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Numerical solution to elliptie inverse problem
with Neumann-type integral condition and overdetermination

In modeling various real processes, an important roleiis played by methods of solution source identification
problem for partial differential equation. The current paper is devoted to approximate of elliptic over
determined problem with integral condition for derivatives. In the beginning, inverse problem is reduced
to some auxiliary nonlocal boundary value problem with integral boundary condition for derivatives. The
parameter of equation is defined after solving that auxiliary nonlocal problem. The second order of accuracy
difference scheme for approximately solving abstract elliptic overdetermined problem is proposed. By using
operator approach existence of solution difference problem is proved. For solution of constructed difference
scheme stability and coercive stability estimates are established. Later, obtained abstract results are applied
to get stability estimates for solution. Neumann-type overdetermined elliptic multidimensional difference
problems with integral conditions. Finally, by using MATLAB program, we present numerical results for
two dimensional and three dimensional test examples with short explanation on realization on computer.

Keywords: difference scheme, inverse elliptic problem, overdetermination, source identification problem,
stability, coercive stability, estimate.

Introduction

Methods of solutions and theory nonlocal boundary value problems (BVPs) for differential equations
have been studied by numerous authors (see [1-5,7-12,14-16, 18,19] and references herein).

Let us I is identity operator and A is a selfadjoint and positive definite operator (SAPDO) in an
arbitrary Hilbert space H. It is known that A > §I for some positive number 9, and the operator

C=FA+\/A+ TQfQ) is also SAPDO.
Assume that given function f € C'([0,7], H), elements ¢,n,( € H, number Ay € [0, 1]. Denote
by [0,1], = {t; =i, i=1,--+- , N, 7N = T} the uniform grid space with step size 7 > 0, where N is

a fixed integer number. Let 8 be known scalar continuous function satisfying condition

N
Z‘,@ (tj_%)’7-<1. (1)
j=1
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In the study [10] established well-possedness of elliptic inverse problem with Neumann-type over-
determination and integral condition for obtaining a function u € C? ([0,7], H)NC ([0,T], D (A)) and
an element p € H such that

—u"(t) + AU() f() +p, t€(0,7),

2
(0) = 60 /(1) = [ BO) W NiN+1. uha) = ¢ 2

Moreover, in [10], the stability inequalities for solution of inverse problem (2) were applied to
investigate the following source identificating problem (SIP) for multi dimensional elliptie partial
differential equation

_utt(tvx) - i (ar(x)uxr(t7$))wr + Uu(tvx) = f(t’x) + p(az), (t7$) € (O’T) X 1,

r=1

fﬁ )ty (v,2)d v+ (), u(ho,x) = () m €, (3)

Ut(o’x):d)(
0, ) [O T]><S

u(t,z) =

Here Q = (0,7)" is open cube in R" with boundary S, Q = QuUS5a,,(,¢,n, f are given sufficiently
smooth functions; Vo € Q, a,(z) > ap > 0; 0 > 0,0 < A\g < T are known numbers.

We denote by R, P, and D, the corresponding operators R = (I +70)~!, P = (I — R?N)~!
D= (I+7C)(2I+7rC)~tC~ L.

Now, let us to give some lemmas that will be used in further.

Lemma 1. [8] The following estimates hold:

)
(t,

1
| BY lgon< M (8) (1+627)7F, | CRF |y = T M) k2 L[| Pllaon< M(9), 6>0. (4)

Lemma 2.
Suppose that inequality (1) is satisfied; then the operator

Gy = [-3(1 = F*V) + 4 (R~ RN 1)e (R = RN 2)] [(3= 78 (ty_s ) ) (1 = R2Y)

+ (—4 —7f (tN )) (R—R*N" 1) + (1 —- 78 (tN ) +70 (tN_%» (R? — R?N72)
)0 1) - ) ]

— [RN-1 — RN+ RN 2+RN+2 J = (4478 (ty_z)) (RY-1 = RN+

+(1-78 (t4g) #d (ty_s ) ) (RN-2— RY+?) + gjjf 18 (tigr) = 8 (tia) | (R = B2V)
+78 (ta b (RS B2V + 78 (1) (1 - B2)| )

has an inverse Ggl and its norm is bounded, i.e. ®)
I Gy lasm< M (5). (6)
In the paper [8] , for given vy and vy,the solution of difference scheme
T2V — 20 Fvi) FAvi=fi, 1<i<N-—1 (7)
was represented by formula
v = [(Rz _ RQN—i) vo + (RN—i _ RN—H’) UN} _p (RN—i _ RN—H’) D

<X (YT BV fir D Y (R B fr 1< N1 ®

= j=
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Let o € (0,1) is a given number. Introduce notations for C-(H),C*(H), and C7"*(H), the Banach
spaces of H-valued grid functions w, = {wk}sz_ll with the corresponding norms,

sl = gpa okl Torlesgn = swp_ () esn = willr + el
lwrllemeq = lwrllo.gn + sup (1= k) (7)™ (k7 + n7)° g — wil.

