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ntroduction
This work is connected ng of processes in perforated materials and porous media.

oblems in porous media is sufficiently complicated, especially in
izes and a number of cavities with nontrivial Robin (Fourier) conditions
ase of a singular perturbation of problems. In this situation the limit
equation describin tive behavior of the model, has a different structure if one compares it
with the given o investigate the situation when an additional potential term appears in the limit
Ginzburg-Lafidau equation and prove the Hausdorff convergence of attractors as the small parameter
tends ero. e construct the limit attractor and prove the convergence of the attractors of the
to the attractor of the limit problem with an additional potential in the equation. Here
we inve he asymptotic behavior of attractors to an initial boundary value problem for complex
andau equations in porous media. In many pure mathematical papers one can find the
asymptotic analysis of problems in porous media (see, for example, [1-7]). Interesting homogenization
results have been obtained for periodic, almost periodic and random structures. We want to mention
here the basic frameworks [8-11], where one can find the detail bibliography.

About attractors see, for instance, [12-14] and the references in these monographs. Homogenization
of attractors were studied in [14-17] (see also [18-21]).

Asymptotic analysis of so
the case of a threshold va
on their boundaues, ife. i
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In this paper we present the proofs of weak convergence of the trajectory attractor 2. to the
Ginzburg-Landau equation in a perforated domain, as € — 0, to the trajectory attractor 2 of the
homogenized equation in some natural functional space. Here, the small parameter € characterizes the
linear size of cavities and the distance between them in porous medium. We prove the appearance of
a so called “strange term” (the potential term) in the limit equation (for example see works [1,2]).

1 Statement of the problem

We start by the definition of a perforated domain. Suppose Q@ C R%,d > 2, is a smooth bounded
domain. Denote

T.={jeZ: dist (e, 00) > eVd}, O={¢: ——<§J ,]—1

Considering a smooth function F(z,£) 1l-periodic in £, which satisfies F'(z, X
F(z,0) = =1, VeF # 0 as £ € D\{0}, we define D§ = {z € (O +j) | F(z The perforated
domain now is defined in the following way:

Q.=0\ | J D5

JEY

Denote by w the set {¢ € RY | F(x,€) < 0}, and by S the®et | F(z,&) = 0}. The boundary
0 consists of 02 and the boundary of the holes S, C €, S, O N Q.
We study the asymptotic behavior of attractors to t

Oue

(;i (1+ ai)Aue + R(z, —) (1 + [ue|®ue + g(z), =€ Q,

(1+ ai)% + eq(x, %)u6 =0, x €S, t>0, (1)

Ue = 05 x e 89,

ue = Ul(x), r€N,t=0,
where « is a real constant, the vect© i outer unit vector to the boundary, u = uy + iug € C,
g(z) € C1(Q;C), a nonnegative 14p in ¢ function g(z, £) belongs to C1(€; RY). Suppose that

—B1 < B( 1 < R(x,§) < Ry (where Ry, Ry, 81,52 > 0), (2)

forz € Q, ¢ € R? and t ons R (x,€) and S (z,§) can be averaged in Lo 4y (€2). The averages

are R(x) and (), redpec

0 /R:U§<P1 dl‘—)/
/ﬂwfcpl da:—>/ﬁ z)e1(x ¥

for any € L1(R2), where £ = — as e — 0+ .
€
We define the followmg spaces: H := Ly(;C), H, := La(Q; C), V := H}(;C), V. := H! (Qe,(C o0N)
is a set of functions from H'(Q;C) with a zero trace on 99, and L, LP(Q, C), Lpe := Lp(Q2e; C).

These spaces have, respectively, the next norms

Joll? = / o(@)2dz,  [o]2 = / o(@)2dz, o3 = / Vo(a)Pdz,
Q Qe Q

lol. = [ |Vo(@)Pde, Jolf = / o(@)Pdr, [olf. = / fo(a)|Pd.
Q. P Q P Q.
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Let us denote that dual spaces to V by V/ := H~(Q; C) and, moreover, L, is the dual spaces of Ly,
where ¢ = 1%’ in analogous way V. and L, . are the dual spaces of V¢ and Ly, .

As usually (see [14]) we investigate the behavior of weak solutions to initial boundary value problem
(1), i.e., the functions

uc(z,s) € LY (Ry; He) N LY (R 15 Ve) N LYE (Ry; Ly )

which satisfy problem (1) in the sense of integral identity, i.e. for any function ¢ € C§°(Ry; V. NLy,)
we have

o0 9 oo o0
_/0 /Q6 uea—qtp dzdt + (1 + oa)/o o Vueii dxdt —/0 /6 <(R(33, %)oou;—
- (1 + ﬁ(:c, %)1) |u6|2u6>)1/1 dxdt + 6/0 /Se q (a:, %) up dodt = /0 N e (4)

Since uc(z,t) € Ls(0,M;Ly,), one can get R (z, %) uc(z,t) — (1+ 3 7, 1) Puc(w, t)
Ly/3(0, M;Ly/3.). In addition, since uc(z,t) € La2(0,M;Ve), we hay DAuc(z,t) + g (z)
Ls(0, M; V). Consequently, for any weak solution wu.(z, s) to proble i

m Mm

Oue(x,t)

% < Ly3(0, M3 Lys3.) #lo 0)-

Keeping in mind the Sobolev embedding theorem, we
Ly (0, M; HE_T). Here the space H;" := H™"(Q;

weak solution u,(z,t) of (1) we get _auea(f 2 ¢

Remark 1.1. Using the standard approach
u(x, s) to the problem (1) for every U € H, and satisfying u(z,0) = U(x).

