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It is known that V.A. Ilyin and E.I. Moiseev studied generalized nonlocal boundary value problems for
the Sturm-Liouville equation, the nonlocal boundary conditions specified at, the’ inteésior points of the
interval under consideration. For such problems, uniqueness and existence tHeoréms for a solution to
the problem were proven. There are many difficulties in studying these gefiéralized nonlocal boundary
value problems for partial differential equations, especially in obtaining @ prioriestimates. Therefore, it
is necessary to use new methods for solving generalized nonlocal problems {forward problems). As we
know, it is not difficult to establish a connection between forward and imverse problems. Therefore, when
solving generalized nonlocal boundary value problems for partial différential equations, reducing them to
multipoint inverse problems is necessary. The first results im the direction belong to S.Z. Dzhamalov. In
his works, he proposed and investigated multipoint inverse preblems for some equations of mathematical
physics. In this article, the authors studied the correctnes§ ofyonéylinear two-point inverse problem for the
multidimensional heat conduction equation. Using theymethods of a priori estimates, Galerkin’s method, a
sequence of approximations and contracting mappings, the unique solvability of the generalized solution of
the linear two-point inverse problem for the multidimensional heat equation was proved.

Keywords: multidimensional heat conduction equation, linear two-point inverse problem, unique solvability
of a generalized solution, methods of a priowizestimates, Galerkin’s method, sequences of approximations
and contracting mappings.
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Introduction

Due to the signifieantyingrease in the capabilities of computer technology over the past decades,
complex mathematicalmedels that take into account a more significant number of physical factors are
beginning to be useddinsapplied mathematics. In [1-4|, mathematical models that arise in the study
of several applied problems and lead to the consideration of nonlocal boundary value problems were
first proposed. As is known, it is not difficult to establish a connection between nonlocal boundary
value problems and multipoint inverse problems [3—6]. In this regard, it should be especially noted that
heat propagation processes are closely related precisely to multipoint inverse problems for parabolic
equations [4]. For parabolic equations, particularly heat equations, the difference between inverse
problems was studied in [7-19].

To this end, in this work, using the results of [5, 6], we study the unique solvability of a particular
linear two-point inverse problem (LTIP) for a multidimensional heat equation.
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Let © be a simply connected domain in space R™ with sufficiently smooth boundary 9€). Consider
the multidimensional heat conduction equation in domain G = Q x (0,T) x (0,1) = Q x (0,1) C R"*2 :

2

Lu = U — Amu — Uyy + c(:n,t)u = g($7tvy) + Zhi($7t)fi(x,t,y), (1)
=1

n
where Ayu = > wuy, ., is the Laplace operator with regard to variables z, here ¢(x,t), g(z,t,y) and
m=1
fi(x,t,y) i = 1,2 are given functions, and hy(x,t), he(x,t) are the unknown functions.

1 Linear two-point inverse problem

It is required to find functions {u(x,t,y), hi(x,t), he(z,t)}, that satisfy equation (1) in domain G,
such that function u(x,t,y) satisfies the following semi-nonlocal boundary conditions:

YU |¢=0 = U |=T, (2)
ulon =0, (3)
uly=0 = uly=1 =0, (4)

where v is some constant nonzero number, the value of which willdbé specified below.
In addition, the solution to problem (1)—(4) satisfies the followifig auxiliary conditions:

u($7t7€j) = ¥j (x7t)7 (5)

where ¢; € (0,£), j = 1,2 are such that 0 € 41 {03 < ¢ < 400, and functions u(z,t,y) and
hi(z,t), i = 1,2 belong to the following class:

U = {(uhiy i =1,2); u € WeNQY, Di(ur, e, ua) € La(G), hi € W@}
here W22 (@) is the Sobolev space with hefm

2
[[ul w2la) = / (uppetul, + ul, ) dadtdy + / (u2 + uf + ul + u?)dadtdy.
G G

Let us introdugé the_follewing notation.
Let gj(x,t) = g(x, W), fi)j (x, t) = fi(z,t,4;), Vi, j =1,2.

2 2 2 2
§2 = max{||[full}, , - Wa2ll; o, 21l o 22l ) 3
Then we define a square matrix of the second order by F = {fij}zzjzh ie, F = (;11 ‘}021>, and we
’ 12 Jo2
denote its determinant by H = detF = fufa .
J12 f22

Definition 1. Function u(x,t,y) € U that satisfies equation (1) almost everywhere in domain G
with conditions (2)—(5), is called a generalized solution to problem (1)—(5).

Let all the coefficients of equation (1) be sufficiently smooth functions in domain @ and let the
following conditions be satisfied regarding the coefficients on the right-hand sides of equation (1) and
the given function ¢;(z,t), j =1,2.

