functional'parameter (7)—(9). And conversely, if a pair (u* (¢, x), u*(x))
is a solution to family of problems with' functional parameter (7)-(9), then a vector function
u*(t,x) = u*(t,z) + p*(x) be a solution to original family of multipoint-integral problems (5), (6). At fixed p(z)
the problem (7), (8) is a family of Cauchy problems for system of three differential equations and the relation
(9) is connected a values of function u(, z) with unknown parameter p(z).

A solution of the family of Cauchy problems (7), (8) is equivalent to a family of Volterra integral equations

second kind ,

u(t,z) = /A(T, x)u(r,x)dr + /A(T,.Z‘)dT[L(x) + /F(T,:zr)dT, (t,x) € Q. (10)
0 0 0

Substituting the right=hand side of the integral equation (10) instead of the function w(r,z) at ¢ = 7 and
repeating the process vth time (v =1,2,3,...), we get

U(t,z) = D, (t,2)u(x) + Gy (t,z,0) + F,(t,x), (L) € Q, (11)
where

T

A(T,.%‘)/A(Tl,x)dTldT—F...—l—
0

D,(t,x) = /A(T,x)dT—l—

+0/A(T z)

o (t,x, ) /A /A T, T / A(ry, x)u(r,, x)dr,dr,—1...dT1dT;

o\ﬂ

A(my, 2) /ATV, Yd1,dTy_1...dTdT;

St~
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T

ﬁy(t,$>:/F(T7.’E)dT+ A(T,a:)/ (m,z)dmdr + ..+
0 0

o

t T Tv—1
+/A(T,x)/A(Tl,:L')... / F(1,,x)dr,dry_1...dT dT.
0 0 0

From the representation (11) we determine the values of function u(t,z) for ¢t = t;, i = 1,m, t = 7 and
substitute them into the appropriate expression (9). Then, we obtain

Moa) + S M+ Dot )] + [ KT+ Dottt Z My (@) Bt 2)
i=1 0
- / K(r,2) By (r,2)dr — S My(@)Gy (t:, 3, 7) — / K (r,2)G, (v, ) de! (12)
0 i=1

The relation (12) is a linear system of three functional equations with rebpect to parameter pi(z).
Introduce the notation Q, (T, z) = My(x) + Z M;(z)[I + D, (t;,x)] —|—fK 7,2)[I + Dy(7, z)|dr. If for some

v € N the (3 x 3) matrix @, (T, x) is invertible for all x € [0,w], then at ﬁxed values @ the functional parameter
() is uniquely determined from system (12). So, for finding a solution to family of problems (7)—(9) we have
a closed system of equations (10) and (12).

2 Algorithm and main result

If the function u(t, ) is known, then parameter p(x) can be found from the system of functional equations
(12). Conversely, if parameter u(z) is known, then function @(¢,z) can be found from the family of Cauchy
problem for system of differential equations (7), (8). Sin¢e neither w(t, ) nor u(x) are known, we use the iterative
method and find the solution of family problems with parameter (7)—(9) in the form of a pair (@*(¢, x), u*(z))
as the limit of a sequence (@) (t,z), u®) (x)), k =041, 2, ..., determined according to the following algorithm:

Step 0. Assume that, for chosen v € N the matrix Q,,( z) : R* — R3 is invertible for all z € [0,w]. We use
the initial condition (8). We determine the initial approximatlon in the parameter () (x) from the system of

functional equations Q, (T, x)u(z) = d(z)— Z M;(z)F,(t;,z) for all z € [0,w).

We solve the family of Cauchy. problems (7), (8) for pu(x) = p®(x) and find of function () (¢,z) for all
(t,x) € Q.

Step 1. Substituting the obtained function u(%) (¢, ) for u(t, ), from the system of functional equations (12),
we obtain p(M(x) for all 2 €0, w). Further, we solve the family of Cauchy problems (7), (8) for u(x) = u™ (z)
and find of function u™) (£, z) for all (t,z) € Q.

And so on.