It is possible to prove the following badic Lemma similarly to Proposition 3 from [20].

Lemma 1.1. Suppose that u.(zx,t) PRIR 4 ; V) N LI¢(Ry; Ly ) is a weak solution to (1). Then

(i) u € C(Ry: Ho);

(ii) the function |Juc(-,t)]

ud@yLy/3(0, M;Lyys )+ L2(0, M; V) C

2 s 3 @ y continuous on R, and, moreover,

1d
5 7 e ONE + [V,

2
5 dt 3

- z 2
Ol - [ (7)ol )P
—|—6/ q($,£> |u€(x,t)|2daz/ Re (g(x)tue(x,t)) dx,
Se € Qe

for almost every

i ere it is natural, we omit the index € in the notation of functional spaces. Now we

: cribed in Section 2 to construct the trajectory attractor of (1), which has the form

=L,NV, Eg=H", E=Hand A(u) = (1+ai)Au+R(:)u— (1 + B()i) |[ul?u+g(-).

e trajectory space K for (1), we use the general approaches of Section 2 and for every
e have the Banach spaces

ov

Fir o = Ly(t1,t2;La) N La(t1,t2; V) N Lo (t1, t2; H) N {U %

€ Lyss (t1, ta; H_T)}

with the following norm

ov
[Vl 7, 0y = 10N Loty toina) T 10N Lo t0sv) + (101 Lo 0,02:80) + N :
Lyys(ti,to;HTT)
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Setting Dy, 1, = Lq (t1,t2; H™") we obtain Fy, +, C Dy, 4, and for u(s) € Fy, 1, we have A(u(s)) €
Dy, t,- One considers now weak solutions to (1) as solutions of an equation in the general scheme of
Section 2.

Consider the spaces

0
Fe = LI°(Ry; Ly) N LY(Ry; V) N LRy H) N { 8” c Lilo/%(R-l-; H—r)} ’

0
Fi% = DRy L) 0 (R VO N SR HO N {o | 5 € i (RusH ).

We introduce the following notation. Let K be the set of all weak solutions to (1), F\ cH
there exists at least one trajectory u(-) € KT such that u(0) = U(z). Consequendgy, spa T to
(1) is not empty and is sufficiently large.

It is easy to see that K} C Fi° and the space K is translation invariant, i
u(h+s) € K for all h > 0. Hence, S(h)KT C K} for all h > 0.

We define metrics py, ¢, (-, ) in the spaces Fy, 4, by means of the norms

1/2

M
passtue) = ([ lute) = o(o) s e Joar
0

The topology @l"c in floc (respectively @loc in ]-_elo_f_ ) is gen e ese metrics. Let us recall that
vy C FL° converges to v € F¢ as k — oo in @l"c i Lo, — 0 (B — oo) for
+ + 2( )

th @loc is metrizable. We consider this
en that the translation semigroup {S(¢)}

each M > 0. Bearing in mind (8), we conclude th
topology in the trajectory space K of (1). Also it ¢
acting on KT, is continuous in this topology.

Using the scheme of Section 2, one can define
space .7-"_’1’_. We naturally get

sets in the space K by means of the Banach

8 -r
FY = Li(Ry; L) N LR Loo(RJr;H)ﬂ{ ’8 € Ly ;3(Ry;H )}

and the set ]-'ﬂ’r is a subspace

Consider the translation oup {S(t)} on KF, S(t) : K — K, t >0.

To prove this proposition we use the approach of the proof from [14]. To prove the existence of an
absorbing set (bounded in F¥ and compact in ©) one can use Lemma 1.1 similar to [14].
It is easy to verify, that 2. C By(R) for all € € (0,1). Here By(R) is a ball in F2 with a sufficiently
large radius R. By means of Lemma 2.1 we have
Bo(R) € Ly“(R; H'™), (5)
Bo(R) € C“(R.;H™®), 0<d<1. (6)

14 Bulletin of the Karaganda University



Homogenization of Attractors to ...

Formula (5) immediately follows, if we take Ey = H™", E = H'°, E; = H' = V, and p; = 2,
po = 4/3, keeping in mind the compact embedding V & H'~°. Formula (6) follows from the compact
embedding H € H™?, if we take Eg = H*(D), E=H, E; = H! =V, and py = 4/3.
Bearing in mind (5) and (6), the attraction to the constructed trajectory attractor can be strengthen.
Corollary 1.1. For any bounded in fi set B C KT we get

diStLQ(O,M;I'p*‘S) (H(LMS(t)B, HO’M’CG) —0 (t — OO),
diStC([O,M};H—é) (H()’MS(t)B, H(),MKZE) —0 (t — OO),

where M is a positive constant.