1<k<k+n<N-1

In the current study, we construct the second order accuracy difference scheme (ADS) for approximately
solution of inverse problem (2) and study well-posedness of difference problem. Then, we discuss the
second order ADS for SIP (3).

The second order of ADS for SIP (3)

Now, we study second order of ADS

—7 Hups1 — 2up + up—1) + Aug = fp +p, fio = f(te) 1 <k<N-—1,
N-1

—3ug + 4uy —up = 27¢,3uy —4duy_1 +un—2= > T (ti,%> (Wi1 = ui—1)+ 277, (9)
i=1

ug + p(ugpr —w) = ¢ (MZA?O—O

for approximate solution inverse problem (2).
Theorem 1. Let us ¢,n,¢ € D(A), and f; € C-(H) and inequality (1) is satisfied. Then, solution

(~{uk}]kv:_11 , p) of difference problem (9) exists in C(H) x H and the next stability estimates for solution

N-1
|ty < MO (1l )8l Dol + 18, on) (10)
A7l < @) (Ul RIHs + Inller + 1l o) (11)
are fulfilled.
Proof. Firstly, by using
up="y + A" 'p, (12)

we get auxiliary difference problem for unknowns {Uk}ivzo :
—7 2 (Vg1 — 20t Wp—1) + Avg = fr, 1<k<N-1,

—3vg + 4dv{ — v = 279, (3 — 703 <tN7%)> UN + (—4 —7p (thg>> UN_1

) ) s s lg) g

+78 <tg) # +18 (t%) v = 271).

We seek-solution of (13) by (8). By using (8), from first condition of difference problem (13), we
get equation

[-3(I = R*M) 4+ 4 (R— R 1) — (R? — R*N2) ]y
i [4 (RNfl o RN+1) _ (RN72 _ RN+2)] oy = Fl,

for unknowns vy and vy, where

(14)

N-1
Fy=21(I - R*)¢p+4 (RN — RNTI)D > (RN — RNTI) fir — 4(I — R*N)D
j=1
N—-1 N—-1
x 3 (R|1—j| _ Rl—i—j) fiT — (RN—2 _ RN+2) DY (RN—j _RN+j) T
J=1 J=1

+(I = R?N)D 3= (RP*I| — R?H) f;7.
j=1
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From integral condition follows the next equation
(3=78 (ty_2)) (I = BNyow + (—4 =78 (ty_5 ) ) [(RN 1 = RN 1) g
- <1 — 78 <tN_7> + 78 (tN 3>) [(RN=2 — RNT2) vy 4 (R? — R*N %) uy
n Z { < %> e (tz‘—%ﬂ [(Rz _ R2N7i) o + (RNfi _ RNJri) UN]
8 (t%> [(R= RNV wo + (RN = RV oy] 478 (1) (1 - R2Y)

+ (R - RAN1) vy
]

UoZFQ

(15)
for unknowns vy and vy, where

e (173 (1)

x Y (RINZ1=il — RNZ149) fir

J=1

N-1
(R—R*N"Y)D % (RN~ — RNH) fjr — (I — RPMYD
j=1

+(1=78 (ty_z ) +78 (tNJ))

N-1
(R2 _R2N72) DY (RN*J' RN+J) [T
j=1

S ) )

—(I - R?M)D Ni (R = R9) fyr | =78 (ts) [(BRY 2+ RY*1) D
N—1 -

x > (RN=9 — RN¥I) fir — (I - R?N)D Nzl (Rt
j=1

X

(I RZN)D Z (RjN 2—j1 RN72+j) ij]
7j=1

(RN—Z' _ RN+¢) D Z_ (RN—j _ RN+j) fir

J=1

= RlH) fiT+2r(I — R*N)p

Thus, determinant operator Gy of linear system equation (14), (15) has bounded inverse G '. Therefore
solution of linear system equation (14), (15) is defined by

w=03' {g(?’fﬁ (1) )b ) 4 (<478 (10 = 5) (R YY)

+ (1= 78 (ty_z ) + 78 lnes) ) (B2 - R2N-2)

+Ni3 [ﬁ (tﬁ%) - B (ti_%)} (RN=i — RN+) 4 7 (t%) (RN-1 - RN+1)
[ (1~ )b AR~ R¥#) DS (RY — R¥) fr — (1 = RPY)D
< AR 1) [ (B2 - .

