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The dynamic simulation model of apples contact interaction
The mathematical model of apples shock interaction with each other and with working surfaces of technologi-
cal equipment during their gathering, transportation and technological processing has been presented. In
the model using the Hertz theory, strain and other running parameters of bodies shock interaction have
been determined. To set changes to these parameters in time has been a peculiarity of the model, which
allows simulate the process in the mode of the calculated experiment. The graphic change dependences
of time contact forces, as well as examples of apples kinematics changes at initial angular and tangential
velocities have been given.

Keywords: shock, contact interaction, apple, Hertz contact strain, mathematical model, calculated experi-
ment, recovery coefficient.

Introduction

One of the most important requirements for apples is to ensure a long shelf life without losing conditional
qualities. For this purpose, during their harvesting and processing, damages and excessive shock loads must
be avoided because that may violate the integrity and structure of apples pulp. Therefore, when preparing the
apple handling process and designing the appropriate technological equipment, it is necessary to follow the
requirements that will ensure safe modes of harvesting, transportation and processing of apples for storage.
According to the results of well-known researches [1–5] and everyday practical experience, depending on the
varieties of apples, they have different dimensional, physical and technical characteristics. Since, as a rule, apples
of smaller sizes are used mainly for the manufacture of juices, then in storage are laid mainly apples of larger sizes
with a diameter of 60–80 mm. Such apples, due to their greater weight, receive greater dynamic damage during
transportation. In the shock theory, the assumption of fruits momentary impact, where the main parameters
of interaction correspond to the law of saving the amount of movement, have been assumed. This assumption
leads to a significant simplification of the interaction calculation model and it is inadmissible for the simulation
of objects interaction in time and the simultaneous interaction of several fruits, their movement in the flow
(container), etc., where the assumption of the momentality of the contact is meaningless. In studies [6–17], it
has been shown that with a small impact load for simulation of shock interaction one can use a rheological
model of an elastic body, and to determine the force of impact - the Hertz formula. However, the Hertz formula
makes it impossible to establish the time for elastic contact of bodies and changes in contact forces, magnitude,
and speed of convergence over time. Also, kinematics of bodies, mainly apples, at the time of and after contact,
when they have initial angular or tangential velocities, have not been investigated.

Material and method

Long-term storage of apples is ensured by following high requirements that prevent their damage, that is, not
exceeding the allowable contact strain when they interact with the technological surfaces and with each other.
One of the most suitable ways of solving problems of apples contact interaction with each other and working
surfaces is to construct a model based on the elastic contact interaction of apples on impact. This model has
a real physical content at low kinetic energies of fruits. According to Hertz contact problem, the connection
between the force of contact interaction P12, the radius of the contact platform a12, and the magnitude of the
close convergence of the spheres (apples) u12 are as follows [5, 7, 8, 10]:

a12 = 3

√
3πP12(q1 + q2)R1R2

4(R1 +R2)
; u12 =

3

√
9π2P 2

12(q1 + q2)2(R1 +R2)

16R1R2
, (1)
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where R1 and R2 — radii of the spheres, q1 and q2 — constants characterizing elastic properties of interaction
bodies and are determined through the Lame constants λi and µi, or, relayively, Poisson coefficients νi and
shear modules µi = Gi and Jung (elasticity)Ei.

qi =
λi + 2µi

4πµi(λi + µi)
; λi =

2νiGi
1− 2νi

; µi = Gi =
Ei

2(1 + νi)
. (2)

In accordance, the force of contact interaction P12 of apples between each other or apple with platform of
magnitude of hard convergence u12 connected by dependence

P12 =
k12u

3/2
12√

K1 +K2

, (3)

where k12 — a parameter that takes into account the elastic properties of the contact body in the Hertz contact
problem; K1 and K2 – the average curvature of the surfaces of the interaction bodies at the point of contact
(for curved surfaces with a minus sign). For an apple in the form of a sphere in radius Ri average curvature of
the surface (the sphere) Ki = Ri, in case of an apple impact with a flat platform, the average curvature of such
is Kj = 0.

The model parameter of two bodies interaction k12 takes into account the mechanical properties of the
interaction bodies,

k12 =
4

3π

/(
1− µ2

2

E2
+

1− µ2
1

E1

)
. (4)

Consider the impact interaction of apples with spherical form radius R1 with a hard flat platform. Implicit in
the Cartesian coordinate system Oxyz apple platform surface, the center of its gravity has running coordinates
C[x0(t); y0(t); z0(t)] , is described by the dependence [11],

fS(x, y, x, t) = [(x− x0(t))2 + (y − y0(t))2 + (z − z0(t))2 −R2
1]0,5 = 0. (5)

The potential of a geometric field, which is described by a function (5) at an arbitrary point A(xA; yA; zA)
will be equal to the distance to the surface of the fruit (p. E) at time t,. pA = fS(xA, yA, zA, t) = lAE(t).