Condition 1:

Periodicity: ¢(z,0) = c(x, T), for all x € Q.
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Nonlocal conditions: vg(z,0,vy) = g(x,T,y), vfj(z,0,y) = fi(z,T,y), j =1,2.
Smoothness: g;(x,t) = g(z,t,{;) € Cg:g(@), fij(x,t) = fi(z,t,4;) € Cg:g(@), 1,j=1,2;
= |detF| > n >0, (L4 Dd)g € WJ(G), (1+ D) fi € W3(G), i =1,2.
Condition 2:
0i(z,t) € W3 (Q): v05lig = Pili_ri @ilog =0, 4 =12
here W;’I(Q) is the Sobolev space with norm ||u||2W2 Loy = (W2, +u? +uf + u?)dadt.
Q

2 Unique solvability to problem (1)-(5)

Theorem 1. Let the above conditions 1 and 2 be satisfied for the coefficients of equation (1), in
addition, let Ac(z,t) — ¢y(x,t) > 6 > 0 for all (z,t) € Q, where A = ZIn|y| > 0, |7| > 1 and let
there exist a small positive number ¢ such that the following estimates hold: §yg — 100~ > § > 0,

qg= M- Z H 1+D3 fZHW2 o < 1, (where 09 = min{2,)\,51 + (%)2}, M =%on72F?% cicy; where

0 4
=5 T f ik W = E , C2 18 a constant number determined from the S8holewembedding theorem).
k=

Then, there is a unique solution to problem (1)—(5) from the specified ‘elass U.

We first use the Fourier method to prove the solvability of problem (1)-(5). Namely, the solution
to problem (1)—(5) is sought in the following form:

u(z, t,y) = ZukxtYk

where functions Yy (y) = {\/%Sin ,uky}, Wi = ”Tf“, ke= 1,2, 3, ... are solutions of the Sturm- Liouville

spectral problem with Dirichlet conditions, Itis known that the system of eigenfunctions {Yy(y)} is
complete in space Lo(0, /) and forms ans@rghonormal basis in it [7-10].

In order to determine unknown funéetions, some construction formalities must be performed.

Let us consider the traces of equation (1) for y =/¢;, j =1,2.

Lu(Bytydy) = wi(z,t,05) — Agu(x, t,4) — uyy(x,t, )+ (6)
+c(x, tyule, Byl;) = g(x,t,¢;) + hi(x, t)flj (ac t) + ha(z,t) fi(x, ).

Now, considering €ondifien (5), H = |detF| > n > 0, and the corresponding notation, we define the
formally unknown functiéns h;(x,t), j = 1,2 from the equation (6) in the following form:

b (2, ) = %[¢l(x,t)f22(x,t) — Byl t) for (2, )],

L@, 0) fra (2, 1) — 1 (2, 1) faale )],

here

Qi(z,t) = @je(z,t) — Agpj(z,t) + c(z, t)pj(x, t) — gj(z,t) + kz ,u%uk(x,t) sin pupl; =
—1

00
= Logj(x,t) — gj(x,t) + Y piug(e,t) sin puely,
k=1
LOSOJ' = (Pjt(x>t) - Ax@j(xvt) + C(x?t)@j(xvt% J=12
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where functions ug(z,t) are defined in domain @ = €2 x (0,7") as a solution to the following infinite
system of loaded heat equations [3], [11]:

Lug = upe — Aguy, + (e, t) + pf Jur, = gt
HLE[ oo (Lopr — g1+ 3 12, sin 1) — fo1(Loga — g2 + . 12t Si i a)]+ ™

m=1 m=1
o0 o0

B[ f11(Lowo — g2+ 3 12 um sin pimba) — fr2(Lowr — g1+ 3. 12 Um Sin pmly)]

m=1 m=1

with semi-nonlocal boundary conditions

YUk !t:o = Uk ’t:Ta (8)
ug log =0, 9)
N R \%
where fi(z,t,y) = kzl fie(x, t)sinpgy,  fi(z,t,01) = fii(x,t) = kz f% b,
fa(z,t,y) = Z Jor(x,t) sin gy, fo(x,t,01) = far(z,t) = OO sin fu 1,

fik=\/%ffisinukydy,foranyﬁl gk—foSIMmA =1,2,3,...
0

Qwe show that function u(x,t,y) for any

Proof. Let us prove the theorem 1 step by ste

j = 1,2 satisfies condition (5) i.e. u|y:ej = u(x, j(x,t).
Let us prove the fulﬁlment of these con 'tion sing inverse assumptions. Let there be function
¥(x,t) satisfying condition (5): hat ul, —q, = VYi(x,t) # ¢j(x,t), ie.,
o0