j=1
N—-1 ) )

+(I —R*N)D 3= (RPI - R?Y) f7
j=1

' {W RN (78 (1))

(I R2N D Z (R|N—1—j| _RN—H—j) fj

_ (RN—l _ RN+1 _ RN—Q +RN+2)

N-1
(R—RN-1D Y (RN~ — RNV f;7
j=1

]+ l-9g) ()

—(I- RQN) Nil (R‘N_Q—j‘ . RN—2+j) ij]

N-1
(RQ _R2N—2) DY (RN—j RN+J) f
j=1

X

j=1

Bulletin of the Karaganda University



Numerical solution to elliptic ...

S . . N-1 , '
= X rlaltn = 5) —alt - )] | (BY7 - BYH) DY (RN - RN fr
(1= RN)DY (B~ R9) fir |~ ra (3~ §) [(RN - BYH) D (16

j=1

j=1

N-1 N-1
x > (RN=9 — RNHI) fir — (I - R*N)D 3 (R —R1+j)fj7']] }}
j=1
and
oy =Gy {[-3(I — R¥™) +4(R— R*™!
+(—4-718(tn—2—3))

) — (R — R*N=2)] 2r(I — R*N)p
(R= Y1) D S (R = B¥) 7

N-1 ) .
—(I—R2N)D Z (R|N717]\ _RN*I‘F]) ij
J=

(18 (tn-s — ) (5

. [(32 RN-2) D i (RN=I = RN®) fyr — (I - BPN)D'Y" (RIN=2=1] = RV-24) fﬂ]

[ ) ()]

s
(RN~1 — RN+) D Ni (RN~3 = RN4) fr — (I = RB)D'YS, (RI~ — Riti) fﬂ]

=8 (13)

— |- (4478 (taog)) (RN 1= RYHY)

+ (1 — 78 (tN_%) 8 (tN_%» (RN-2— RN+2) 1 73 (t%) (I — R2N)
B plag) )R () )]

=2

N—1 N-—1
(RNfl _RN+1)D Z (Rij _RN+j) fj,r_ (I_RZN)D Z (R|1*j| _R1+j) ij]
=1 =t

N-1
« [2T(I—R2N)¢—|—4(RN1 _RN+1)D Z (RN*]' _RN+j) ij
=1

—4(I — R?N)D Nf (RILIL R f;r

=
NA1 Nl

- (RN_Q . RN+2) D Z (RN—j _ RN+j) ij 4 (I _ R2N)D Z (R‘Q—ﬂ — R2+j) ij
Jj=1 =1

(17)
Thus solution of difference problem (13) exists and it is defined by (8) with the corresponding vy and
oy via (16)wand (17). From (8), (16),(17), estimates (4), (6), it follows that for solution of difference
problem (13) stability estimates

[R5y < @) (0l + 1l + il + 17 ) (18)
faizl,.,, (=)

o () (19)
< M 9) (g 1l gy, + 1ACI + 14BN + 1 Anl )

are fulfilled. (12) and estimates (18) permit us to get estimates estimates (11) (10) and (19).
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Theorem 2. Let us f, € C7%(H), and ¢,(,n € D(A) and inequality (1) is satisfied. Then, for
solution ({uk}fcvz_ll , p) of difference problem (9) the coercive stability inequality

N-1

N—
+ [fawn S|+ vl
C“(H) o (H) (20)

< M (9) (g 1y, + 1A + 1490 5+ 11 Anil )

H uk+1 2uk+uk 1}

k=1

is valid.
The proof of inequality (20) is based on formulas (8), (12), (16), (17), and (19).

Approzimation of (3)

Denote by

Q= {z = (hama, ..., hymy);m = (my, ...,my), m; =0, M;, hiM; =1,i=1,n },
QhZQhﬁQ,Sh :ﬁhﬂs
and by A difference operator
At (@) = =3 (asl@)ul (@) o+ ou()
i=1

acting in the space of grid functions u"(z), satisfying boundary condition u"(z) = 0 for all x € Sy,.
In the beginning, by using approximation in variable & and later by approximation in variable ¢,
one can get the following difference scheme for approximately solution of SIP (3):

—772 (upy (2) = 2ul(2) +up_y (z) + Auf(z) = fR(z) +p"(z), 1<k<N-lazeQ,

~3u(@) + duf(2) ~ (o) = 76" (@), W (@) F il () 0} (@) = (@) o)

Buly () — duly_y (2) +uly_y(2)= X 7o (ti— 3) (ulyy () — ul (@) + 27 (2), 2 € Q.