Accordingly, the surface of the platform describe the normal plane equation that describes a similar field.
For the case of a stationary platform

fP (x, y, x, ) = cosα · x+ cosβ · y + cos γ · z − d = 0, (6)

where α, β, and γ — directional angles of the platform normali vector; d — the distance from the platform to
the coordinates beginning.

At the point of contact of the apple with the plane E(xE ; yE ; zE) both functions (5) and (6) takes the value
fS(xE , yE , zE , t) = fP (xE , yE , zE) = 0, but normali to the surface of the apple n̄S and sufaces of the platform
n̄P will be n̄S = −n̄P .

Here n̄S = gradfS ; n̄P = gradfP = cosα · ī+ cosβ · j̄ + cos γ · k̄.
So, the force vector of impact interaction N̄P , which influences on an apple from the side of the platform

will be N̄P = −P̄21 = P21 · n̄P .
The apple movement speed at any given time t will be determined by the vector

~νS(t) =
∂x0(t)

∂t
· ī+

∂y0(t)

∂t
· j̄ +

∂z0(t)

∂t
· k̄. (7)

The value of the hard convergence of an apple by radius R1 with platform, which is described by the
dependence (5), at the point of contact will be

u12(t) = R1 − fPl(x0, y0, x0, ) = R1 − d+ cosα · x0 + cosβ · y0 + cos γ · z0 = 0. (8)

In general case i is such apple by weight mi can contact with other apples or work surfaces and have j
contact points Eij . On the selected movable i apple in general influence such forces as: earthly gravity Ḡi;
inertia — miāi, directed opposite to the acceleration vector āi = dν̄S/dt; normal and tangential forces P̄ij and
F̄ij in each Eij — contact zone from interaction with j body. Accordingly, moments also influence into an apple
M̄Pij and M̄Fij from forces P̄ij and F̄ij , the moments of twisting from the rotating motion of the fruit at the
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point of contact T̄ij and inertial moments of forces. At the same time, equation of equilibrium of all forces,
applied to the apple it is expedient to put in a fixed, basic coordinate system Oxyz, and equation of equilibrium
of forces moments – in its own coordinate system of the apple, O∧x∧y∧z∧ the center of which O∧ located in
the center of the apple C[x0(t); y0(t); z0(t)], and the axes are tightly bound with the body of the apple [6–8, 11]

k∑
j=1

(
P̄ij + F̄ij

)
−miāi + Ḡi = 0;

k∑
j=1

[
(
r̄∧ij + δ̄∧ij)× (P̄∧ij + F̄∧ij

)
+

k∑
j=1

T∧ij − L̄
(e)
oi = 0, (9)

where P̄ij and P̄∧ij — vectors of normal forces of elastic interaction on the Hertz model are given in the general
and proper coordinate systems; F̄ij and F̄∧ij — the corresponding vectors of tangential forces; r̄ij and r̄∧ij — the
corresponding radii-vectors of ij zone; δ̄∧ij=F̄ijνi/(4aijGi) — the tangential displacement of contact platform
from force F̄∧ij , [ 6,7]; L̄

(e)
oi — vector amount of forces moments.

In the coordinate system of a moving body L̄(e)
0i =

dK̄∧0i
dt +

([
ω̄∧0 × K̄∧0i

])
, where K̄∧0i — apple kinetic moment.

The twisting moments form a small fate of power factors, that act on a particle (less than 2–3 %), that’s why
they are not taken into account in the simplified model. Friction forces have been determined by Amonton-
Coulomb law F̄ij = µ∆ν̄∧eij/|∆ν̄∧eij |, where µ — the coefficient of dry friction, ν̄∧eij — speed of the point on the
apple surface relative to the platform Eij in contact zone.

The transition from the coordinate system Oxyz to O∧x∧y∧z∧ have been conducted in a homogeneous
base ζxζyζzζ and own apple ζ∧x ζ∧y ζ∧z ζ coordinate systems, where ζ = ζ∧ — a scale multiplier [11, 12]. For the
objects of unchanging volume ζ = ζ∧ = 1. The relation between coordinate systems Oxyz and O∧x∧y∧z∧ with
homogeneous coordinates will be the following

x = ζx/ζ; y = ζy/ζ; z = ζz/ζ; x∧ = ζ∧x /ζ
∧; y∧ = ζ∧y /ζ

∧; z∧ = ζ∧z /ζ
∧.