uly=¢; = Y up(z,t)sin puply = 9;( z,t).
k=0
Then for functions zj - — @j(z,t) in domain @, considering conditions (8)-(9),

multiplying equation (7 bx SIJM d summmg over k from 1 to oo, we obtain the following loaded

equations:

oo o o
Z Ukt S p3) Aguy sin il + kzjl (c+ u%)uk sin gl = kzjl gr sin pl i+
io: f1k sin pg § fok sin ppl; oo )
g ——[P1f22 — P2 for] + F—pg——[Pafi1 — P1fi2] = > grsinppli+
k=1
>~ fiksin pgt; 00 ) oo
HE g f2(Lowr — g1 + X2 gt sin pmlr) — for(Lowa — g2+ 35 iU SIN i 2)]+
- m=1 m=1 (10)
>° for sin gl <, ‘ <, .
+EE———[fu1(Lop2 — g2 + >0 poytm sin i la) — fra(Lowt — g1+ D i Um S0 pif1)] =
m=1 m=1
(o]

=gj+ %[fm(Lole — g1+ > p2umsinpmlr) — for(Lopz — g2 + > 2 tm sin g o))+
m=1 m=1

3 m . w .
F2 11 (Lopa — ga + Y 12t Sin o) — fr2(Lowt — g1 + > 2t sin 1))
m=1 m=1

We consider each case separately to make it easier to understand the formula (10). First, we consider
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the case for j = 1. Then, from formula (10), we obtain:

o
V1t — Ag01 4 c(z, )01 + Y pRugsinuly = g1+
=1

o o0
+ 1 for(Lowr — g1 + 3 pdugsin pgly) — for (Lops — g2 + > pdug sin puglo)|+
k_l k=1
oo
+L2Lf11(Lowa — g0 + Z pug sin fugla) — fra(Lopr — g1+ Y. piugsin pgl)] =
=1 m=1

Z pZug sin pgly

=01+ LWl = [f11f22—f12f21} P [fi1fo2 — fiafor] +

Z pEuk sin plo

PO [ for fi1 — f21f11] Sy fafu - fafu] =

oo
=g1+ Lopr — g1 + Z piug sin by = Lo + Y piug sin gty .
h=1 =1

Then from formulas (7)—(11) for function z;(x,t) = V1 (z,t) — ¢1(x,t) = Gp=wgh+ ¢1 in domain Q,
we obtain the following identity

00 00
L()(Z1 + (p1) + Z uzuk sin pupfly = Lopy + Z u%uk SN gl .
k=1 k=1

Hence, we obtain the following problem:

Loz = 21t — Z10e +E(x )21 =0, (12)
721‘,5:0 - Zl't:T’ (13)
21 lao = 0. (14)

Now we will prove the uniqueness of th€wsolution to problem (12)-(14) using the method of energy
integrals [3], [4], [8]. To do this, condideRidentity 2(Loz1,e *z21;) = 0 and, integrating identity (12) by
parts, considering conditions of Theorém, 1 and boundary conditions (13), (14) for |y| > 1, we obtain
the inequality sz|]W21(Q) < 0, whieh implies that z;(z,t) = 0.

So, problem (12)—(14) has amunique solution, i.e. ¥1(x,t) = @1(x,t). From this, we obtain that
problem (1)-(4) satisfies condition (5) for j = 1, i.e. u(x,t,41) = @i(z,t). u(z,t,l2) = pa(x,t) is
proved similarly fop# = 2

Now we will preye the solvability of problem (7)—(9) using the methods of a priori estimates,
Galerkin’s, and successife approximations [3], [8], namely, in domain @, we consider a family of infinite
loaded heat conduction equations:

Lug) = u(l) A u,(g) + (c(x,t) + ,uz)ug) = gx+

L “ Lfa(Logr — g1 + Z pE D sin pn 1) — for (Loga — g2 + Y pguls sin pun b))+ (15)

m=1 m=1

f2k [fll(LOQD2 —g2+ Z /,Lm £7ll 1) sin ,umﬁz) f12(LO(’01 —g1+ Z M?%’Lugrll_l)um sin ,Umﬁl)] _ F(U](Cl_l))

m=1 m=1

with semi-nonlocal boundary conditions

"}’ug) |t:0 = ulgl) |t:T7 (16)
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ul |gq =0, (17)

where | € N U {0}, N is the set of natural numbers. In the future, to prove the unique solvability of
problem (15)—(17), we need the following notation and lemmas.
Let us define the space of vector functions

Wp,q(Q) = {ﬁk“gk € ngt(@)a k; € Na b, q= Oa 152}
with norm

2 o
\/;; 14 p7) HﬁchWPqt(Q) (18)

where W37 (Q) may be one of the following Sobolev spaces

W2, (Q) = W32(Q) = WE(Q); Waa ,(Q) = W' (Q); Wy (Q) = W3 (Q); War ,(Q) = WS = La(Q).