=1

Let Loy, = Lz(ﬁh) and W22h = Wg(ﬁh), the Banach spaces of the grid functions
ul(z) = {u(hymy,- -+, humy,)} defined on Q, equipped with the corresponding norms

HuhHLgh ] (erﬁh ’uh(‘r)|2h1 e hn)l/Q,
[l f[yo= [lu" ]|, + +(Xaea, 2ic [ @)a i, m.

Theorem 8. Assume that (1) is valid, f, € C¥*(Lay), and o™, 0, " € D(A7) N Lap. Then, the
solution of difference problem (21) exists and for solution the stability estimates hold:

TRy = 4O s 15 )
0 < M0 (1 + 1P, + 168 b, + s Wl

Theorem /. Assume that (1) is true, fr € C7°(W3,), and ¢, 7", (" € D(A) N W3, Then, for the
solution of difference problem (21) the coercive stability estimate obeys
rN-1 h
R s+ 1P

N—-1
{ “Z+1*2"Z+"§—1 ) }
2
! Cr(Lan)

< MG [ g, + 1z, + 116"z, + sy 1 llozearz) -

“hy-- ha)V/2.
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The proofs of Theorems 3 and 4 are based on the symmetry property of the operator A} in the Hilbert
space Loj, and the corresponding theorem in [20] on the coercivity stability inequality for the solution
of the elliptic difference problem in Lo with first kind boundary condition.

Test examples
In the present section, we illustrate computed results for twodimensional and threedimentional

examples of inverse elliptic problem with Neumann-type overdetermination and integral condition. All
computed results are carried out by using MATLAB.

2D example

Notice that pair functions (p(z),u(t,z)) = ((7?+1) sin(rz), (e7" +t+1)sin(az)) is exact
solution of the following 2D overdetermined elliptic problem with integral boundary. condition:

—up(t, &) — Ugy (t, ) +ult,z) = f(t, ) —il—p(ac), t,x €(0,1),

ur(0,2) =0, u(0.3,2) = ((z),u(1l,z) = Ofe_)‘uA()\)dA +n(@)px € [0,1], (22)
u(t,0) = 0,u(t,1) =0, t € 0,1],
where
ft,z) = l—e‘t + (7?2 +1) (et +t) | sin(ma), ((@) = (e7* + 1.3) sin(mz)
n(z) =[5 — 372 ] sin(ma).

The notation [0, 1] x [0, 1], means the set of grid points
[0,1]; x [0,1]p, = {(ti, zp) sty= iTpe= 0, N, x, =nh, n=0,M},

which depends on the small parameters 7 and h/such that N7 =1, Mh = 1. Let us

l() = [0.37'_1] , o = 0.37-_1 — lo’ ¢)n = 0)7771 =7 (xn) 7C7L — C(xn) , n= 07 M’
fE = ftk,wn), k <0,N, ' =0, M.

To approximately soving:(22), we use algorithm which contains three stages. Firstly, we find
approximately solution’of auxiliary NBVP

T2 (op 2okt ob ) + A7 (vl = 208 F o) — of = = f(tk, 20),

k=1,N _—T,m=1,M—1,

vf =k =0, k=0,N, — 300+ 4v} —v2 =0, (23)
N-1 . . . . .

3vh 4oL o2 = 3 %e_(tﬂ'_f) <v¥l+1 — vl ], - v%_Q) + 271, n=0,M.
j=1

Secondly, we find p,,. It is caried out by

l l
Pn = _%[(gn—kl - (Movrgjll — (o — 1)Ur?+1)) —2(Cn — (NOU%—H — Mo — 1)”#)
lo " —
nJ? )

)
+ (Guo1 = (novi?®) = (po = Dog_ )] + Gu = (novi¢™ = (o — 1o 1L,M—1.
Difference problem (23) can be rewritten in the matrix form

Avpi1 + Bop + Cvopq = I1¢g™, n=1M —1,
%

24
Uozﬁﬂ}M:O- (24)

MATHEMATICS series. Ne 3(99)/2020 11
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Here, A, B, C, I are (N+1)x (N +1) square matrices, and I is identity matrix, vy, s = n—1,n,n+1, g™

are column matrices with (N + 1) rows, vy = [ v) ... ol ]t. Denote by
11 2 2 B
il VA S A A=
Then,
An:diag(()?a?aa“'?aao)?Cn:Anag]gn) __f(tkaxn)7 kzlaN_la nzlvM_l
bzz—Q7 i— 11—T7bz,z 1—7”2—2 Nbll = -3, b12 =4, b13 = -1,
tN o—tN— “ty_3 .
bN+1N+1—27( 1 _3)3, bni1,N = 2T Z5+e — — & N‘%>+4,
bN41,N—1 = = ;V : + *— 3 —T;;N_% -1,
—t3 —t —t3 I =t
b1 =27 (= —e %>’bN+172_27<_%—%+6 %)
—t3 —t5 —ty
b Te 2 _Tte 2 _Te 2
N+1,3 — 2 2 2
—t. —t. —t. —t,
bN+1,j:%<e i3 4e 72— Iti_e ”%) J=4,...,N —2;

b;; = 0, for other i and j;gg =27¢n, gé\] =20, n=1,M — 1.