The matrix record of the transition from its own coordinate system of the apple to the base will look like [12]:

M(R) =

∣∣∣∣∣∣∣∣
α11 α12 α13 x0(t)
α21 α22 α23 y0(t)
α31 α32 α33 z0(t)
0 0 0 1

∣∣∣∣∣∣∣∣M(R∧) = ΠνΠω(α)M(R∧), (10)

where αij — guiding cosines between the axes of the base and their own coordinate systems;M(R) = |xyz1|T —
a matrix that specifies the coordinates of an arbitrary point of the body in the general coordinate system Oxyz
and corresponds to the vector r(t) = x(t)i + y(t)j + z(t)k; M(R∧) = |x∧y∧z∧1|T — matrix corresponding to
the vector r(t) = x∧(t)i+ y∧(t)j + z∧(t)k and specifies the coordinates of the same point in its own coordinate
system of the object O∧x∧y∧z∧; r0(t) = x0(t)i + y0(t)j + z0(t)k — radius vector that connects the beginning
of the base coordinate system with the start of its own aperture coordinate system, which coincides with its
gravity center; Πν and Πω — matrices of linear displacements and turns of its own coordinate system O∧x∧y∧z∧

in general Oxyz:
Similarly, the matrices of the inverse transform from the inertial coordinate system to the own coordinate

system of the object jave been written.
In an expanded form, the system of equations (9) takes the form:

k∑
i=1

Pij

[
grad(fi)−

µ∆ν̄eij
|∆ν̄eij |

]
−miāi + Ḡi = 0; (11)

m∑
i=1

Pij

{
(r̄∧ij + δ̄∧ij)×

[
grad(f∧i )−

µ∆ν̄∧eij
|∆ν̄∧eij |

]}
− L̄(e)

0i = 0.

Here the first equation of the system (11) is written in the base (fixed) coordinate system, and the second
- in the own (moving) coordinate system of the apple.

The indicated dependences are the basis for constructing an imitation model for the interaction of apples
with each other and with technological surfaces. In the model, the description of bodies interaction has been given
by the normal equations of their surfaces, whose potential geometric fields determined their mutual placement
in space, their convergence and availability of contact points. In case of contact, the interval ∆t was set for the
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procedure of numerical differentiation. Step by step the amount of hard convergence u12 and contact forces P̄ij
and F̄ij , that occur at such convergence and moments from these forces have been determined. The next step
was to determine the linear and angular accelerations from the forces found and the new values of the velocities
and displacements of each body (apple) interaction and their linear and angular velocities, which defined new
coordinates of the bodies through the period of time ∆t and new levels of hard convergence uij and contact
forces P̄ij and F̄ij .

In order to take into account energy losses in determining the contact interaction forces, equation (3) was
represented as [6, 7]

P12 =
k12u

3/2
12 [1 + ke + (1− ke)th(−λduij/dt)]

2
√
K1 +K2

, (12)

where ke — coefficient, which depends on the coefficient of recovery at impact, ke = 0.8− 0.95; λ — parameter
of the model smoothing the load curve at the point of maximum force value P12, λ > 10; Parameters of the
model ke and λ are specified experimentally from the condition while providing a given recovery factor e.

Results

The constructed model allowed to conduct a computational experiment and set the time for contact
interaction tk and running forces of contact interaction, depending on the physical and mechanical characteristics
of the interaction bodies, as well as kinematics of bodies (apples) during contact interaction, depending on the
initial conditions.

The study of the shock interaction of one apple with a hard platform has a significant practical value,
because it is one of the most common case of fruits bruising. Implementation of the models for different initial
conditions is presented in Figure 1-5.

In particular, in Figure 1 it has been shown a graph of time variation of shock contact interaction P = P12

for an apple with a diameter of 80 mm, the modulus shift of which is µ1 = G1 = 1.1 MPa, Poisson’s coefficient
ν1 = 0.18 with a rigid steel surface (G2 = 8.1×1010 Pa, ν2 = 0.28) for cases where the initial apple speed at the
moment of contact varies from ν0 = 0.2 m/s till ν0 = 1.4 m/s. In this case, the force of interaction increased
from P0.2 = 11.5 N at the time of interaction t0.2 = 0.0088 s, till 97.0 N at t1.4 = 0.0055 s.

