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A conjugation problem for the heat equation in the field
where the boundary moves in linear order

Boundary-value problems for parabolic equations in domains with moving boundaries are fundamentally
different from the classical parabolic equations. Due to the dependence of the region.size on time, the
methods of separation of variables and integral transformations are not applicable to this type of problems
in general case, since remaining within the framework of classical methods of mathematical physics, it is
not possible to coordinate the solution of the heat conduction equation with the motion of the boundary
of the heat transfer region. The solution of this problem has been the subject of research of many domestic
and foreign mathematicians [1-8]. A large number of works are devoted to boundary-value problems in
non-degenerate domains; they considered the existence of classical solutions by the method of thermal
potentials for both the heat conduction equation and for more general parabolic equations. But if the
region degenerates at the initial moment of time, then the method of successive approximations for solving
integral equations cannot be applied. Since at the degeneration of the domain integral operators become
special, that is, when they affect the constant and the upper_ limit.tends to zero, they do not tend to zero.
Integral equations of this kind were obtained in [8] in the study of the thermal field of liquid contact bridges
and an asymptotic solution was found that can be used 4o solve practical problems. This paper is devoted
to the study of the first boundary value problem for the heat conduction equation with a discontinuous
coefficient in the domain that degenerates at the/initial moment of time when the boundary moves by
linear law. An explicit form of the solution of this problem is obtained, afterwards that can be applied for
a numerical approximations.

Keywords: parabolic equations, first boundary value problem, thermal potential method, Jacobi polynomials.
Formulation of the problem: formulation of the problem: it is required to find the function wi(z,t), us(x,t)
satisfying following equations:

5‘u1 - 82u1

S e ((x,t) e D" (—aqt <z <0, t>0)), (1)
3’&2 82u2
< = Dt 2
o 92 ((z,t) e DT(0 < & < ant, t>0)) (2)
boundary conditions:
ui(—aat,t) = @1(t), ua(aat,t) = pa(t), (3)
and conjugation conditions:
8U1 aUQ
= k1— = ko— 4
0™ i’ 0z om0 2Bz lomto’ )

where «; > 0,k; > 0, (i = 1,2).

’EZ
With the help of a suitable substitute [9]: u;(z,t) = vi(xl,tl)%, where z; = 7, = f% the problem
(1)—(4) reduces to the problem without initial conditions in the area with a fixed boundary: required to find
functions vy (a1, t1), va(x1, 1) satisfying following equations

8’01 - 821)1 _ 1
aitl = Tm%’ ((I’l,tl) € G (70[1 <z < 0, —00 < tl < 7%)), (5)
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8’02 (921}2 1
— =, 1) EGT0< 21 <ag, —00<t; <—n 6
o~ 0n ((z1,t1) (0 <z <az, —co<t; <—7)) (6)
boundary conditions:
vi(—ag,t1) =Yi(t1), wvalaz,t1) = ¥a(t), (7)
and conjugation conditions:
81}1 81)2
= ki— = kg — , 8
v z1=—0 2 or=t0’ 0z le=—0 20y lzi=t0 8)

M

A
where ;(h) = i (~ &) S5, (i = 1,2).

A problem without initial conditions (5)—(8) can be solved as follows [10]: required<to find functions
wi (x1,t1), wa(z1,t1) satisfying equations

8w1 82101 _ 1
— = ) EG (a1 <21 <0, tp<t1 < —= 9
o o ((z1,t1) (-1 < o<t 7)) 9)
(9102 (9211)2 1
— = t G (0 to <ti< —= 10
ot 63;%’ ((z1,t1) € (0 <z <ag, to <t < T)) (10)
initial conditions:
wi(xy,t0) = fi(w1,t0), wa(z1,to) = fa(x1,t0) (11)
boundary conditions:
wi(—ar,t1) =¢Yi(t1), wa(ag,t1) = a(t1), (12)
and conjugation conditions:
8w1 (’)wg
w =w , — =ko— , 13
! T1=— 2 r1=+40 4 3171 r1=—0 2 6:61 r1=+40 ( )
where —0co < tg < —% < 0.
Explicit solution of the problem (9)—(13) found in the [7]:
0 a2
wy(w1,t1) = Gri(z1,&t — to) fr (€, to)dE + Gra(w1,&,t1 — to) f2(§, to)dE+
— Q1 0
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+/ u(zy, =, b Tl)w1(71)dT1—/ 12(21, a2, by 71)1/}2(71)GZT17
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0 (e3>}
wa(xy,ty) = / Gai(x1,&,t1 —to) f1(&, to)dE +/ Gaa(x1,&,t1 — to) f2(&, to)dE+
0