To solve (24), we use modiﬁed Gauss elimination method.

Thirdly, we define {uk} by uf = vk +¢, — (uovl°+1 (MO 1) lo)

Errors are presented in Tables 1-3 for second order ADS in case N=M=10,20, 40, 80, 160 and 320.
It can be seen from Tables 1-3 when N, M are increased two times that errors are decreased with

approximately ratio %.

Table 1
Test example (22) - error v
DS\ (N, M) (10, 10) (20,20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order of ADS | 6.29 x 1073 | 1.57 x 1073 | 3.93 x 107* | 9.84 x 107® | 2.46 x 107° | 6.15 x 10~
Table 2
Test example (22) - error u
DS \(N, M) (10, 10) (20,20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order of ADS | 3.13 x 10™* | 7.95 x 107° | 2.02x 107° | 5.10 x 107% | 1.28 x 107° | 3.22 x 10~
Table 3
Test example (22) - error p
Appr. \ (N, M) (10, 10) (20, 20) (40, 40) (80, 80) (160, 160) (320, 320)
2nd order 5.03 x 1073 | 1.28 x 1073 | 3.21 x 107 | 8.06 x 1075 | 2.02 x 1075 | 5.05 x 1076

Bulletin of the Karaganda University
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3D example

Now, consider the three dimensional inverse elliptic problem with integral condition

*utt(taxay)7uxx(t7x7y)7uyy(t7x7y)+u(t’$ay):f(tvxa )+p(l‘7y)7xaya te (07 1)7
u(t,0,y) = u(t,1,y) =0, y,t € [0,1],u(t,z,0) = u(t,z,1) =0, z,t € [0,1],
u(0,2,y) = ¢(x,y),u(0.6,z,y) = ((z,y), (25)

ur(1,2,y) — fe Mux(\, z,y)dN = n(z,y), 2,y € [0,1],

where
ft,z,y) = 2n%e (2, y), (2, y) = —q(@,y),n(z,y) = [~e7' + 3 (7 +e ") [ala, y),
C@.y) = (7% +1) () (@, y) = sin(ra) sin(ry)

It is clear that pair funcions p(z,y) = (272 + 1) ¢(z,y) and u(t,z,y) =(e i+ 1) g(z,y) is exact

solution of (25).
Denote by [0,1]_ x [0,1], x[0,1], set of grid points depending‘on the small'parameters 7 and h

[0,1]; x [0,1]% ={(ti,zn,ym) : t; =iT, i=0,N, x, =mh, n=0,M,
Ym =mh, m=0,M, TN =1,hM = 1}.

Let us

lo = [0~37—_1] y MO = 0‘37_1 —loy 7¢m,n = ¢ (:L'nuym) y yn = 1) (xnvym) 7Cm,n = § (xnaym) y
’I’ZZO,M, m:07M7fTZn,n:f(tZ7$n)ym)7 IiZOaNa n:07M)m:O7M'

Firstly, difference scheme for approximate solution of NBVP can be written in the following form:

( 7—_ ( k+1 - 22}7]31,71 + v'r]fl_,'r%) h~ Q ( mn—l—l —2v 'rk;l,n + vfn,n—l)
—h~ ( m+1 n 2Ufn,n + U’rkil—l,n) + Ufn,n = Jm,n>
k=1,N—-1,n=1,M~1, m=1,M —
U’Sn v%n—vkn:vfn?M:ka:O, Nn—lM I, m=1,M—1 (26)
—3vY, n—|—4v —vfnn=27'q§mn, 31)”]\{”—41)]\7 1+UN 2
N1 N
= > %e_(tj_i) ( J —vmn-i-’umn vmn) + 2TNm o,
j=1
(| n=1,M—=1L,n=1,M — 1.
Secondly, calculation of p,, (n =1,M —1,m=1,M —1) is caried out by
l
pm,n = —% gm n+l — (/LO’UW(;—;Jrl ( 727n+1>j| Cm n (MOU%ZI (,UO - 1) Ui%,n)]
l l
+ [chanst 4 (oSl s = (o = 1)l ]} o { [Gmertn = (ovia 1 = G0 = 1) vl