 

Figure 1. The change of the running force of the apple interaction contact (G1 = 1 MPa, ν1 = 0.18)
with steel platform (G2 = 8.1× 1010 Pa, ν2 = 0.28) at different initial velocities of interaction

ν0 ∈ [0.2; 0.4; 0.6; 0.8; 1.0; 1.2; 1.4; ] m/s

From the graph, it is clear that with the increase of the initial rate of contact, the force of impact interaction
significantly increases with a slight decrease in contact interaction time.

Figure 2 shows a graph of changes in the time of the force of impact contact interaction P = P12 for an
apple of the same physical and mechanical characteristics for different diameters (6; 8 and 10 mm) with a steel
platform at initial contact speeds ν0 = 0.5 m/s (bottom graph) and ν0 = 1.0 m/s.

The analysis of Figure 2 shows that with increased apple size, the force and time of the contact interaction
increases, and at the lower collision rates, the interaction time is greater. Figure 3 shows the graphical dependences
of the time variation of the impact contact interaction force 12 with a steel platform for apples of different
hardness, that is, different values of the displacement module, at the initial collision speed ν0 = 1.0 m/s.
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Figure 2. The change of the running force of the apple interaction contact
(D = 80 mm, ν1 = 0.18) with different diameters D ∈ [60; 80; 100] mm with a steel platform

(G2 = 8.1× 1010 Pa, ν2 = 0.28) at interaction speed ν0 = 0.5 m/s and ν0 = 1.0 m/s

 

Figure 3. The change of the running force of the apple interaction contact at
(D = 80 mm, ν1 = 0.18) of different hardness G1 ∈ [0.6; 0.8; 1.0; 1.2; 1.4; 1.6] MPa

with a steel platform (G2 = 8.1× 1010 Pa, ν2 = 0.28) at a speed collision ν0 = 1.0 m/s

From the graphs it has been seen that for harder apples, the impact forces are larger with less contact time
interaction.

Figure 4 shows the interaction of apples with platforms of different materials.

 

Figure 4. The change of the running force of the apple interaction contact
(D = 80 mm,G1 = 1 MPa, ν1 = 0.18) with an platform with different values of the shift modulus

G2 ∈ [1 · 104; 1 · 105; 5 · 105; 1 · 106; 5 · 106; 1 · 107; 1 · 108]

It follows from the graphs (Fig. 4) that the impact strength can be significantly reduced only when the
platform is made of a material for which the shift modulus (or the Young module) is smaller or at least equal
to the apple displacement modulus. The shiftness platform change in the rate G2 > 1 · 108 practically does
not affect on the change in the force of impact P12. So, the replacement of the steel platform on the wooden
(G2 = 4 · 109 Pa) practically does not reduce the forces of contact interaction.

In the case of falling packets with apples placed in several layers into the platform, the most injured are
apples placed in the lower layer, which are in contact with the rigid bottom and perceive loading from the upper
layers.
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Figure 5 shows graphs of force time variation of apples contact interaction in the presence of upper layers.

 

Figure 5. The change of the running force of the lower layers the apple interaction
contact (D = 80 mm,G1 = 1 MPa, ν1 = 0.18) in a container with a plastic platform

(G2 = 1× 109 Pa, ν2 = 0.3) with the placement of apples in 1, 2 and 3 layers with the
speed of interaction with the container to the platform ν0 = 0.25 m/s and ν0 = 0.5 m/s

The approximation of dependencies of force impact change in time for a case of contact interaction with
sufficient accuracy for practical use, it is advisable to make dependencies of the

Pij(t) = Pijmax

(
t

τ · tk

)ε [
tk − t

tk(1− τ)

]ε(1−τ)/τ

, (13)

where ε– the shape coefficient of the curve, for elastic impact ε ≈ 2, for visco-elastic and elastic-plastic bodies
ε < 1.5; tk - a time of contact interaction; τ – the asymmetry parameters of the curve interaction, τ = tP max/tk,
for a symmetric curve τ = 0.5. The bigger values of the coefficient ε are taken for greater speeds of collision and
normal impact without a tangential component.

If the mass element j significantly greater than mass element i, mj > mi so, in accordance with the law
of conservation of momentum, element with mass mi on impact it changes the magnitude and direction of
movement (reflected from the surface of the platform) and therefore the ratio is the following

miν0(1 + e) =

∫ tk

0

Pijdt = kPPijmaxtk, (14)

where e– recovery coefficient at impact, for apples e = 0.25 − 0.35; kP - the parameter determining the shape
effect of the curve on the magnitude of the force impulse.

The shape of the curve varies a liitle bit from the physical and mechanical characteristics of the apple and
to a small extent depends on the speed of impact. For critical speed of apples collision with a hard platform
kP = 0.53− 0.54.

