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On the separability of elements and sets
in hypergraphs of models of a theory

sets by the hypergraphs. The separability of finite sets is characterized for special hypergra
limit models as well as by countable models which are neither almost prime nor li
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In [1-4], the notion of hypergraph of prime models of a theorydwras introd and it was clarified
that these objects play an important role classifying countable mo plete theories. It was
shown in [1, 5] that these hypergraphs can be arbitrary enough.

In the paper, we introduce the notions of hypergraphs Jf) ementary submodels of a model of a

theory generalizing the notion for prime models. For hypergraph riteria of separability of elements
as well as of sets in terms of algebraic closures are prove
Throughout the paper we assume that 7' is a complet t order theory without finite models.

ent submodels

Definition. Recall that a hypergraph i
being the set of all subsets of X.

Let M be a model of a theory 7. ot (M) the set of all subsets IV in the universe M of M
such that these subsets are universes‘of entary submodels N of M. The pair H(M) = (M, H(M))
is called a hypergraph of all eleme submodels of M.

For a cardinality A we demote\ by®H (M) and Hy(M) the restrictions of H(M) and H(M)
respectively to the class o y submodels N of M such that |[N| < .

We denote by H, ! Hopl (M), Hp (M), Hs(M) the restrictions of H,,, (M) to the classes
of elementary submod which are prime over a finite set, limit, non-prime and non-limit,
homogeneous, sa % spectively. Similarly, H,(M), Hj(M), Hyp(M), Hp(M), Hs(M) denote
1088 of H,,, (M).

d known properties of special models we have the following properties for

) of sets, where Y is a subset of the set P(X)

—~

ac ent N in H;(M), being the universe of a limit model, is represented as a union of
ble C-chain of elements in H,(M).
If N € Hypi(M) then N can not be represented as a union of a C-chain C' of elements in H,(M)
such that C consists of universes of prime models over finite sets, forming an elementary chain.
4. If T is countable and Hy(M) # & then H,(M), Hp(M), and Hy(M) coincide if and only if T'
is w-categorical; otherwise Hy(M) and Hy(M) are disjoint.
5. Hy(M) C Hp(M); if T is countable then Hy(M) # @.
6. H(M) is nonempty if and only if T is small; in such a case Hyp(M) N Hy(M) # @ witnessed by
prime models over &, moreover, if T' is not w-categorical then Hy(M) C H;(M).
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2 Separability of elements by hypergraphs of models

Definition [6]. Let (X,Y) be a hypergraph, z1,z2 be distinct elements in X. We say that x; is
separated from xa, or Ty-separated, if there is y € Y such that x; € y and zo ¢ y. The elements 7 and
o are separated, Ts-separated, or Hausdorff separated, if there are disjoint 41, y2 € Y such that 1 €
and xo € yo.

Theorem 2.1. Let M be an w-saturated model of a countable complete theory T', a and b be elements
in M. The following conditions are equivalent:

(1) a is separated from b in H(M);

(2) a is separated from b in H,, (M);

(3) b ¢ acl(a).

Proof. Implications (2) = (1) and (1) = (3) are obvious (clearly that if b € acl(a) then b belongs
to any model N' < M containing a).

For the proof (3) = (2) we need the following

Lemma 2.2. Let a be a tuple whose elements form a set A, B be a finite set
and ¢(x,a) be a consistent formula. Then there is ¢ € p(M, a) such that a ) =g.

Proof of Lemma 2.2. By Compactness and using a consistent, forimula a) with ¢'(z,a) +
F ¢(z,a) instead of y(x,a), it suffices to show that for any b € finite set of formulas

¢1($,a7y)7 e ,¢n($a C_L7y) with

(A)NB = 2,

bilw,a,) b (@,a) A Va (90’(93,

for some natural k;, i = 1,...,n, there is ¢ € ¢/(M

Assume on contrary that for every @ the{re is @ such that |= v;(c,a,b). Then the formula

x(z,a,y) = \/ Yi(x,a,y) satisfie owing condition: for every ¢ € ¢'(M,a), = x(c,a,b), and
i=1

x(c,a,y) has finitely many, at

= k1 4+ ...+ ky, solutions. Now the formula

0(a,y) a,y) ANVz((¢'(z,a) — (x(z,@,y) A x(2,8,9)))

utions. This fact contradicts the condition b ¢ acl(A). O

e construct inductively a countable model N' < M such that a € N,
b¢ N, and N, » for a chain of sets A4,,.