Step k. Substituting the‘obtained function u*~1) (¢, z) for w(t,z), from the system of functional equations
(12), we get uF)(x) for all & € [0,w]. Solving the family of Cauchy problems (7), (8) for u(z) = u(M)(x), we find
a®)(t,z) for all (t,z) e, k=0,1,2,....

Introduce a notations

a(w) = max [|A(t )] = max(1, mase {Av(E2)] + [Ax(t2)| + |Aa(t. )]} ):

k(z) = max ||K(t,z)|| = max max{|K11(t )| + | K (t, )| + | Kis(t,x)|}.
t€[0,T] te[0,T] =1,3

The following theorem establishes sufficient conditions for the applicability and convergence of the algorithm
proposed above, which also guarantee the unique solvability of problem (5), (6).

Theorem 1. Let for some v € N the matriz Q,(T,z) : R> — R3 is invertible for all x € [0,w] and let the
following inequalities be true:

a) [[Qu(T, )] 7| < nu(T, x), where n,(T,x) is a positive continuous on x € [0,w] function;

b) ¢ (T,z) =n,(T,x)- (E [| M (x )||+/<V(x)T) 'mﬂ[ea(x)tf‘—l— > [a(ﬁ%} < x < 1, where x is a constant.

i=1,m j=1
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Then family of multipoint-integral boundary value problems (5), (6) has a unique solution.

The proof of theorem 1 is similar of proof theorem 1.

By using the parametrization method, we split the procedure of determination of unknown functions into
two part:

1) determination of the unknown function (¢, z) from the family of Cauchy problems for system of three
partial differential equations (7), (8);

2) determination of the introduced parameter p(z) from the system of functional equations (12).

Taking into account the notations and the equivalent transition to problem (5), (6), we have.

Theorem 2. Let for some v € N the matriz Q,(T,z) : R®> — R is invertible for all z € [0,w] and let the
inequalities a), b) of Theorem 1 be true.

Then family of multipoint-integral boundary value problems for the third-order differential equation (1)-(4)
has a unique solution.

Ezample. We consider the family of boundary value problems [8]:

% =p(t, )z + f(t,x)+r,  tE(a,b), z€][0,1]; a3
z(a,z) =a, x€l0,1]; »
3Z(aat, Do, we [0,1]; (15)
8zg)£ r) _ b zepodl o

Assume that the functions f(t,z) and p(t, x) are given, and p(t,&) = 0 for ¢t € [a,c) U (d,b], a<c<d<Db,
and z € [0, 1], the parameter r, «, 81, and S are constants.
For this problem

01 0 0
Alt,z)=1 0 0 1 , E(t,z) = 0 ;
0 0 p(tz) ft.z)+r
100 0 0.0 00 0 i o
Moy(z)=10 1 0 |, M= 0.0 0|, K{lz)y=[ 0 0 0 |, dlx)y=| 5/ |;
00 0 01 0 00 0 Ba
t t T
D, (a,t,x) :/A(T,x)dTJr/A(T,x)/A(Tl,I)dTldTJr...Jr

t

T Tv—1
+/A(T,$)/A(T17[L')... / A(ry,x)drydry—q...dmdr, v=1,2, ..,
a a

a

8(x) = max (1, mas |p(t, )]

Theoréem 8. Let for some v € N the (3 x 3) matriz Q,(a,b,z) = My(z) + My (z)[I + D, (a,b,z) is invertible
for all x € [0,1] and let the following inequalities be true:

a) |[Q.(a,b,2)] 7| < n,(a,b,x), where 7, (a,b,x) is a positive continuous on [0,1] function;

b) G(ab,2) = i, (a,b,z) - [P@0-0) 1 — 57 BEGal [ <y <,

j=1

Then family of two-point boundary value problems for the third-order differential equation (13)-(16) has a
unique solution. B

Note that in the repeated integrals of the D, (a,t,z) the element of the matrix A(¢,z) is function p(t, z)
and it will be calculated on the interval [c, d] x [0, 1].