2 Trajectory attractors of evolution equations L 3

This section is devoted to the construction of trajectory attractors to autono:%\& equations.

Consider an autonomous evolution equation of the form
ou

— =A t>
o = Alu),
Here A(:) : E1 — Ej is a nonlinear operator, E1, Ey are Banach s 1 C Ey. As an example

one can consider A(u) = (14 ai)Au+ R(:)u — (14 B(-)i b|2

We study weak solutions u(s) to (7) as functions of par R, as a whole. To be precise
we say that s = ¢ denotes the time. The set of solutions ald to be a trajectory space KT of
equation (7). Now, we describe the trajectory spa .

Consider solutions u(s) of (7) defined on [t1,ts We consider solutions to problem (7) in
a Banach space F3, 1,. The space Fy, ¢, is & € [t1,to] satistying f(s) € E for almost all
s € [t1,t2], where E is a Banach space, satisfyin -

For instance, F, 1, can be considered asghe inte ion spaces C([t1,t2]; E), or Ly(t1,t2; E), for p €
[1,00] Suppose that Ht1,t2FTl,T2 - Ft to d ||Ht17t2f||]‘—t1,t2 < C(tlat277—177-2)‘|f||]‘—-r1,7—2 Vf S FT17T2'
Here [t1,t2] C [11, 2] and Iy, 4+, denot estriction operator onto [t1,ts], constant C(t1,t, 71, T2)
does not depend on f.

Suppose that S(h) for h d @ e translation operator S(h)f(s) = f(h+s). It is easy to see,
that if the argument s of f(- &m0 the segment [¢1, t2], then the argument s of S(h)f(-) belongs
to [t1 —h,ty—h] for h € 0 at the mapping S(h) is an isomorphism from Fy, ¢, to Fy, _p¢y—n
and [|S(R) fll 7, iy ng= t54o Vf € Fiy 1, It is easy to see that this assumption is natural.
, then A(f(s)) € Dy, 1,, where Dy, 4, is a Banach space, which is larger,
fve ag—gt) is a distribution with values in Eo, € D'((t1,t2); Ep) and we
suppose that Dy, !((t1,t2); Eo) for all (t1,t2) C R. A function u(s) 6 Fi1 4o 18 a solution of (7),
in%the sense of D'((t1,t2); Fo).
space F1¢ = {f(s), s € Ry | Iy 4, f(s) € Feyp,, ¥ [t1,t2] C Ry} For instance,
ts]; E), then Flo¢ = C(Ry; E) and if Fy, 1, = Ly(t1, ta; E), then Fl¢ = LI%(R,; ).
r u(s) € F¢ is a solution of (7), if Iy, ,u(s) € Fy, 1, and u(s) is a solution of (7) for
every [t1,t2] C Ry.

Let K1 be a set of solutions to (7) from F _lfc. Note, that KT in general is not the set of all solutions
from ]-'if’c. The set Kt consists on elements, which are trajectories and the set Kt is the trajectory
space of the equation (7).

Suppose that the trajectory space KT is translation invariant, i.e., if u(s) € K*, then u(h+s) € KT
for every h > 0.

Consider the translation operators S(h) in F¢: S(h)f(s) = f(s+h), h > 0. It is easy to see that
the map {S(h),h > 0} forms a semigroup in F'°¢: S(h1)S(ha) = S(h1 + ha) for h1,hy > 0 and in
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addition S(0) is the identity operator. Next step is to change the variable h into the time variable ¢.
The translation semigroup {S(t),t > 0} maps the trajectory space Kt to itself: S(¢)KT C KT for all
t>0.

We investigate attracting properties of the translation semigroup {S(¢)} acting on the trajectory
space Kt C .F_lfc. Next step is to define a topology in the space ]:fc.

One can see, that metrics py, ¢, (-, ) is defined on Fy, 4, for every [t1,t2] C R. Suppose that

Pty,to (Htl,t2f’ Ht17t2g) < D(tlvt2v7_1a7_2)p7'1,7'2 (f7 g) Vf,g € ]:7'1,7'27 [tl’t2] - [7_177_2 s

ptl—h,tz—h(s(h)f7 S(h)g) = pthtz(fv g) Vfa.g € ftl,tza [t17t2] - Rv h e R.