The norm in space W 1(Q) is defined as follows

2
(Ik)3q =

&

00
Z 1+:uk: H19k||W21 Q"
k=1

and the norm in space Wy o(Q) is defined as follows

2 & 3
<19k>?),0 - \/;Z (1+ M%) “ﬁk”%Q(Q)
k=1

It is obvious that the space W) ,(Q) with a céxtain morm (18) is a Banach space [3], [8]. From the
definition of spaces W), 4(Q) it follows that Wa o(Qh@W21(Q) C W1 1(Q) C Woo(Q).

Now let us denote the class of vector funetions {U(z,t)}72, such that {0y (z,t)}72, € Wa1(Q),
satisfying the corresponding conditions (16)717) by W (Q).

Definition 2. The solution to problem [15)-(17) is called vector function {¥y(xz,t)}32, € W(Q)
that satisfies equation (15) almost.evenywhere in domain Q).

Lemma 1. Let all the conditiom§ of the theorem be satisfied. Then, to solve problem (15)—(17), the
following estimates are valid®

2 .
I) <u,(€l)>1 ) < const(k, 1) Foo;

)

2 \
1) <u§€l)>2 ) < centst(k, ) < 4oo.

)

Here and below, we will use the symbol const(l;:, ) to denote the constant independent on parameters
kL.

Proof. Consider the following identity
n — I-1)y _—xt (1
2(Luy e M)y = 2(F(w ), e M), (19)

where constant A > 0 will be chosen later.
Considering the conditions of the theorem, integrating identity (19) by parts and applying Cauchy’s
inequality with o [8], it is easy to obtain the lower bound of the following inequality

2 [ Lu,(cl) ceTM u,glgdxdt > f e A2 uigl) +A- uig)—i-()\c — o+ g - ui(l)}d:cdt—
¢ (20)

_ ( 2(1 2(1
—[e ’\t{Qukt ukzex — 2uk( Jey — (c+ ,ui)uk( Je,}ds,
o0Q
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where @ = ((es, e1); (ex = (€,2); e = (€, 1)) is the unit vector of the internal normal to boundary
0Q). The conditions of Theorem 1 ensure that the integral over domain @) is not negative. Considering
the semi-nonlocal boundary conditions (16), (17) and conditions of Theorem 1, with the choice of
7?2 = T, we obtain the conversion of the boundary integrals to zero. Thus, from inequality (20), we

obtain the lower bound of the following inequality

2 [ Lug) ce At ugt)d:vdt >

Q
2 (21)
> ferfo.,20 20) 2) . 20) > 6ol
_Qf)e { +A-uy <5 +)\(£)> Uy, }dxdt_éo uy, Wit
: 2
where dg = min {2, A0+ (7) }, Ae—c¢ > 601 > 0.
Applying Cauchy’s inequality with o to identity (19), we obtain the upper bound
‘Q(F(Uz(cl_l))ae_’\t (l ) < ‘ <gk + flﬁ’“[fm(LosOl -+ > ,uznugfl) St (1) —
m=1
—fa1(Lop2 — g2 + Z ,umw(n_ )sin,ume)] + f%’“[fn(LosOQ -9+ X u?nua(vlfl) sin fim o) —
m=1 m=1
o -1 “at, (D o, o2
~fia(Lopr =g+ 3 gt sin 1), € Atum)o 9 | ot (22)
2 —2~2 2 T 12 W2 2
+o (llgello + 078" 2 (Tollesllyz o) Ml ) 1 fixllo)
'L]i
-1
+20y 0 z Il 5 WGP [ o)
where Ty = max{L, el g} 3 = max{l 1 ) Wz ey -1l - [ el -
Combining inequalities (21) and (22), we obtain
- 90 [l <o LIS 3 (Tollesln g + lsld) 1l
0 kllwhi) — "\ ij=1 0w Q) illo ) 1ikllC(@) (23)
2 00 2
+2c1m %g §> 2 14 p2,)° Hugfl)H :
1SS l; 1 fikllc) mZ::l( [15n) W @)

Applying the Sobolév émbedding theorem ”kaHé(Q) <c ||fzk”l2/v22(Q) [8,9] to inequality (23), we obtain

_ Nk _ 2
(60 — 9071) |[uf lgwlls + 20217282 32 (To sl g + asl}) 1l | +

<o
HWQ‘}’I(Q) - [ ij=1
2 00 2
_ 3 -1
+2e10m 20§ 3 | fulliyzig) X (1 +u)” |uli?| L.
i=1 2V m=1 w.