-2 [Cm,n (MO'UL%J# (,UO - 1) vn%,n)] Cm—l,n — (Movi,%ﬂ " (MO - 1) m 1 n)] } ’
Thirdly, we calculate {uf} by
Wy = Vb G = (o0l = (0= 1) vl ) -

Difference problem (26) can be rewritten in the matrix form (24). In this case, g, is a column
matrix with (N + 1)(M + 1) elements, A, B, C, I are square matrices with (N + 1)(M + 1) rows and
columns, and [ is the identity matrix, vy is column matrix with (N + 1)(M + 1) elements such that

_ 0 N 0 N 0 N t
US_[UQS UO,S /ULS vl’s /UM7S UM,s] ,S—H—l,n,n—i—l.

MATHEMATICS series. Ne 3(99)/2020 13
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Denote by
1 4 1
Then,
O O O O ] Q@ O O O ]
O FE O O O D O O
A=C=| ... B = e
O O E O O O D O
| O O 0O 0O | | O O 0O Q |

E = diag(0,a,a,...,a,0),Q = Iint1)yx(n+1), O = O(Nt1)x(N+1)
g'rk;hn = _f(tk>$n7ym)a k= 17N_ 17 n= 17M_ 1am = laM_ 15

di; =q,di—1;=1,dij1=ri=2,N,dyy =-3,dip2 =4,d13 =—1,
dN+1.N+1 = 27 (M + 6—(151\7—%)) —3, dyy1n =27 (e*(iNizfé) + e‘(tNZIl*?z) - 6_<tN_5)> 4,

dN+17N_1 = TE_(tN273_%) + Te_(t]\;72_%) B Te_(tl\;il_%) - 17 dN+171 S 27— (_BA(tiig) - _(tl—%)) 9
dprg =27 (~= 8 B | (0-9)) gy D 0D e D)
dny1j =3 (ef(tj’“%) te(tm3) —em(bn3) - e*(fm*%)) 4 N -2

d; ; = 0, for other i and j;g?n,n = 2T Pmm, g%m = 2T, n=1,M -1 ,m=1,M - 1.

In Tables 4-6, errors approximations in case N=M=10, 20, 40 for u, v and p are displayed. It can be
seen from Tables 4-6 when N, M are increased two times that errors are decreased with approximately
ratio *.

1

Table 4
Test example (25) - error v
DS \ (N, M) (10, 10) (20, 20) (40, 40)
2nd order of ADS 4.75 x 1073 1.18 x 1073 2.97 x 10~*
Table 5
Test example (25) - error u
DS "\ (N, M) (10, 10) (20, 20) (40, 40)
2nd order of ADS 2.43 x 10~* 6.23 x 107° 1.56 x 107°
Table 6
Test example (25) - error p
Approximation \ (N, M) (10, 10) (20,20) (40, 40)
2nd order 3.42 x 1074 1.15 x 1074 3.07 x 107°
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Y. Ambipassies, A. Yaii

NuTerpaaapik miapThl 0ap »KoHe KaiiTa
aHbIKTaJral HeliMaH TUOTI 3/IIMIICTIK Kepi
€CelnTiH CaHJbIK ecenTeyi

OPTYPJIi HAKTHI IPOIECTEPl MOMEIBIEY Ke3iHie 1epbec TYyBIHABLIL JudOEepeHITNANIBIK, TEHAEY VIIiH J1e-
PEKKO3/1ep/i COoNKEeCTeHAIpY ecenTepi IIelry 9icTepi MaHbI3Ibl POJl aTKapadbl. Makaia WHTErpasIblK
maprel 6ap TYBIHABI YIIH Gesirii 6ip ecenTiH SJUIMIICTIK AlIIPOKCHUMAIUSIChIHA apHaJraH. AJPamkblia,
Kepi ecen TYBIHIBI VIIH WHTETPAJIIbIK IMapTTapbl 6ap Oeityiokaab KaHgail ma - 61p  KOMEKIT ImeTTiK
ecenrrepre okesemi. Tenmeymin napamerpi OeMJIOKAIb KOMEKIINI  ecerTi/ MIeliKeH  COH, aHBIKTaJIaIbl.
AGcTpakTii AaHBIKTAJFAH  SJUIMICTIK €CENTi KYBIKTAIl IIIeNly VIMH eKIHI JOMIIKTIH afbIPhIMIbIK
cxemachl  yebIiHBUTFAH. OmnepaTtop TOCITiH KOJJaHA OTBHIPBIN, AWBIPBIMJIBIK  €CENTiH ImenrMiHiyg 6ap
ekengiri mpureserai. CajblHFAH afbIpMAIIBUIBIK, CbI30ACHIH IIEIly YIIH TYPAKTBUILIK [1€H M9XKOYpJIiK
TYPAKTBUILIK, OaraiaHybl OpHATHLTFaH. KeifiH aJbiHFaH abCTPaKTiIl HOTHKEIEp HWHTErPaJIIbl IIapTTapbl
bap Heiiman Tumingeri /UIMICTIK KON  OJIIIEM/Ii afbIpbIM/IBIK, €CeNTEepiHiH MNIeNNMiHIH OpPHBIKTHIIBIK
GaraMbIH  ajy VYIIH KojgaHbLianbl. KopbeiTeiasiiaii keine, MATLAB 6GarmapiaMachiH KoJigaHa
OTBIPBII, €Ki OJIMeMJl >K9He VI OJIIeMJi TeCTIK MbBICAJNAPhIH KBICKAIA TYCIHIIpMeCiMEeH »KoHEe
CaHIBIK HOTUYKECIH YCBIHAMBI3.