]
Now, we denote by Oy, ;, metric spaces on F;, 4,. For instance, py, ¢, is metric assmgxt 1 orm
|- I, .., of Ft, to- At the other hand, in application p, 1, generates the topology , that is ker

than the strong one of the F3, 4,.
The projective limit of the spaces Oy, 1, defines the topology @lﬁc in Floc%, definition,
1,t2 t1,t2

a sequence {fx(s)} C FP° tends to f(s) € Fi° as k — oo in O if py, 11 f) =0 as
k — oo for all [t1,ta] C Ry. It is possible to show that the topology ©lc iSmetrizable. For this aim
we use, for example, the Frechet metric

pe(fisfo) =) 2

meN

(8)

The translation semigroup {S(¢)} is continuous,in . \tement follows from the definition
of Ok
We also define the following Banach spac

FL={f(s) € |70 < oo},

where the norm
b . S %HHOJf(h + S)Hfo,l'

We remember that .7:_(; core. ed from our Banach space .Fi only one fact It should define
bounded subsets in the trajecto ace K. For constructing a trajectory attractor in KT, instead
of considering the corres uniform convergence topology of the Banach space F?, we use much

weaker topology i 1 gonvergence topology @lfc.
Assume that at is, every trajectory u(s) € KT of equation (7) has a finite norm. We
define an attrac and a trajectory attractor of the translation semigroup {S(¢)} acting on K.

e’ P C ©%¢ is called an attracting set of the semigroup {S(t)} acting on K+ in
the topole or any bounded in F¥ set B C KT the set P attracts S(t)B as t — +oo in the
top .e., for any e-neighbourhood O,(P) in O there exists ¢; > 0 such that S(t)B C O.(P)
for al

o see that the attracting property of P can be formulated equivalently: we have
diste, ,, (ITo.r S(t)B, IIg. s P) — 0 (t — +00),

where dist (X, Y) := sup,cy distp(z,Y) = sup,cx infyey pa(z,y) is the Hausdorff semidistance
from a set X to a set Y in a metric space M. We remember that the Hausdorff semidistance is not
symmetric, for any B C KT bounded in }"i and for each M > 0.

Definition 2.2 ([14]). A set 2 C KT is called the trajectory attractor of the translation semigroup
{S(t)} on K* in the topology ©°¢, if

16 Bulletin of the Karaganda University
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(i) 2 is bounded in F¥ and compact in ©°,
(ii) the set 2 is strlctly invariant with respect to the semigroup: S(¢)20 = 2 for all ¢t > 0,
(iii) 2 is an attracting set for {S(¢)} on K+ in the topology ©%¢, that is, for each M > 0 we have

diSteOYM(HO,MS(t)B, o pA) =0 (t — +00).

Let us formulate the main assertion on the trajectory attractor for equation (7).

Theorem 2.1 ([13,14]). Assume that the trajectory space KT corresponding to equation (7) is
contained in F?. Suppose that the translation semigroup {S(#)} has an attracting set P CK* which is
bounded in ]:_ﬂ’_ and compact in @Z‘_’C. Then the translation semigroup {S(t),t > 0} acting o)™ has
the trajectory attractor 2l C P. The set 2l is bounded in F} b and compact in @l"c

Let us describe in detail, i.e., in terms of complete trajectories of the equatlonﬁhw the

trajectory attractor 2 to equatlon (7). We study the equation (7) on the time axis

ou
EZA(U)’ teR. @ 9)

Note that the trajectory space Kt of equation (9) on R have bee We need this notion
on the entire R. If a function f(s), s € R, is defined on the enti aXis, then the translations
S(h)f(s) = f(s+ h) are also defined for negative h. A function u(sys s a complete trajectory of
equation (9) if Il u(s + h) € K for all h € R. Here 11 = tes the restriction operator to
R,.

We have fffc, .7-"_?, and @i{’c. Let us define spaces F

°¢ in the same way:

Flo = {f(s),s € R [Ty 1, (5) € Fryy ¥ fla t2] © Fri=A{f(s) € F| | fll 0 < +oo},

where
1fllze Supllﬂo,lf(h+8)||fo,1- (10)
The topological space @loc coingi et) with F'°¢ and, by definition, fi(s) — f(s) (k — o)
in ©¢ if Tl 4, fr(s) — Ht1 ) in @tl +, for each [tl, to] C R. It is easy to see that ©!°¢ is

a metric space as well as ©

Definition 2.3. The ker ? the space F? of equation (9) is the union of all complete trajectories

u(s), s € R, of equation ounded in the space FP? with respect to the norm (10), i.e.

||H01u h+3)“.7:01<c Vh € R.
Theorem 2. 2 hat the hypotheses of Theorem holds. Then 2 = 1 KC, the set K is compact

ertlon one can use the approach from [14].
phcatlons to prove that a ball in .7:_1; is compact in @loc the following lemma is useful.
be Banach spaces such that Fy C Ey. We consider the Banach spaces

W0 (0, M5 By, Eg) = {4(s),s € 0,M | 4(-) € Lp, (0, M; Er), ¢'(-) € Ly, (0, M; Ep) },

Weopo (0, M; Br, Eo) = {4(s),5 € 0, M | () € Leo(0, M; En), ¢'(-) € Ly, (0, M; Ey)}

(where p; > 1 and py > 1) with norms

M 1/p1 M 1/po
lolw,, . = (/0 ||w(s)]%11ds) +</0 ||¢/(S)|g90ds) ,

Mathematics series. No.3(111)/2023 17
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M 1/po
[ Wee py = esssup {[|¥(s)||, | s € [0, M]} + (/O \|¢'(8)|\2§0d8> -

Lemma 2.1 (Aubin-Lions-Simon, [22]). Assume that Ey € E C Ey. Then the following embeddings
are compact:

Wp,.p0(0,T5 Ev, Egy) € Ly, (0,T; E), Woopo (0,T; Ev, Eg) € C([0,T]; E).