(24)

Taking into account the condition of Theorem 1 &y — 90! > 8§ — 100~! > § > 0, dividing
inequalities (24) by d, multiplying inequalities (24) by (1 + ,ufn)g and summing over k from 1 to oo,
we obtain the first recurrent formula

zj*l

2
< (l)>1 1 < o6t [<9k>3 + e 232 % <T0 HgojH?/VzJ + ||gj|]g) <flk>§

(25)
2cicom 208712 Z (fi k)g <u£,l1 1)>1 o

=1 5
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0 4
where ¢ = ) LS, ¢ is the Sobolev embedding coefficient.
k= (1+”k)

2
Introduce notation od~! [(gk>3 +eanTF Y (To ”SOjHI%VZl ot ||93||8) <le<:>§ = A and, consi-

ij=1

dering the conditions of Theorem 1 2cicon 206 1F2 z (fi)s<q=M E (fir)3 < 1, from recurrent

formula (25), we obtain the validity of estimate I), i.e. we get the first estlmate Indeed, for this purpose
we take function {ulg_l)} = {0} as an initial approximation.
Then, for the zero approximation, we obtain

2
0\ 2 _ _
() <067 [{go)f +2em725 Y (Tolleslyas g + loslly) (fa)3 | = 4.

’ ij=1

Continuing this process, by induction, we obtain the first a priori estimate fof afyafunction u( ) ,Vi>1

l
(z>>2 < A. N
<uk’ 1,1~ A Z €=
n=0
Now, let us prove the validity of the second estimate II), To de, this} consider the following identity

- 2/6_)‘tLu,(§l) . Axug)dxdt = —2/ _)‘tF( (= 1)) : Axu,(gl)dazdt. (26)
Q Q

Reasoning similarly to the proof of estimateyI), based on integration by parts (26), considering the
conditions of the theorem and semi-nonlocal beundary conditions (16), (17), we arrive at the following
lower bound

|—2fe_)‘tLu](€l) . Axu,(fl)dxdt >, (QAxui() A+ uk) 2(1)) dxdt — o1 foui(l)dxdt—
Q Q
N _ ! ! l !
—0 ||c]\é(Q) Hu?” + 2 f e M u;t)uéiex + (uii) - uzi ))e + ué)uéiex]ds > 2
o1 l _ ! |2
Zc{ (2A uk() + (/\+ ( ) )uz;)) dxdt — o 1C{Axui( )dedt — o ||cHé(Q) HUL)HO >

o],

1 012 2 DIl
W (Q) -7 HAmu’f Ho — 7 lello) Huk ‘ 0’
where dp = min {2, 01, A+ (%)2} The conditions of Theorem 1 ensure that the integral over domain

@ is not negative. Considering the semi-nonlocal boundary conditions (16), (17) and the conditions of
Theorem 1, with the choice of ¥2 = €T we obtain the conversion of the boundary integrals to zero.
Thus, from inequalities (21) and (27), we obtain the lower bound of the following inequality

_ NE
o~ Al - ol ], @9

1

—2/eAtLu,(€l)-Axu(l)da:dt > 0 H )H :
Q

Now, applying the Cauchy inequality with o to identity (27), we obtain the upper bound of the following
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inequality

ool L =

-2 e_’\tF(ug_l)) . Axu,(j)dmdt
Q

2
> (Tollesllfyzngy + I952) Mislgt 29

ij=1

mil (1t )" Hu&DHWi%Q) '

2
<907 HAIul(cl) HO + 0 llgrllo + on 3
2072V 2 2
+20m7 71§ 21 1 fikllc(q)
=
Combining inequalities (28) and (29), we obtain

=10 [ <1l o

2
_ 2 2 2
+or 2§ 32 (T leiliza ) + lasll) Il + (30)
1,J)=

2 00
Y22 3 M falbig X 0+ ) [ui|

m=1

Applying the Sobolev embedding theorem || fik“%(@) < e fzkH{%V iflequality (30), we obtain

2 2
5o — 1001 Hu(l)H < o5 e H +
(% dK Q) * wiiQ)
+0 [lgr |+ on2e2F Y (Tollgyl 2.1 lg;013) ”fik||12/v22(Q)+ (31)

5,5=1

2 00
+20n 212§ Y | firllivz o 1+ iz,
i=1 =

Considering the conditions of the theorg - 8o — 10071 > § > 0, dividing inequalities (31) by 6,
multiplying by (1 + u,2n)3 and summmi k from 1 to oo, we obtain the second recurrent formula

D\ 2 _ _ 2
(uf?) <2057 el +en 3 3 ((Tolleilfyzr g + laill) (Fw)3) | +

’ Z,jzl

2
+giy! Negelp + 228 3 (Dolleillfyan g + lgsle) (faw)3 | + (32)