Let p(t,x) =1 for t € [¢,d] x [0,1], p(t,x) =0 for ¢ € [a,c) U (d,b], x € [0,1].
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Then the matrix @, (a, b, z) independent on x. In this case, the conditions of Theorem 3 will be formulated
only in the terms of numbers a, b, ¢, d.

We have
1 b—a 0

Theorem 4. Let the (3 x 3) matriz Q1(a,b) = 0 1+b—a O is invertible and let the following
0 1 d—c

inequalities be true:

@) [[[@1(a. b)) 7] < mase (7. 1) + max(b— a1, 7 ) e

b) ¢,(a,b) = |max + max(b—a,1, 7 1+1La Sleta) —1 - (b—a)| < 1.
(1) (o Yt | }

Then two-point boundary value problem for the third-order differential equation (13)-(16) has a unigue
solution.

So, the family of multipoint-integral boundary value problems for third order  differential
equation (1)—(4) is reduced to an equivalent family of multipoint-integral boundary value/problems for system
of differential equation first order. For solve of the family multipoint-integral boundary wvalue problems for
system of differential equations results of articles [10-13] are used. Algorithms of finding solutions to the family
of multipoint-integral boundary value problems for differential equations are constructed and their convergence
is proved. The conditions of the unique solvability to the family of multipoint-integral boundary value problems
for third order differential equations are established.
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A.T. Acanosa, A.E. NImanunes

Yimiaimi perrti muddepeHnnaJIbIK, TeHAeY VIHiH
KOIMMHYKTEJIi-MHTErPAJIAbIK MIETTIK ecenTep 9yAeTIHiH
OIpMOH/AI MIENTLIIMIIIIT Ty PaJabl

MakaJsrana koaddumuenTrepi affHbIMaJIbI YINiHIN peTTi auddepeHunaIbIK,  TeHIey VIIH KOIMHYKTei-
MHTErpaJIIbIK, MIETTIK eCenTep oyJeTi KapacThIpbuabl. By ecentin 2 kasrbl3 Imemiminiy 6ap 60s1ybl
Mocesiesiepi MeH OHbI Taby Kojazapbl 3eprreiai. 2Kana dyHkusmap eHridy of7ici apKbLIbl KO3MDOUITUEHT-
Tepi afHbIMAJIbI VIIHII peTTi guddepeHnnaliIiblK, TeHIey YIIH KOMHYKTeM-NHTerpaJIJIbIK, IIETTIK ecernrep
oysteri ymr nuddepeHnuaaaplK TeHIeyAeH  TYPATbIH Kyie  VIIiH rKOIHYKTeJi-HHTErPAIIbIK, [IETTIK
ecerrrep oyserine kentipinemi. HoTmkecinae ajablHFaH KOMHYKTEM-MHTETPAJIIBIK IIETTIK €CENTep dYJIEeTiH
MIENTy VINH [TapaMeTpJiey 9/ici KOJJIaHbLIAbL. YII JAMEdEPEHITHAIIbIK TeHIEY/IeH TYPAThIH XKyiie yIniH
KOTHYKTE Ti-UHTErPAJIJIbIK, IIEeTTIK ecenTep Oy/IeTIHIH XKYBIK MIENNMIepiH Taly aJropuTMIepi YChIHBLIFaH
2KOHE OHBIH KUHAKTBIIBIFBI JI2JIEJIIeHTeH. YT qudDEepeHInANIBIK, TeHACYIEeH TYPAThIH XKYiie YIMH KO-
HYKTeJI-MHTEerPaJIIbIK IETTIK ecenTep ayaeTiHiH OipMOH TIelriIiMIiTir HiH mapTTapbl 6acTankbl 6epiaiM-
nep TepMmuHiHAe anbiaraH. Hornrkenep colikecinme facTankbl KoddduimeHTTepi afHBIMAJIbI YINIHII peTTi
nmuddepeHITIANIBIK, TEHIEY YIIH KOTHYKTET-UHTETPAJIIBIK EeTTIK €CenTep Oy/IeTi VIMH /1€ TYKBIPhIM-
JAJIFaH.