In this paper we investigate evolution equations and their trajectory attractors depending on a
small parameter € > 0.

Definition 2.4. We say that the trajectory attractors 2. converge to the trajecto A as
€ — 0 in the topological space @i{’c if for any neighborhood O(2) in @ljc there is an, €120 sucliithat

A C O(A) for any € < €1, that is, for each M > 0 we have
disteg , (TTo, 12, o, 2A) — 0 (¢ — 0). @
8 Formal homogenization procedure @
Let M; be a solution to a problem 2 A
QD

AeM;(2,6) =0 i )
ov
Denote by (-) the integral over the set O Nw, a Jsa(z, &) do.

The limit problem has the form

8M,(l‘,f) 8u0
9¢; > a_f'fa) -

—R(z)uo + luol? uo + Q(z)up = I Nw|g(z), z e, (12)
U’O:Oa :L‘G@Q,t>0,
\ uozU(m),® xeQt=0.

It is easy to,s stem (12) also has trajectory attractor 2 in the trajectory space K4

corresponding to'Pxo (12) and 2 = I1; K, where K is the kernel of system (12) in F%.
Thegnte identity for problem (12) takes the form
— ;1; ! )E

d
—Udtd:n—l-(l—l-ai)/ / > <5z~j+w> o 00 11y
ot Ry JO

0x; Ox;
ij=1 v

&

— /R /Q<R(33)UO — (1 + B()i) Juo|* uo — Q(:B)uo> vdtde = /R /Q 0N w|g(z)vdtde

for any function v € C§°(Ry; V N Ly).

Remark 3.1. Note that M;(z,§) are not defined in the whole Q. We can extend M;(z,§) into the
interior of the cavities retaining the regularity of these functions by means of the technique of the
symmetric extension, keeping the same notation for the extended functions.
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4 Auziliaries

We study the asymptotics of solution uc(z) as € — 0 to the next boundary-value problem

—(1 + ai)Aue = g(z) in €,

. OUe x B
(14 o) oo (:c, Z> ue=0 on S, (13)
U =0 on Of).

Here n, is the internal normal to the boundary of cavities and g(z, ) is a sufficiently smooth periodic
in £ function.
Definition 4.1. The function u. € H'(Q, ) is a solution of problem (13), if t@e egral
identity

(1 + ai) Vmﬁﬂvmmdx+e/‘q0;£)m ds_
Qe Se €

holds true for any function v € H'(Q., 00).

Here H'(Q€,09) is the closure of the set of functions belonging and vanishing in a
neighborhood of 99, by the H'(Q¢) norm.

Here we derive the leading terms of the asymptotlc expansion an struct the homogranized

problem. For this aim we consider the solution u(z) to (13 mptotlc series
Xg (

ue(x) = up(z) + euy <ac, %) + 2uy x, f) +... (14)

Substituting expression (14) in equation (13) an

0 T 0 0
Iz (90, Z) = %C( ) Ea—gg(fﬂaf)) L:zy

we get the formula

_ ( ) o= Agu(a) Ax@xul (2,€)) +2(Va, Veur(z,)) L:w

@ Agus(x f)) e +2€(Vy, Veua(z,€)) ‘§:£+

F(dem(e, )|+ (Anus(r.8) |

€ €

+%%VMVWA%QW&£+dAwﬂLQH§m+~-(H)

x

€ e

ubstituting (14) into boundary conditions in (13), we get the relation

x z
q(l’,;) U o~ (v eql(f_,(;l) U0+€(qula’/€)+

24 (2, %)

T+ up + € (un2, Ve)+ € (V§u2|€:%, 1/€> +

4‘1(5”» %)

1

o+ € (Vous, ve) + €2 (VEU;J,’{ z,l/€>+

which means that it satisfies the boundary condition on S.
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The normal vector ve depends on z and ¢ in Q.. Now, we consider  and { = ¢ as independent

variables, and then we represent v, in €2, in the form

ve, 7) =P 6)| _, +el@ o) _,.

where v is a normal vector to S(z) = {¢| F(z,&) = 0},

vl =7+ O(e).