3,j=1

2 2
+206 210052 >0 <fzk>§ <u,(§l 1)> .
=1 2,1

From estimate (32), considering (24), we obtain the following recurrent formulas

)\ 2 _ _ 2
(uf?), <3057 |2 g [<gk>§+m 2 5 ((Tolleilzr g + losll) (w)3) | +

) ij=1

2 2 ()
12007 ' 2c1008% S (fin) <U1(gl_1)> .
i=1 2,1
Introducing the following notation

2

300~ lellg) [{omg +e2n8 D (Tolesliyza g + lasllo) (fin)3| = A
ij=1
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and, considering the conditions of Theorem 1 and

2 2

205 ' Pe1eaF Y (fu)s <a=M Y (fu); <1

1,5=1 1,5=1
from recurrent formula (33), we obtain the validity of estimate II), taking {ul(;l)} = {0} as an initial

approximation. As a result, for the zero approximation, we obtain

2
0)\? _ _
(), <3067 2 |(9s + 228 Y (Tolesllfyen g + lasll}) (fin)3 | = Av.

)

ij=1

Continuing this process, by induction, we obtain the second a priori estimate for any function u,gl), vi>1

l
(O en o<

Similar to the proof of estimate I), estimate II) is easily obtained. Lem#ita_INis proven.

Let us now introduce a new function from W(Q) according, e formula 19,8) = u,(cl) - u,(ﬁlfl)

Vi=NU{0}, k=1,2,.. {ué_l)} = {0}. Then the following Lemfna holds for it.
Lemma 2. Let all the conditions of Theorem 1 and®Lemima 1 be satisfied. Then the following a

priori estimates are valid for functions {191(5)} e W(Q):
2
) (90) < 4. q0;
) < k >11 =40

)

B

0\ 0!
Iv) (v >271 < Ay g

Here and below we will use symbol const(l%, f) to denote the constant independent on parameters k, [.
Proof. From (15)—(17) for function {79,(;)} € W(Q), we obtain the following problem
/ L l l
LIPZ I~ A+ (clat) +i2)0)) =
= flﬁk[fm > anﬁ,(ffl) sin pmfy — fo1 ) u?nﬁgfl) Sin p o]+ (34)
m—1 m=1

02 Ly S0 RO sinpnly — frz 3 p295% ) sinpunty] = T(91 V)
g —1 m=1
with semi-nonlocal beundary conditions
300 =g = 00 |1, (35)

U loo =0, (36)
where [ =0,1,2,...

Therefore, as in the proof of Lemma 1, for the function {19,(;)} = {ug)} — {u,(j_l)} € W(Q) from
(34)-(36), as a proof of Lemma 1, consider the following identity

2(Loy, e—ngg)o = 2(Twi ™), fW,@)O. (37)
Integrating by parts (37), taking into account the conditions of Theorem 1, we obtain the third recurrent
formula 5 9
O] < G
<19’€ >1,1 =14 <19"3 >1,1' (38)
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Repeating the reasoning, similar to the proof of Lemma 1, from (38), we obtain a priori estimate I1I)
for the function {19,(;)}, k=1,2,3,... Estimate IV) is proven similarly. Lemma 2 is proven.

Theorem 2. Let all the conditions of Theorem 1 be satisfied. Then problem (15)—(17) is uniquely
solvable in W (Q).

Proof. Let us define the following mapping in space W (Q)
u,(cl) = L*IF(u,(cl_l)) = Fu,(cl_l).

1. Let us show that operator F maps space W(Q) into itself. Let {u,(clfl) } € W(Q), then to solve

problem (15)—(17) the statement of Lemma 1 is true, i.e. estimate II) is valid for the function {ul(j)},
k=1,2,3,... It follows that for any [ = 1,2,3... we obtain {ug)} € W(Q). Thus, F : W(Q) —

W(Q).
2. Let us show that F is a contraction operator. Let {u,(!) } ) {u,(i,lfl) } € W(Q). Consider new

function {19,(61) } = {u,(!) } - {u,(ﬁlfl) }, the statement of Lemma 2 is valid fer it,%i.e. estimate IV) is
true for the function {19,(5)}, k=1,2,3,..., and

o], = (o), < 41 g4 (39)

)

is true.
Now let us establish the fundamentality of sequence { u,(cl) } € W(Q). From (34)—(36), the triangle

inequality and a priori estimates (39), we obtain

2 2 2 2
Il =2, = ™ =, N = = <

< Ay (gD g0 4 g gl) = AP (14 g+ g < AL

0

This implies the fundamental natureefisequence { uy, } . Thus, F is a contraction operator according
to the well-known principle of coptracting mappings [3|, [9], problem (15)—(17) has a unique solution

belonging to space W(Q). Here ug) — uy as | — oo, and ug(x,t) is a unique solution to problem

(7)—(9) for fixed k.
From the principle of contgadtion mappings, we conclude that problem (7)—(9) has a unique solution
from W(Q). Theorem 2 is\proven.