Kiam cosdep: KOMHYKTEM-UHTETPAIIBIK, IIETTIK €Cer, YINHII peTTi auddepeHInaiibK TeHIeyIep, mapa-
MEeTP, KOIMHYKTeTi-UHTEerPAJIIbIK IETTIK ecernrep oyJieTi, guddepeHnaibiK, TeHIey/Iep XKyieci, aaropurm,
OipMOH/II IIenTiMIITIK.

A.T. Acanosa, A.E. Imanunes

O06 ogHO3HAYHOI pa3peIrnnuMoCTh ceMelicTBa
MHOIOTOYE€YHO-UHTErpaJIbHBIX KPaeBbIX 3aJia4 JIJIsd
auddepeHImnaIbHOTO YPaBHEHNST TPETHETO MOPAIKa

B crarbe paccMOTpeHO ceMENRCTBO MHOTOTOYEYHO-UHTETPAJIBHBIX KPAEBBIX 33734 1t JudDDEPEHITNATHEHOTO
YPaBHEHUsI TPETHEro MOPSIIKA C TEPEMEHHBIMU KOo3hdurmenTamu. VccmemoBalbl BOIPOCH! CYIIECTBOBAHUST
€IMHCTBEHHOT'O PEIIeHNsT PACCMATPUBAEMOIT 33841 U CIIOCOOBI €ro TOCTPOoeHusi. MeToIoM BBEIeHUsT HOBBIX
GbYHKIUH ceMefCTBO MHOIOTOYE€YHO-NHTEIPAIBHBIX KPAEBBIX 33134 [ MM depeHIIaJIbHOr0 yPABHEHUST
TPETHETO MOPSIIKA C TIePEMEHHBIMU KO3 PUIEHTAMI CBOIUTCS K CEMENCTBY MHOIMOTOYEYHO-NHTErPAIbHBIX
KPaeBbIX 3aJ1a4 JjIs CUCTEMBI TpeX AudDepeHInaIbHbIX ypaBHeHuit. [Ijis perennst moyIeHHoro ceMeti-
CTBa MHOI'OTOYEYHO-MHTErPAJIbHBIX KPaeBbIX 3a/[a9 IIPUMEHSIETCsS MeTo]l napamMerpusanun. lIpesmoxkensr
aJTOPUTMBI HAXOXKIEHUsT TTPUOJIMKEHHOTO PEIEHUsI CEMEWCTBa MHONOTOUYEYHO-NHTErPAIbHBIX KPAEBBIX 3a-
a9 JJIsi CHCTEMBI TpeX auddepeHnnaabHbIX yPABHEHUN, U JOKA3aHa UX CXOAUMOCTD. [losyueHbl ycioBust
OJTHO3HAYHOI pas3pelnMOCTH ceMeiicTBa MHOIOTOYEeYHO-UHTErPaJIbHBIX KPaeBbIX 3a/1a4 JJId CUCTEeMBbI TPeX
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mudepeHIIaAIBHBIX YPABHEHUN B TEPMUHAX UCXOIHBIX JAHHBIX. Pe3ybTaThl TakKe C(HOPMYTUPOBAHBI OT-
HOCHTEJILHO UCXOIHOIO CEMERCTBa MHOTOTOUYEIHO-NHTEIPAJILHBIX KPAEBbIX 3a1a49 1A JuddepeHInabHOrO
yPpaBHEHUS TPETHErO MOPSIKaA C ITEPEMEHHBIMU KO3 UIimeHTaMu.

Karoueswie cA06a: MHOTOTOUETHO-UHTErPAIbHAS KpaeBas 3a7ada, JuddepeHIuaibHoe yPaBHEHNE TPETHEro
IopsJiKa, IapaMeTp, CeMeHCTBO MHOTI'OTOYEYHO-MHTEI'DAJIBHBIX KPAeBBIX 33/1a4, aJITOPUTM, OJHO3HAYHA
pa3pemmMocThb.
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