Firthermore, taking into account (14) the dependence (13) takes the form

Pij(t) =
miν0(1 + e)

kP tk

(
t

τ · tk

)ε [
tk − t

tk(1− τ)

]ε(1−τ)/τ

. (15)

Since dependence (15) describes the change in the force of contact interaction at a given contact time tk,
which is easy to install experimentally, so it has a significant practical value.

The developed model also allows to simulate a change in the kinematic parameters of apples when they
are transported on technological surfaces, taking into account their initial linear and angular displacements. In
Figure 6 and 7 the kinematics of the transition from slipping to rolling the apples on a steel platform at different
initial values of linear and angular velocities (without impact) has been shown.
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Figure 6. The change of apples linear speed (D = 80 mm,G1 = 1 MPa, ν1 = 0.18)
on steelsurface (G2 = 8.1× 1010 Pa, ν2 = 0.28) in the transition from slipping to rolling

at an initialspeed νx = 0 and different angular velocities ωy = 5; 10; 15; 20s−1

 

Figure 7. The change of apples linear speed (D = 80 mm,G1 = 1 MPa, ν1 = 0.18) on steel surface
(G2 = 8.1× 1010 Pa, ν2 = 0.28) in the transition from slipping to rolling at an initial speed ωy = 0 and

different angular velocities νx ∈ 0.25; 0.5; 0.75; 1.0 m/s

As follows from the figures, the transition from slipping to rolling of apples having an initial only linear or
angular velocity occurs over a short period of time (less than 0.1s).

Conclusions

The deduced dependencies are the basis of the simulation mathematical model, which allows to determine
not only the parameters of contact interaction of apples between themselves or with technological surfaces, but
also to simulate in the mode of the computational experiment the processes of transportation of apples, their
movement during processing under the conditions of interaction with several objects simultaneously. According
to the results of the study, it was found that the contact time of the apples between themselves and in hard
containers does not exceed 0.001 s. It is grater for apples of larger size, of soft varieties and with layered apples
placed in the container. To significantly reduce the force of contact interaction and increase the contact time
(more than 0.01 s), it is necessary that the modulus of the elasticity of the platform was one-two times less than
the modulus of apples elasticity. With the increase in the collision rate of apples with the platform or among
themselves, the contact interaction strength increases significantly with a slight decrease in contact time. The
critical values of the force of the impact contact interaction, in which the structure of the flesh of the apples for
the solid varieties has not disturbed, is Pmax = 80 , for soft — 35− 40 .
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Р.Рогатынский, Р.Гевко, Ю.Никеруй, О.Дмитров, Р.Розум

Алманың өзара жанасуы әрекетiнiң
динамикалық имитациялық моделi

Алмалардың бiр-бiрiмен, сондай-ақ технологиялық жабдықтардың жұмыс беттерiмен оларды жинау,
тасымалдау және технологиялық өңдеу кезiндегi соққымен өзара әсерлесуiнiң математикалық мо-
делi ұсынылған. Герц теориясын пайдалана отырып модельде кернеудi, сондай-ақ дененiң соққылық
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The dynamic simulation model...

әсерiнiң басқа да ағымдағы параметрлерiн анықтайды. Модельдiң ерекшелiгi уақыт параметрлерiнiң
өзгеруiн орнату болып табылады, бұл есептелген эксперимент режимiнде процестi модельдеуге мүм-
кiндiк бередi. Сонымен қатар, бастапқы бұрыштық және тангенциялық жылдамдық кезiндегi алма
кинематикасының өзгеру мысалдары келтiрiлген.

Кiлт сөздер: соққы, өзара байланысу әрекетi, алма, Герцтiң түйiспелi кернеуi, математикалық модель,
есептелетiн эксперимент, қалпына келтiру коэффициентi.

Р.Рогатынский, Р.Гевко, Ю.Никеруй, О.Дмитров, Р.Розум

Динамическая имитационная модель
контактного взаимодействия яблок

Представлена математическая модель ударного взаимодействия яблок между собой, а также с рабо-
чими поверхностями технологического оборудования при их уборке, транспортировке и технологиче-
ской обработке. В модели с использованием теории Герца определяются напряжения, а также другие
текущие параметры ударного взаимодействия тел. Особенность модели есть установление изменений
параметров во времени, что позволяет моделировать процесс в режиме исчисляемого эксперимен-
та. Приведены графические зависимости изменения контактных сил во времени, а также примеры
изменения кинематики яблок при начальных угловых и тангенциальных скоростях.

Ключевые слова: удар, контактное взаимодействие, яблоко, контактные напряжения Герца, матема-
тическая модель, исчисляемый эксперимент, коэффициент восстановления.
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