Collecting all the terms of order ¢! in (15) and of order ¢’ in (16), we deduce the afi blem
L 2
Aguy (2,€) = 0 n \
0 17
%’g) = — (VI(UO(.QL‘)),fL) on S, 6 ( )
v
which we solve in the space of l-periodic in £ functions and here rameter, w = {{ €
T¢| F(z,€) > 0}. This is the cell problem appearing in case of Ne ofiditions on the boundary
of cavities. It is easy to see that the compatibility conditigl . ,0(§)) do =0 of (17) is
satisfied, and the solution of this problem is the first correctorji
At the next step we collect all the terms of order € i ang of order €' in (16). This gives us
x .
B (2.6) = 2D s RV, Vo (@.0)) in
Ous(x,
Q2B (Tun(r, ), Pl (2, €),) - (18)
q(z,§)
— (Yauol®), ') — 1+aiu0(:p) on S(x).
The 1-periodic in § solutio er problem is the second term of the internal asymptotic

expansion of u,(x
It is easy to see tha sis it is convenient to represent the solution u(z, &) of problem
(17) in the following for

(gradmu()(x), M(w7 f)) )

where 1- peI‘lOdl —function M (z,&) = (Mi(x,§),..., Mg(x,£)) is a solution to (11).
Now ewritten as follows
0 i 82UO 8M1($, 5)
@ (@8 = _1+ai 22 Ow 0wy 0
d
Quo () 9*M;(a ,5) -
2”2: 8:1)1 8@ 8:13]' e
dur(@,©) _ N~ Pwole) dug(z) OMi(x,€)
ov a Z ox; 81:j Z 8:1:Z Ox; g
Z,]—l 5.] 1
Ttoi uo(x) ijzz:l 8332- 7%, + 05 |V} on S(x).
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Writing down the solvability condition in the last problem, we derive the equation:

g(x) L 9%ug(x) OM;(,€) dug(x) 02 My(x,€)
/me (1 + ai T Aatio(@) + 21';1 Ox; Oz & 2 Z 8332 85] O )dg

:/ zd’: 82uo(a:) Vi + Z Oug(xz) OM;(z,§) Vit

e\ 52 83@89@ = 8901 xj Y
d

+ Z 8“0 8M1(:L'a£) V/ + 8u0(1:) V/_l_ Q(w7£)

O o6 7 & On ' 1+ai

uo(z) (19)

3,j=1

L 4
From (19) by the Stokes formula we derive the equation
O’ M;(x, &)\ Oug(x) d OM; (2, &)\ 0%ug(
ONwl|A, ’
B NwlAzuo(z) + Z < D, O, > B; +Mz,::1< o¢; > s
g(z) 8u0
ONw|——= 20
By, > Uil (20
\ 2
which is the limit equation in Q We denoted by < - >&n ral over (0 N w, and Q(z) =
fs( q(z, &) do. Moreover, U;(x fs(x <8A{9§I§)V’ + v

It is not necessary to calculate U;(x), since b, e adjointness of the operators of the given
problems and the convergence of the correspending bélinea¥ forms, we get that the G-limit operator
i i takes the form:

d
(o) 3 o (g ) o) +10nls(e) = Qduole)  (21)
ij=1 ¢
and, consequently,
=1 &rj 85]- = 895]- 8fj

It is easy to s

The next st
Theoremdé. 1.

_aJ\/gg,g)> is a smooth positively defined matrix (see [9]).

is about the limit behavior of the solution to (13).
ose that g(z) € C*(R?) and that ¢(z, £) is smooth enough nonnegative function.
The ny ntly small e problem (13) has the unique solution and the following convergence

|uo — el g1y — 0

takes place, where ug is a solution of equation (21) with zero Dirichlet conditions on 9.
Remark 4.1. In fact, in the formulation of Theorem 4.1 the condition ¢(z,&) > 0 can be replaced
by the weaker condition Q(z) >0

4.1 Preliminary Lemmas

Here we give some technical propositions, which we use in the further analysis. Some of these
propositions have been proved in [3,23]. We omit their proofs.
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Lemma 4.1. If the conditions of Theorem are satisfied, then the Friederichs type inequality

/Q IVo|?dz + e/S q (x, %) v?ds > Cil|v]l3 e o0

is valid for any v € H(€,99Q), where C} is independent of e.
Now we formulate a modified version of Lemma 5 from [23].
Lemma 4.2. If we suppose

1
—_ Q(x) d§ — q(z,&) do =0,
0N w| Jonw (=) S(2) (:¢)
then the following inequality \
1 T
- — — <
G e de—c [ a(5.%) o) do] < Caclol

holds for any v(z) € H(£,0Q); the constant Cy is independent of . %

Proof. The proof of this assertion can be found in [24]. &
Lemma 4.3. If y. is a solution to @
(1+a1Ay€—h€x 4
i N

(1+ oa) e) Y Ses
Ye =10 n
where he(z) = g(z) for x € Q. and 0 otherwisg, then

HZ/EHHl

The proposition, which is a modlﬁcatlo of Lemma 5 from [23|, formulated below.

Lemma 4.4. Suppose w(z) € Lo let II¢ belong to {z € Q|dist (z,0Q) < Cpe}. Then the
following inequality

H ) dz| < Cae2||wllp o)1l 0)
holds for any v(x Q); the constant Cy is independent of e.
Proof of the ofem .- The proof of this assertion can be found in [23].