—a1

" 0Gaa(z1, a2, 1 — T1)

23

b 9Gsi (11, —0n,t1 — T
+/ sir, —ah =) Yo (11)dT1,
t

o€ 1/)1(71)d7'1—/

0 to

where
Gi1(21,&,t1) = G(r1 — &, t1) — G(2a1 + 1 + &, t1)+
+ i zn: a"(G2(n — k + 1)ay + 2(k — D)ag + 21 — &, 1)+
n=1k=1
+G2n—k+1Dar +2(k—Dag —x1 + &, t1)—
G2 —k+2)a; +2(k—Dag+x1 +&,t1) — G2(n—k)ag +2(k — Dag —x1 — &, t1)

Glz(xl,f,tl) = U2 Z ZBI(C”)(G(Q(’H —k+ 1)041 + 2kas + 1 — f,t1>+

n=1 k=1
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—|—G(2(TL — k)al + 2(/4; — 1)042 —x1 + f, t1) — G(Q(Tl —k+ 1)0(1 + Q(k — 1)042 +x1 + f,tl)—
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Goa(x1,&,t1) = G(r1 — &, t) — G(2lp — 2y — &, 1)+

Jrzz(s(n) —k)ay +2kag + 71 — &, t1) + G(2(n — k)ay + 2kaz — x1 #Et1 )+
n=1k=1
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M = min(k — 2,n — k)
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By the definition of Jacobi polynomials [11]:
0—1\"""(0+1\"
k—m —
% (0;, B) = E ok Cath <2> <2> ;

then the coefficients a,(cn), ,(cn), Vl(cn), 5,(?) can be expressed in terms of Jacobi polynomials. If we introduce the

following notation g2 —\? = @ and by virtue of the fact u? + A\ = 1, then we have
1 n—2k+1
D" (5F7) 7 k= Ln>1,
ay) = (—1)nnzhtl (L£0) (L20) 270 p (0 — 2k +2,1),k — 2 < n — k, (14)
2k—m—2
(352) (552) 2 Pak(®:2k—n—21)k—2>n—k
(%)% k=mn,n>1,
2k—n
o =8 (49) (1597 Puca(0:2k —m 1)k~ 1>k 1, (15)
n—=2k
D" (52) (15%) 7 Pea@n =2k 1)k —1<n—k—1,
2k—n—1
1-0\~ 2
. 1-6 Pos(0:2k —n—1,0),k—1>n—Fk,
ﬂ]il),yl(gn){(z)l T k(ﬂ ), (16)
(—D)" (58 2 Pqa(05n—2k+1,0),k—1<n—k

Now we state some auxiliary result from [12].
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Lemma. Let h(0) = (%)a be a weight function defined on the interval [—1,1], & > —1. If Px(0;,0) is a
sequence of the corresponding orthogonal Jacobi polynomials, then the function (1%9) 2 | Pp(0; , 0)| attains its
maximum in [—1,1] at the point § = —1.

By lemma and formulas (14) - (16), we obtain the following estimates

U85 My < 1, {lad™] 150y < 2.

By applying the last estimates it is easy to verify that

0 s

lim Gil(xhga t1 — tO)fl(gatO)dg = Oa lim GiQ(xlagatl - tO)f2(€7t0)d§ = Ovl = 17 2.

to——o0 —ay to——o0 0

Further, when 79 — —oo the solution of the problem without initial conditions (5)—(8) is obtained [10].