At th ep, we consider the set Ay = {a} and enumerate all formulas of the form ¢(zx,a)
Dy ={ , m € w}. Due the enumeration, we construct at most countable set
Aim D Ao, with b ¢ acl(A;), in the following way. We set A1 1 = Ag. If A1 1
cwU{—-1}
1 eady defined and the formula g, (z,a) is inconsistent we set Ay, = A1 m—1; if om(z,a) is

consigtent, we choose, by Lemma 2.2, an element ¢, € ¢, (M, a) such that b ¢ acl(A1 -1 U {cm})

and put Ay, = A1 -1 U{cm}.
If at most countable set A,, is already constructed we enumerate all formulas of the form ¢(z,a),
Ay <I>n = {¢nm(z,am) | m € w}. Due the enumeration, we construct at most countable set

a €

Any U Aptim DO Ay, with b ¢ acl(Ay41), in the following way. We set A,41,-1 = Ay, If
mewU{ 1}

Apt1.m—1 is already defined and the formula ¢y, p (2, @) is inconsistent we set Api1m = Apt1,m—1;
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if @pm(x,am) is consistent, we choose, by Lemma 2.2, an element ¢, € ¢y m(M,an) such that
b ¢ acl(Ani1,m—1 U{cm}) and put Api1m = Antim—1U{cm}
By the construction, the set |J A, forms the required universe N of a countable model N < M

new

such that a € N and b ¢ N. O

As the following example, suggested by E. A. Palyutin, illustrates, it is essential in Theorem 2.1
that M is w-saturated.

Ezxample 2.3. Consider a structure N of the predicate language ¥ = {Pél), Pl(l), PZ(I), Q¥ Rsl
where

(1) Py, P1, Py are infinite disjoint sets with N = Py U P; U P» and such that there ar
over o,

(2) 6g = Py, pg = P1, for each distinct a1,ag € Py, the sets Q(ai,N) and Q(
and disjoint such that all these sets form a partition of P;; thus E(x,y) = 32(Q(z
equivalence relation on P; with infinitely many classes and all these classes are in

(3) 0r, = P1, pr, = P> for any n € w, the predicates R,, are disjoint, if a
b e P, with = Ry, (a,b); if b € P, then there are infinitely many eleme
if = Rp(a1,b) A Ry(az,b) A =(a1 = az) then a; and ag are not E-equi

(4) for any b € P, there are infinitely many E-classes F; wi n € B, n € w such
that {b} = [ Rn(an,N), and for any permutation o € w®, there is{{unique) element b, such that

w

(o} = N Ro(dgmyN).

new
Constructing a generic saturated structure N/ with t

substructure M such that some E-class Q(a, M) consis

new;

are infinite
) is an

lere is unique

R, (a,b), and

tie8 above and taking its elementary
ents a, with {b} = (| Rp(an, M)

new

for some b, we have the following: b ¢ acl(a) and b Ggax ) for any a, € Q(a, M) (witnessed by R,,).
At the same time, in A, by saturation and in Lemma 2.2, there is an element ¢ € Q(a, N)
such that b ¢ acl(ac). O

Applying Lemma 2.2, by Compactnes

Remark 2.5. (1) Notice that L
Indeed, consider a complete bi
@ consisting of all pairs (a \U4
formula Q(a,y), a € A,

such that acl(A U {c

a € A, b € B. Clearly, for the structure M = (AU B; Q) and the
(A) = A, acl(B) = B, AN B = @, and there is no ¢ € Q(a, M)
@ since Q(a, M) = B.

mma 2.4 holds if M is A-saturated for A > max{|X(T)|,w:}. O

(2) At the same

Theorem 2. an w-saturated model of a countable complete theory T', @ and b be elements
in M. The following ditions are equivalent:
(1) a argseparated in H(M);
a e separated in H,, (M);
c acl(b) = @.