5 The main assertion

e main proposition concerning the Ginzburg-Landau equation.
he following limit holds in the topological space @l_fc

A — A ase—0+. (22)

Moreover,
Ke—Kase— 04 in 0 (23)

Remark 5.1. The functions belonging the sets 2, and I, are defined in the perforated domains Q..
But, all these functions can be extended insides the cavities remaining their norms in the spaces H, V,
and L, (without perforation) with the constants independent of the small parameter (the prolongation
of functions defined in perforated domains, see, for instance, in [10; Ch.VIII]). Hence, in Theorem 5.1,
we have all the distances in the spaces without perforation.
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Proof. 1t is easy to see that (23) implies (22). Hence, it is sufficient to prove (23), i.e., for every
neighborhood O(K) in ©¢ there exists €; = ¢1(0) > 0, such that

KeCOK) for e<e. (24)

ue, ¢ O'(K) for all ke N.

The function u,, (s),s € R is a solution to

Assume that (24) is not true. Then there exists a neighborhood O'(K) in ©%¢, a sequence €, —
( Oue,

0+ (k— 00), and a sequence uc, (-) = ue, (s) € K¢, , such that
. x T\ . 2 ’
= (14 ai)Aue, + R (x, —) Ue,, — (1 + 4 (:U, —) 1) |te, [“te, + 9 (),
ot 5 €L €k
(1+ai)%+ekq(x,é)uek —0, % >0,
Ue, = 0, € 09,

| U, = Ulz), x €, t=0.
on the axis t € R. To get the uniform in € estimate of the solution\we e following Lemmas (see

[25; Ch. III, §5] and [26] respectively). L 2
By means of integral identity (4) and Lemma 1.1 we deriv§ythe €stimate, the sequence {ue, (x,s)}

is bounded in F?, i.e., Q
( 2ds)

t+1
lteg o = sup [l (£)] + sup ( / e,
teR teR t

trl 4 1/4 Ou, 4/3 3/4
+ sup </ ||u€k(s)||L4ds) up ( ’ 7(3)” _Td.s) < C forall ke N. (25)
teR \J¢ eR \Jt H

The constant C' is independent of g

Consequently, there existga subs e {ug (z,5)} C {ue, (2, 5)}, such that ue, (z,s) = u(s) as k —
oo in ©°¢. Here u(z,s) € are the solution to (25) with the same constant C. Because
of (25) we get ue, (z,s) s — o0) weakly in LY°(R; V), weakly in L{¢ (R;Ly), *-weakly in
Llo¢(R,; H) and 2tz ) (k — 00) weakly in Lyf; , (RH™). We claim that u(z, s) € K.
We have ||ul| 7o < have to establish that u(zx, s) is a weak solution to (12).
According t y problem in the case # = 1 we have

aean [ ] i

3,j=1

 OMi(z,6) \ Oug(x,t) 9P
<6” +—5 3 dri O, dxdt

M M
—i—/_M/QQ(a:)uo(a;,t)wdxdt—F/_M/ﬂ|Dﬂw|g(m)1/)da:dt

as k — oo.

Ue Oug
— = — 0+.
o D as € +

The differentiation is continuous in the space of generalized functions, also
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Now, we prove that
R <m, ;) e, (z,8) = R(z)u(z, s) (26)
k

and

<1 + 7 (m, é) i> ey, (7, 8)[Pte, (2, 8) = (1 + B(2)i) [ulz, s)[*u(z, s) (27)

as k — oo weakly in Lﬁf/% w (R; L4/3).

Fixing an arbitrary number M > 0, we consider the sequence {u,, (x, s)} bounded in Ly (—M, M; Ly)
(see (25)). Hence, the sequence {|u, (,s)[?uc, (z,5)} is bounded in Lyys (=M, M;Ly3) {Because

{ue,(x,s)} is bounded in Ly(—M,M;V) and Oue(, 5)

5 is bounded in L4/‘( ") we
suppose that uc, (z,s) = u(x,s) as k — oo strongly in Ly (—M, M;H) and hence \
Ue, (x,5) = u(z,s) a.e. in (z,s) € Q x (=M, M).
It follows that

e, (2, 8)2uc, (2, 8) — Ju(z, s)[Pu(z, s) ae. in (z, ) e@ M). (28)
We have
(1 +5 (x %) i) e s)PuEk

(1+B |uek Qu s)Pu(x, s)) +
£)i) = (4 5@ ) lute.o)Putes). 29

We show that both terms in the rightihand side of (29) tends to zero as k — oo weakly in
Lyy3 (—M, M;Lyy3).

The sequence (1 + 5 (:c, %) i z, s)["uc, (2, s) — |u(z, s)|?u(z, s)) converges to zero as k — oo
% I) (see (28)) and is bounded in Ly/3 (—M, M;Lyj3) (see (2)).
7] we get (1 + 5 (:v, é) i) (Jte, (2, 8)Pue, (2, 8) — |u(z, s)|?u(z, 5))
3) as k — oo.
i) — (14 B(z ))) lu(z, s)[*u(z, s) goes weakly in Ly 3 (—M, M;Ly3)
to zero as k — i y the assumption (:n —) — B(z) *weakly in Log . (—M, M; L) as k — 00

u(z,s) € Lyys (_Ma M; L4/3)
(27). The convergence of (26) is proved similarly.

almost everywhere in (z, s)

Consequently using Lemm

— 0 weakly in L3 (—

The sequence
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ns des probléemes aux limites non linéaires.