Now we prove Theorém 1. Applying the Parseval-Steklov equality to functions {u;} € W(Q), we
obtain the assertion of the theorem, that is, u(z,t,y) € U [8,9]. Theorem 1 is proven.

Remark 1. If we take function ¢;(x,t) as a solution to the following problem ¢;(x,t) € sz’l(Q),
9; € W2(Q)
Lop = @jt — Datpj + c(x, 1) = gj,

V¢ilizo = Pili=r
@jlaa =0,
o o0
then function ®;(z,t) is defined as follows: ®;(x,t) = Lop; —gj+ Y. prugsin gl = > piug sin pugl;,
k=1 k=1
7 = 1,2, and the proof of the theorem is greatly simplified.

Remark 2. For equation (1), LTPIPs with the Cauchy condition are studied similarly; in this case,
instead of condition (2), the Cauchy condition u |;=o = uo(z) is proposed.
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Conclusion

In this article, the authors studied the correctness of one linear two-point inverse problem for
the multidimensional heat conduction equation. Using the methods of a priori estimates, Galerkin’s
method, and successive approximations and contraction mappings, the theorem of unique solvability
of the generalized solution in the specified class of integrable functions is proved.
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2ZKapTrbLiail JoKoJIbabIeMec IMIEKTIK mapTTapbl 0ap KeneJiIineMii
KBIIYOTKI3TIIITIK TeHAeyiHe KOWbIIFAaH ChI3BIKThI €KIHYKTEeJIi
Kepi ecentTep’ TypaJibl

C.3. Ixxamagoss?, II1.I11. Xynaiikymos?

Y©3PIr'A B.HU. Pomanoscruii dmoitgagt. Mamemamura urncmumyma, Tawxenm, Ozbexcman;
2 Tawkenm KordaiBansNesiivmoap yrusepcumems, Tawkenm, Osbexcman;
3 Tawwenm uppuzayus scone ayp A\ wBpHosuvLabiesin METGHUKAAGHOVPY UHHCEHEPAEDT UHCTUMYmMb, — Y Amimos
sepmmey ynusepcumemi, Tawrxenm, Osbexcman

B.A. Nnbun xone E.J& Mouceesrep IITypm-JInyBrir Tenzeyiepi yImis »KajnbliaMa JIOKaJIbIbIEMeC IeK-
TiK ecenTepaiH MENMiHIE0ap OOIYbIH YKOHE YKAJIFBI3BIFLIH fqosesaered. Jlepbec Tybiaabuibt quddepenim-
aJIbIBIK TeHIeyHep YIIiH >KalblIaMa JIOKAJIbIbIEMEeC MIEeKTIK ecenTepii KapacThIpFaHIa allpUOPJIbIK Oara-
JIapbl aJTy/ia KOl REBH IbIKTapFa Tarn 6omaMb3. COHIBIKTAH, gepbec TYBIHIBLIBL AuddepeHITnabIbIK, TeH-
JeyJiepre KOMbLIFaH JIOKAJIbIbIEMEC IEeKTIK eCenTep/i IIelry YIITiH KOl HYKTeJI Kepi ecenrepre KeaTipy Ka-
xeT. Byi 6arbiTTars anramkbl HoTmkenep C.3. Ixamanoska tueciai. O 3 XKyMBICBIHIA MaTEMATHKAJIBIK,
(U3NKAHBIH KO HYKTEJII KHCHIKTAP CUSKTHI KOIITETeH MapaMeTpJIepiH jie 3epTTeai. Makasia a Ker eJImeM/Ii
JKBUIYOTKI3TIIITIK TeHJEyiHe KORbLIFaH ChI3bIKTBI €KiHYKTEJ I Kepl eCeNTiH KUCHIHIBLIBIFBI KAPACTHIPBIJIFAH.
Anpuopsbik Garasay, [asepkus, GipTiHAen »KyBIKTay »K9HE KBICYIIbI OeifHesey 9iCTepiH KOJIIAHBII, K-
MOJIIEM/II YKBUIYOTKI3TIIITIK TeH/IeyiHe KOMBLIFaH ChI3BIKTBI €KIHYKTEJ I Kepi eCenTiH »KaJIFbI3 IIEeiMiHiH
Gap 6OJTyBI IO/ IeHTEH.