oof. As in the proof of Theorem 2.1 we have to prove (3) = (2). Assuming acl(a) Nacl(b) = @

wetgonstruct inductively disjoint countable models N, NV, < M such that acl(a) C Ny, acl(b) C Ny,
N, = A, for a chain of sets A,, and N, = |J B, for a chain of sets B,,.
new new

At the initial step, we consider the sets Ag = acl(a), By = acl(b) and enumerate all formulas
of the form ¢(z,a), a € Ap: ®o = {pom(z,am) | m € w}. Due the enumeration, we construct at

most countable set A7 = U Ai1m D Ao, with acl(41) N By = @, in the following way. We
mewu{—1}
set Ay 1 = Ap. If Ay 1 is already defined and the formula ¢g,(z,ay,) is inconsistent we set
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Al = Aim—1; if @om(z,ap,) is consistent, we choose, by Remark (2), an element ¢, € @ (M, @)
such that acl(A1 m—1 U {en}) N By = @ and put Ay, = Aim—1 U {em

If Ay is defined we extend symmetrically the set By to at most countable set By such that all
consistent formulas ¢(z,b), b € By, are realized in B; and acl(4;) Nacl(B) =

If at most countable sets A, and B,, are already constructed we enumerate all formulas of the form
o(x,a), a € Ap: @, = {pnm(x,am) | m € w}. Due the enumeration, we construct at most countable
set Apy1 = U Apt1m D Ay, with b ¢ acl(Ay41), in the following way. We set A, 41,1 =

mewU{—1}

Apt1m—1 is already defined and the formula ¢y, y, (2, @) is inconsistent we set A, q1,m =
if ¢nm(x,am) is consistent, we choose, by Remark (2), an element ¢, € ¢pm(M,a
acl(Apt1,m—1 U {em}) Nacl(By,) = @ and put Ayp1,m = Antim—1 U {cm}.

Having A,+1 we extend symmetrically the set B, to at most countable set B, gjsuch that all
consistent formulas (x,b), b € By, are realized in B,y and acl(A,11) Nacl(B,+

Finding A,, and B,, in an wi-saturated models, by finite character of algebraig can also
find these sets inside M.
By the construction, the sets |J A, and |J B, form the required univer y, respectively,

new new

of disjoint countable models N,, N} < M such that a € N, and b & Ny

Assuming that a theory T has a prime models over a tuple @ (1
types), we have that for any consistent formula ¢(Z, a) there is an a-prinéipal formula v (Z, a) such that
Y(z,a) b p(z,a). In such a case, elements ¢ in Lemmas %Jga .4 can be chosen so that tp(c/a) is
principal. Applying this choice for the proof of Theorems 24, a we obtain models N, N, which
are prime over a, and N} which is prime over b.

Thus we get the following

Corollary 2.7. Let M be an w-saturated m ountable complete theory T, a and b be
elements in M, and there is a prime model ove f owing conditions are equivalent:

(1) a is separated from b in H(M

(2) a is separated from b in le

(3) a is separated from b in H,(

(1) b ¢ acl(a). &
Corollary 2.8. Let M be an at

elements in M, and there aregpri

., has countably many

d model of a countable complete theory T, a and b be
odels over a and b respectively. The following conditions are

equivalent:
(1) @ and b are separated )
(2) @ and b are sepamated (M);
(3) a and b are s »(M);
(4) acl(a) N

3 Separability of sets by hypergraphs of models

on.)Let (X,Y) be a hypergraph, X, X2 be disjoint subsets of X. We say that X; is
d Xo, or Ty-separated , if there is y € Y such that X7 C y and Xy Ny = &. The sets X3
o are separated, Ts-separated , or Hausdorff separated , if there are disjoint y1,ys € Y such that
1 and x2 C yo.
ng arguments for the proofs of Theorems 2.1 and 2.6 we get the following generalizations.

Theorem 3.1. Let M be a A-saturated model of a complete theory T, A > max{|¥(T")|,w}, A and
B be sets in M of cardinalities < A. The following conditions are equivalent:

(1) A is separated from B in H(M);

(2) A is separated from B in Hy(M);

(3) acl(A)NB =w@.
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Theorem 3.2. Let M be a A-saturated model of a complete theory T, A > max{|X(T)|,w:}, A and
B be sets in M of cardinalities < A. The following conditions are equivalent:

(1) A and B are separated in H(M);

(2) A and B are separated in Hy(M);

(3) acl(A) Nacl(B) = @.