Kiam ce3dep: alibIPBIMIBIK, CXeMa, SJUIHICTIK Kepi ecelr, KaiTa aHbIKTAJIFaH, NEPEKKO3Ml COfKeCTeHIipy
MoCeJIeCi, OPHBIKTBLIBIK, MOXKOYPJIi TYPAKTHIIBIK, OAFaMBbI.

Y. AmrpansieB; A. Yaii

YHucaedHoe pernieHne 3JIJIUIITHYIECKON
oOpaTHOIli 3a/1a'i ¢ MHTETPAJIbHBIM yCJIOBUEM
u mepeonpeaeaeHnem tuiia Heiimana

IIpu MozmennpoBaHUT PASIUYHBIX PEAJTHHBIX IIPOIECCOB BAaXKHYIO POJIb UTPAIOT METOJIbI DEIIeHUs 3aJa4n
UIeHTUDUKAIUY UCTOYHUKA I yPaBHEHUs] B YAaCTHBIX NPOM3BOAHBIX. Hacrosimas crarbs IOCBSINEHA
ANIIPOKCUMAUMU JJIMIITUICCKON IepeolpelleIcHHON 3aladid ¢ MHTErPAJIbHBIM YCJIOBHEM JJId IIPOU3BOJI-
HbIX. BHagasie obparHas 3ajada CBOJMTCS K HEKOTOPOH BCIIOMOIraTe/bHON HEJIOKaJbHON KpaeBoil 3aja-
be C MHTErpajbHBIM I'DAHUYHBIM yCJIOBUEM /I IIPOU3BOJHBIX. IlapaMeTp ypaBHEHUs OIpeessieTcs I10-
cJle pemeHnd 3TOi BCIOMOraTe/bHOM HeJOKaJIbHOU 3amadn. IIpenyioxkena pasHocTHas cxemMa BTOPOTO IIO-
psi/IKa TOYHOCTH [JIsi TPUOIIKEHHOrO PelleHnss abCTPAKTHOM IePeoIpe/IeIEHHON ITUITHIECKON 3a/1a91.
C 1OMOIIBIO OIIEPATOPHOIO IOJXO/A JOKA3aHO CYIIECTBOBAHME DEIleHHs] Pa3HOCTHON 3asadn. st pere-
HIS ITOCTPOCHHON Pa3HOCTHOM CXEMBbl yCTAHOBJICHBI OLICHKH YCTOMYMBOCTH W KOIPILIHUTUBHON yCTOMYIHUBO-
cru. llo3nmee monmydyeHHble aOCTPAKTHDBIE PE3YIbTATHI IPUMEHSAIOTCS MJIs TOJyJIEHUs] OIEHOK YCTOWYUBO-
CTHU PEIIEeHUsT TePEOTPEJIeICHHBIX JINITUIECKUX MHOTOMEPHBIX PAa3HOCTHBIX 3ajad Tuma Heiimana c
MHTErpaJibHbiMU  ycsioBusaMu. Kpome toro, ucnonbdysi nporpammy MATLAB, aBropamu mpemcrabie-
HBl YHCJIEHHBIE DPE3Y/IbTATBHI JJIsI JBYX- U TPEXMEPHBIX TECTOBBIX IPUMEPOB C KPATKUM OObICHEHHEM
peannsalui Ha KOMIIbIOTEpe.