vy, ) = [1, PEELg @ity (ry)dry — [ 8GR T) o Y,

— 00

va(y, ty) = [1, FERHEZEUNTT Y (ry)dry — [T 2E g o

o0 — 00

T1 )dTl .
Going back to the original variables we obtain an explicit solution to the problem (1)—(4):

up(z,t) = /0 g11(z, t — 7)1 (T)dT + /0 gia(®, t = 7)o (T)dT,

ug(z,t) = /0 g921(x, t — 7)1 (F)dr + /0 gaz2(z,t — )2 (T)dT,

where
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Illekapachl ChI3BIKTHI 3aHMEH KO3FaJaThIH 0OJIBICTA
KBLTYOTKI3TIINTIK TeHAey YHIiH Oip TyliiHec ecen
ITlekapachbl Ko3FraJMaJIbl ODJIBICTAFBI TAPabOIAJIBIK, THIITI TEeHJEY/Iep VIIH IIeKapaJbIK eCernTep dIeTTeri
KJIACCUKAJIBIK, €CENITEPIEH alTapIbIKTail epekineiene 1i. OOIBICTHIH, OJIIIeM] YaKbITKa Tyl GOFaH IbIK-

TaH, OYJI THUIITEri ecemTepre KaJjmbl Karmaiina PypbeHiH afHBIMAIBIIAPIBI KIKTEY YKOHE WHTETPAJIIBIK
TYPJIEHIIPY 9JIiCTEPiH KOJJIaHyFa 60JIMai b, cebebi MaTeMaTUKAJIBIK, (PU3UKAHDBIH, KJIACCUKAJIBIK, 9/iCTepiH
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KOJIJTAHCAK, YKBITYOTKI3TINT TEHAEYIiH MIeIiMi KBTIy TaChIMAJIIAY OOJIBICHIHBIH, MTEKAPACHIHBIH KO3FAIBICHI-
MeH KeJriceiii. By mocesieHiy meriMi Kerreren OTaH bIK, K9HEe IIeTe/ K MaTeMaTHKTEPIiH 3epTTey 00b-
exrici 6osbi TabbuLpl [1-8]. llekapachl KO3FaIMaJsbl OGJIBICTAFbI KBIITYOTKI3IIII €CenTep KOITereH aBTop-
JIApJBIH KYMBICTAPBIHIA KapACThIPBLIFaH. KenTeren xKyMbICTap a3FbIHIAJIMAFAH OOIBICTAFBI MEKAPAJIBIK,
ecernrTepre apHaJFaH, OJlap/ia KbUTYOTKI3TII TEeHJEeY VIINH Kby IMOTEHIIUAJIAP 9/1iCi apKbLIbI KJIACCH-
KaJIbIK, IIentiMHiH 6ap 601y cyparbl 3eprresred. OO/bIC a3FbIHAAIFaH XKaFgaiiga Ti30eKTen XKybIKTay 9Iici
WHTErPAJIJIBIK, TEHIEY/IiH, MIeNNMiH TabyFa KapaMmaiiapl. MyHIail TUIITEri HHTErPAJIILIK, TEHIEY CYUBIK KOH-
TaKTLI KBUTy epicTepin 3epTTey GapbIChIHAA [8] KyMBICTa AJBIHFAH XKOHE OHJIA TPAKTUKAJIBIK, €CEIITEPIIH
MIenriMi peTiHie KapacThIpyFra 060JIaThbIH ACUMIITOTUKAJIBIK, IIENIiMi TaObLIral. BepijireH *KyMbIC TIeKapachl
CBIBBIKTHI 3aH, OOWBIHINIA KO3FAJIATHIH, OACTANIKBI YAKBIT COTIHJ/E A3FBIHIAJATBIH OOJIBICTa YKBLIYOTKI3TiII-
TiK TeHJIey YIImiH 6ip TyiliHjgec ecenriy menriMin 3eprreyre apHajran. KoWbLIFaH eCenTiH, CaHIbIK SiCIeH
HIerryre KoJjianyFa 60IaThiH afKbIH IIeNIiMi aJbIHFaH.

Kiam ceadep: XKBLTYOTKI3TII TEHJIEY, TYHIHIEC ecell, KO3FaJIMaJbl IleKapa, a3FbIHIAJIaThIH ODJIBIC, AKBIH
IIEeITM.