Similarly Corollaries 2.7 and 2.8 we get

Corollary 3.3. Let M be an w-saturated model of a small theory T, A and B be finite setsdn M,
and there is a prime model over A. The following conditions are equivalent:

(1) A is separated from B in H(M);

(2) A is separated from B in H,, (M);

(3) A is separated from B in Hy(M);

(4) acl(A)NB = 2.

Corollary 3.4. Let M be an w-saturated model of a small theory T, A and B
and there are prime models over A and B respectively. The following conditions s

(1) A and B are separated in H(M);

(2) A and B are separated in H,, (M);

(3) A and B are separated in Hy(M);

(4) acl(A) Nacl(B) = @.

Note that by Property (4) in Section 1, if T' is w-categorical, we cam, add for Corollaries 3.3 and
3.4 equivalent conditions that A is separated from B (A aJ e separated) in Hp (M) as well as in
Hy(M).

4 Separability of finite sets by @s of limit models
We shall use the following

Theorem 4.1 [4, Theorem 6.4.0.6]. Let e a <pgk-sequence of types of a small theory
T. The following conditions are equivalent

(1) there exists a limit model over
(2) there are infinitely many n (Ign.gnss) "t # Ig, 1 g, for some (any) model M =T

realizing all types in q;

ts in M,

(3) there are infinitely ma uch that for some (any) model M = T realizing all types in
q, and for some realizationssa nt1 (in M) of qn and g1 respectively, (Gny1,an) € Iy, g, and
(a’m C_Ln-i-l) ¢ Slqn,qn-ﬂ hOI t1 lar Qn Qn+1 7& San+17Qn‘

Theorem 4.2 [4, 0.4]. A countable model M of a countable theory T' is prime over a
finite set or limit if y if each tuple a € M can be extended to a tuple b € M such that every
consistent form elongs to an isolated type over b.

Let A be affinite'§et in an w-saturated model M of T, @ be a tuple of all elements in A, ¢ = tp(a).

Applying of Theorem 4.1 and Theorem 4.2 we obtain
e tuple a belongs to a limit model N' < M if and only if there is a <gk-sequence
) types in S(T') and a sequence (Gp)new, such that @ C ag, every consistent formula

belongs to an isolated type over a,, and there are infinitely many n € w such that (an41,a,) €
,and (Gp,ap+1) ¢ SI hold. In this case, a model |J M(a,), being the union of an

new
elementary chain (M(ay,))ne, of prime models M(a,) over a,, is limit over q.

Remark 4.4. Note that as in Lemma 2.2 assuming that acl(a) N B = & and ¢(z,a) is a consistent
formula belonging to a complete type t(x,a), by Compactness there is a solution ¢ of p(z,a) realizing
t(z,a) such that acl(ac) N B = @.

Having finite sets A and B such that acl(A) N B = @, tuples @ and b consisting of all elements of A
and B, respectively, as well a limit model over a sequence q = (¢p)ne,, and with a tuple ag O a realizing

qnqn+1
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qo, we can choose solutions ¢ of consistent formulas ¢(z,a) so that, preserving acl(a’c) N B = & for
a’ D a as in Lemma 2.2 and Remark 4.4, all types ¢, are step-by-step realized by some tuples a,
as in Theorem 4.3 and an elementary chain (M(ay,))new of prime models M(a,,) is formed, where
U M(a,) is a limit model disjoint with B.

new

Thus we get

Theorem 4.5. Let M be an w-saturated model of a theory T', A and B be finite sets in M, and there
is a limit model over over a sequence q = (¢n)necw, Where the set A is extensible to a tuple re@lizing
the type ¢o. The following conditions are equivalent:

(1) A is separated from B in H(M);

(2) A is separated from B in H,, (M);

(3) A is separated from B in H;(M) and it is witnessed by a limit model over q;

(4) acl(A)NB = @.