Karoueswie ca06a: pa3HOCTHAS CXeMa, 00paTHAs JITHITHYECKas 3a/ata, IepeolpeiesieHne, mpobema uiaeH-
TUDUKAINN UCTOYHUKA, YCTONIMBOCTD, KOIPIMTUBHAST YCTONINBOCTD, OIEHKA.

16 Bulletin of the Karaganda University



Numerical solution to elliptic ...

10

11

12

13

14

15

16

17

18

19

20

References

Ashyralyev, A. (2008). A note on the Bitsadze-Samarskii type nonlocal boundary value problem
in a Banach space. J. Math. Anal. Appl., 344, 557-573.

Ashyralyev, A., & Ashyralyyev, C. (2014). On the problem of determining the parameter of an
elliptic equation in a Banach space. Nonlinear Anal. Model. Control, 19, 3, 350-366.
Ashyralyev, A., & Emharab, F. (2019). Source identification problems for hyperbolic differential
and difference equations. J. Inverse Ill-Posed Probl., 27(3), 301-315.

Ashyralyev, A., & Tetikoglu, F.S.0O. (2013). A note on Bitsadze-Samarskii type nonlocal boundary
problems: well-posednesss. Numer. Funct. Anal. Optim., 34, 939-975.

Ashyralyev, A., & Tetikoglu, F.S.0O. (2014). On well-posedness of nonclassical problems for elliptic
equations. Math. Methods Appl. Sci., 87, 2663-2676.

Ashyralyev, A., & Sobolevskii, P.E. (2004). New Difference Schemes for Partial Differential
Equations, Operator Theory Advances and Applications/ Birkhéuser Verlag, Basel; Boston, Berlin.
Ashyralyev, A., Erdogan, A.S., & Sazaklioglu, A.U. (2019). Numerical solution of a source
identification problem: Almost coercivity. J. Inverse Ill-Posed. Probl., 27, 4; 457-468.
Ashyralyyev, C. (2014). Inverse Neumann problem for an equation of elliptic type. AIP Conference
Proceedings, 1611, 46-52.

Ashyralyyev, C. (2017). Stability estimates for solution of Neumann type overdetermined elliptic
problem. Numer. Funct. Anal. Optim., 38, 10, 1226-1243.

Ashyralyyev, C. (2017). Numerical solution to Bitsadze-Samarskii type elliptic overdetermined
multipoint NBVP. Bound. Value Probl., 2017, 74, 1-22.

Ashyralyyev, C., Akyuz, G., & Dedeturk, M« (2017). Approximate solution for an inverse problem
of multidimensional elliptic equation with multipoint nonlocal and Neumann boundary conditions,
Electron. J. Differential Equations, 2017, 197, 1-16.

Ashyralyyev, C., & Cay, A. (2018). Well-posedness of Neumann-type elliptic overdetermined
problem with integral condition: AIP Conference Proceedings, 1997, 020026.

Kabanikhin, S.I. (2011). Inwerse and ill-posed problems: theory and applications / Walter de
Gruyter, Berlin.

Kirane, M., Malik, S.A«; & Al-Gwaiz, M.A. (2013). An inverse source problem for a two dimensio-
nal time fractional diffusion equation with nonlocal boundary conditions. Math. Methods Appl.
Sci., 36, 056-069:

Kirane, M., Sadybekov, M.A., & Sarsenbi, A.A. (2019). On an inverse problem of reconstructing
a subdiffusion process from nonlocal data. Math. Methods Appl. Sci., 42, 6, 2043-2052.
Klibanov, M.V.;.& Romanov, V.G. (2016). Two reconstruction procedures for a 3D phaseless
inverse scattering problem for the generalized Helmholtz equation. Inverse Problems, 32, 1.
Krein; S.G. (1966). Lineinye differensialnye wuravneniia v banakhovom prostranstve [Linear
Differential Equations in Banach Space]. Moscow: Nauka [in Russian].

Orlovsky, D.G. (2013). Inverse problem for elliptic equation in a Banach space with Bitsadze-
Samarsky boundary value conditions. J.Inverse Ill-Posed Probl., 21, 141-157.

Orlovsky, D.G., & Piskarev, S.I. (2018). On approximation of coefficient inverse problems for
differential equations in functional spaces. Journal of Mathematical Sciences, 230, 6, 823-906.
Sobolevskii, P.E. (1975). Raznostnye metody priblizennoho resheniia differensialnykh uravnenii
[Difference Methods for the Approzimate Solution of Differential Equations/. Voronezh: Izdatelstvo
Voronezhskoho hosudarstvennoho universiteta [in Russian]|.

MATHEMATICS series. Ne 3(99)/2020 17