Kiam cesdep: xen emeMl KbUIYOTKI3TIMITIK TEHIEY1, CHI3BIKTBI €KIHYKTE Kepi ecem, »KaJmblaMa Ie-
MIIMHIH YKaJIFbI3 00JIybI, allpHOPJILIK Oarasay, ['ajiepkun o1ici, 6ipTiHen KybIKTay »KoHe KBICYIIbI Oeiinesey
aaicTepi.
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O HekOTOpPO# JMHEHOIl AByXTOYEYHOIl oOpaTHOI 3agade AJIs
MHOI'OMEPHOI'0 ypaBHEHUS TeILJIOIPOBOIHOCTHI
C II0JIYHEJIOKAJIbHBIMI KPA€BbIMU YCJIOBUAMU

C.3. Izxamamos'?, II1.II. Xymoiikymos?

! Hnemumym mamemamusu umenu B.H. Pomanosckozo AH PY3, Tawxewm, Y3bexucman;
2 Tawwenmeruti yrusepcumem npuxaadnuns nayk, Towxenm, Yabexucman;
3 Hayuonarvroiti uccaedosamenvcrutl yrusepcumem— Tawkenmerud uHCIUumym UHA#CEHEPos Uppu2auut u
METAHU3AUUU CEALCKO20 To3Aatcmea, Tawkenm, Yabexucman

Mssectno, uro B.A. Unbun u E.J. Moucees usyuanu o606IIEHHBIE HEJIOKAJILHBIE KPAEBBIE 3aJa9U ISt
ypasreHud llItypma-JlumyBuiiisa, HeJlOKaJIbHBIE KPAEBbIE YCIOBHS KOTOPOrO 33JaI0TCS BO BHYTPEHHUX TOY-
KaX paccMaTpuBaeMoro marepsasa. Jljs Takux 3a71a9 JOKa3aHBI TEOPEMBI €IMHCTBEHHOCTH U CYIIECTBOBA-
Hus pemnenus 3aja4du. CyliecTByeT MHOrO IpobJieM P UCCJIEIOBAHUU ITUX OOODIIEHHBIX HEJOKAJBHBIX
KPaeBbIX 33J1a9 I nuddepeHInaJIbHbIX YPABHEHNH C YaCTHBIME IIPOU3BOIHBIMHU, OCOOEHHO IIPU IIOJIyde-
HUM AlPUOPHBIX OIEHOK. [109ToMy HEOOXOIMMO MCIIOIB30BATH HOBBIE METOJBI JIJI PELICHUs 0OODIIEHHBIX
HEJIOKAJIbHBIX 3a/1a4 (IpAMBIX 3a/1a4). Kak HaM M3BECTHO, HETPY/HO YCTAHOBHTLACBI3b MEXKJLY IPSMbBIMU
u obpaTHbIMU 3ajadaMu. [losToMmy mpu penreHun 00OOIIEHHBIX HEJTOKAJJIbLHBIX KPARBLIXgBaAad Jjist audde-
pEHIMATBHBIX YPABHEHUIN B YACTHBIX MPOU3BOJHBIX HEOOXOINMO CBECTH WX (K MHOTOTOYETHBIM OOPATHBIM
3ajiadaM. B aroMm Hampasiienunn nepsble pesysbrarhl npunajexar C.3. kamvanosy. O B cBoux paborax
MPEJIJTIOXKUIT U UCCJIeI0BAJI MHOINOTOYEYHbIe 0OpaTHBIE 3aa4K JJIsi HEKQZOPBEX YPDABHEHUIN MaTeMaTHIECKON
dbusuku. B Hacrosimeit pabore nccireroBaHa KOPPEKTHOCTD OTHON JIMHEAHON JBYXTOYEIHON OOpaTHON 3a-
JAa9u JIJIsI MHOTOMEPHOI'O YPaBHEHMsI TEIIONPOBOIHOCTA. MeTomaMy QEpAOPHBIX OIEHOK, lajepkuna, mo-
CJIEJTIOBATE/ILHOCTH TPUOJINKEHUN U CXKUMAOIIMXCS 0TOOpaskeHuii, oKa3aHa OJHO3HAYHAS PAa3PelInMOCTh
0GODIIEHHOTO PEIEeHUsT OMHON JIMHEHHOM JBYXTOYECIHON OOPATHON 331a9M JJIsi MHOTOMEPHOTO yDABHEHUST
TEIJIONPOBOTHOCTH.

Kmouesvie cr06a: MHOTOMEPHOE YpaBHEHNE TEIJIQHPOBOTHOCTH, JIMHEWHAST JBYXTOYeYHAs OOpaTHAs 37244,
OIHO3HAYHAS PAa3PEIINMOCTb OOOOIIEHHOTO PEIEeHIs, MeTO/IbI AllPUOPHBIX OIEHOK, l'ajlepKuHa, mocaeaoBa-
TEJILHOCTU TIPUOJINKEHUN M CXKUMAIOIIUXCST OTQOPAYKEHITI.
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