V.K. Koo, K.A. Beiicenbaena

O6 oxnoIT 3a7a9e cOMpsi>KeHUs JIJII YpPaBHEHNsL T€HJIO0IIPOBO/THOCTHI
B 00J1aCTH IIPU ABUKEHUN TPAHUIBI 10 JUHEHHOMY 3aKOHY

Kpaebie 3agaun 1y1st ypaBHEHUI TEILIOMPOBOIHOCTA B OOJIACTSIX C JABUZKYIIEHCS TPAHUIEH TPUHITATAATb-
HO OTJIMYHBI OT KJIACCHYECKHUX. BciiecTBrE 3aBUCHMOCTH pa3Mepa 00JIaCTH OT BPEMEHHU, K STOMY THUILY
3a7a4 B OOIIEM cCJiydyae He MPUMEHUMBI METOJIbI pa3eseHus MEPEMEHHBIX U WHTErpajbHBIX MMPeobpa3oBa-
HUIf, TaK KaK, OCTABasiCh B PAMKaX KJIACCHIECKHX METOJOB MaTEMATHIECKON (DU3UKU, HE YIAETCS COTJIa-
COBaTh peEIlleHNe YPABHEHUs TEIJIONPOBOIHOCTH C ABUZKEHUEM I'DAHUIIBI 00J1acTH TelionepeHoca. Pemnrenne
9TON TMPOBJIEMBI SIBJISIIIOCH MPEJIMETOM WCCJIEOBAHNST MHOIMX OTEYECTBEHHBIX W 3apyOe:KHBIX MaTeMaTh-
k0B [1-8|. Bosbmoe wncio paboT MOCBAIMIEHBI KPAEBLIM 33/1a9aM B HEBBIPOXKIAIONMXCA O0IACTAX, B HAX
paccMaTpUBAJIICh BOIIPOCHI CYIIECTBOBaHUS KJTACCUIEGCKUX PeIIeHN MeTOJ0M TeIlJIOBBIX ITOTEHINAJIOB /I
ypaBHEHUI mapaboyimdeckoro tuna. Korga 06,1acTh BRIPOKIAETCS B HAYAIBHBIAH MOMEHT BPEMEHU, TO METO,T
MOCJIEIOBATETbHBIX TTPUOINKEHU PEIIeHNsT HHTECPATHHBIX YPABHEHUI HEBO3MOXKHO ITPUMEHUTD. 1aK Kak
IIPY BBIPOXKIEHNN 00JIACTU HHTErPAJIbHBIE OITIEPATOPHI CTAHOBATCS OCOOBIMH, T.€. IPU UX BO3JEHCTBUH HA II0-
CTOSTHHYIO M CTPEMJICHUU BEPXHErO IIpeseNyia K HYJII0, OHU He CTpeMATCs K HyJio. VInTerpajbabie ypaBHEHU
TAKOro pofia GbLIN MOJyYeHbl B paboTe [8], Ipyr n3y9eHnn TEIIOBOTO MO KUIKAX KOHTAKTHBIX MOCTHKOB,
¥ HailJIeHO aCUMIITOTHYEeCKOe PelleHne, KOTOPOe MOXKHO MCIIOJIb30BaTh IS PelIeHnd NPaKTUIeCKUX 3a/1a4.
Jannas paboTa MOCBSIEHA UCCIEIOBAHNIO OHOM 3a/1a91 COIPSI?KEHU JJIsI YPABHEHUSI TEIIJIONPOBO/IHOCTH
B 00J1aCTH, BBIPOXKJAIONIENCS B HAYAJIbHBIII MOMEHT BPDEMEHU, KOT[a TPAHUIIA, JBUYKETCS 110 JTUHEHHOMY 3a-
kony. IlosiyueHn aBHBIN BUJ pelleHUs JAHHON 33/1a9M, KOTODBII BIIOCJIEICTBUM MOXKHO IPUMEHSATb U JJIs
YUCJIEHHOTO DEeIeHusI.

Karouesvie cno6a: YPaBHEHUS TEILJIOIIPOBOIHOCTH, 3a/1a9a CONPSKEHUSI, TIOJIBUXKHAS IPAHUIA, BBIPOXKIAIO-
masicst 00JIaCTh, IBHOE pEIeHHUE.
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