Since any countable model of a small theory T is either prime over a finite
are limit models for small theories which are not w-categorical, by Theorem
have

Corollary 4.6. Let M be an w-saturated model of a small theory ", not w-categorical,
A and B be finite sets in M. The following conditions are equival

(1) A is separated from B in H(M);

(2) A is separated from B in Hy, (M); J

(3) A is separated from B in H,(M);

(4) A is separated from B in H;(M);

(5) acl(A)N B = @.

Similarly, having finite sets A and B in an w-satu maodel M, with acl(A) Nacl(B) = @, such
that there is a limit model over over a sequence " , where the set A is extensible to a tuple
realizing the type qq, and there is a limit mode @ T a sequence q' = (¢, )new, where the set B is
extensible to a tuple realizing the type g, th ingithe proof of Lemma 2.4 we construct disjoint limit
models My = |J M(a,) and Mp = g and q’ and containing A and B respectively,

new w
where (M(@n))new and (M(by))ned areyelementary chains, = ¢,(an), = ¢,(bn), n € w. Hence, the
following assertions hold.

it ‘and there
vllary 3.3, we

Theorem 4.7. Let M be amyw- ted model of a theory T', A and B be finite sets in M, and
there are limit model over S nces q = (gn)new and ' = (¢}, )necw, respectively, where the set A
is extensible to a tuple realizi he type go and B is extensible to a tuple realizing the type g. The

following conditions afe égui t:
(1) A and B are @ ed in H(M);

(2) A and eparated in H,, (M);
(3) A and Byare rated in H;(M) and it is witnessed by limit models over q and q' respectively;
(4) a B)=g2.
e 4.7 and Corollary 3.4 imply
l 8. Let M be an w-saturated model of a small theory T, which is not w-categorical,

B be finite sets in M. The following conditions are equivalent:
A and B are separated in H(M);
(2Y A and B are separated in H,, (M);
(3) A and B are separated in H,(M);
(4) A and B are separated in Hj(M);
(5) acl(A) Nacl(B) = @.
In conditions of Corollary 4.6 (accordingly 4.8) having acl(4) N B = @ (acl(A) Nacl(B) = &) we
can separate A from B (A and B) constructing countable saturated models step-by-step realizing types
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over finite sets by elements ¢ with acl(ac) N B = @ (acl(ac) Nacl(B) = @). Thus Corollaries 4.6 and
4.8 can be extended by the following:

Corollary 4.9. Let M be an w-saturated model of a small theory T, which is not w-categorical, A
and B be finite sets in M. The following conditions are equivalent:

(1) A is separated from B in Hp(M);

(2) A is separated from B in Hg(M);

(3) acl(A)NB =@.
Corollary 4.10. Let M be an w-saturated model of a small theory T', which is not w-categorigal, A
and B be finite sets in M. The following conditions are equivalent:

(1) A and B are separated in Hp(M);
(2) A and B are separated in Hg(M);
(3) acl(4) Nacl(B) = @.

5 Separability of finite sets by hypergraphs of npl-models

Now we consider the separability of elements and finite sets in
countable models which are neither almost prime nor limit.
Assume that acl(a) N B = @, ¢(x,a) is a consistent formula, e a belongs to a npl-
model /. Constructing a npl-model Ny < M, which separates a from By by Theorem 4.2, we have to
find a tuple @’ extending @ such that acl(a’) " B = @ arnJ not be extended to a tuple b’ in a

bl (M) byanpl-models —

npl-model, where every consistent formula ¢(Z, ') belongs go lated type over V'. Such @ exists
since as in Lemma 2.2 we can take @’ as a realization of ,a witnessing the required property.
Having @’ we construct step-by-step the model Ny prese separability from B and such that
for every b’ containing a’, some consistent formula ¢(z,#.)does not belong to an isolated type over ¥'.

theory T', A and B be finite sets in M, and
pwing conditions are equivalent:

there is a npl-model of T' containing the set A.
(1) A is separated from B in H(M);
(2) A is separated from B in H,, (
(3) A is separated from B in H,
(4) acl(A)NB = @.
Similar arguments imply
Theorem 5.2. Let M be urated model of a theory T', A and B be finite sets in M belonging
to npl-models. The following 1tions are equivalent:

(1) A and B are sgpasa H(M);
(2) A and B are ted 1n Hy,, (M);
(3) Aand B arated in Hyp,(M);
(4) acl(A)Qlacl(B) = 2.
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