2,6

K.A. Bekmaranberos Yeukun>>*, B.B. Yensnkos®, A.O. Tememic

xemmix yrusepcumemi (Kasaxeman duauann), Acmana, Kasaxeman;
AMUKAABE MOJeAvoey uncmumymos, Aamamo, Kasaxeman;
vndazv, Mackey memaexemmir yrnueepcumemi, Mockey, Pecet;
pimamemamura unemumymas (Peceli eviavim axademuacoimviry Ya dedepansov
epmmey opmanvievinbiy beaimwect), Ypa, Peced;

2 Mamemamurxa

5 Peceti eviavim axgde A.A. Xapresun amwndazv, Axnapam 6epy maceaerepi uncmumymaos, Mockey, Peced;

26

uses amovimdazv. Bypasus yammuk yrusepcumemi, Acmana, Kaszaxcman

flepuoaThl KeyeKTepi 6ap opranapaa I'mucoypr-Jlangay
PiHiH aTTPAKTOPJIAPbIH OPTAaMNIaJIay: KPUTUKAJIBIK, YKaFIail

BICTa TEHJIEYy/le YKOHe IIeKapaJblK, IapTTapblHia Te3 Tepbenmeni mymesnepi 6ap ['mucoypr-Jlannay
TeHJEYIH Tecik 00JIBICTa KaPACTHIPLLIFaH. Byl TeHIey/IiH TPaeKTOPHUSIIBIK, ATTPAKTOP/IAPEI 9JICI3 MaFbIHAIA
«oram Mmymeci» (oseyeri) 6ap opramasnanran ['mucOypr-Jlangay Tenzeyiniy TpaeKTOPHUAIBIK, ATTPAKTOD-
JIapbIHA XKYBIKTAWTBIHBI JoJienaeneni. Ou yirin B.B. Yenbnkosrhiy kone M.U. BUIUKTIH 9BOIONUSIIIBIK,
TEHIEYTEPIIH TPACKTOPUSIIBIK, ATTPAKTOPJIAPHI TYPAJIBI MAKAIATAPBI MEH MOHOTPaMUSIIAPBIHBIH 9IiCTeMEC]
kosmanbuirad. Conyraii—ak, XX rachIpIblH COHBIHJA Haiija GoraH opraliajay oJicTepl HaiilaJlaHbLIFaH.
ApIMEH ACUMIITOTUKAJIBIK, 9IICTEP/Il ACUMIITOTHKAHBI (pOPMaJIbIbl KYPy YIIIH KOJIJIAHBLIFAH, COMaH Keii-
iH aCUMIITOTUKAJIBIK, KATAPJIAP/IBIH HETI3r MyInesepin (OyHKITHOHAJIBI TAJIIay KoHEe WHTErPAJIbI Oaraiay
9JicTePiH KOJIZaHa OTBIPBIN TaHmaaraH. ColKeciHIe, KOMEKII 9JICi3 TOMOJIOrusIbl (PYHKIMOHAIIBI KEHiC-
TIKTI aHBIKTail OTBIPHII, KT (OpTallajaHFaH) TeHJeyl aJbIHFAH YKOHE OChl TEHJEYJIH TPAeKTOPHUSLIBIK,
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5 Hruemumym npobaem nepedavu ungopmayuu umenu A.A. Xapresuwa Poccutickot axadem

JIOKaJIbHO II€PpNOJNYICCKNMMU IIPEIIATCTBUAMM:

aTTpakTopbl 6ap ekeni gpsesngenrer. Comal Kelin Herisri TeopeMa TYKbIPBIMIAJIFaH, OHbI KOMEKIII JIeM-
MaJIapAblH, KOMETriMeH IoJIesI/IEHTeH.

Kiam ceadep: arrpakropiap, opramaiay, ' nucbypr-Jlannay renmeysepi, CbI3bIKTBIK, €MeC TeHIEYIIep, dJICi3
KUHAKTBIIBIK, TECIK OOJIBIC, «OFAI MYIIIE», KEYeKTi opTa.

K.A. Bekmaran6eros™?, I'A. Yeuknn®>*, B.B. Yensrkos®, A.A. Tosemuc?6

! Mockosckuti 2ocydapemeenmod yrusepcumem umenu M.B. Jomonocosa (Kaszazcmanckud puaua.
Acmana, Kaszaxcman;
2 Incmumym Mamemamusy & Mamemamusieckozo modesuposarus, Armamo, Kasax
3 Mockoscruti zocydapemeennuidl yrusepcumem umenu M.B. Jlomownocosa, Mocksagy, Po ;
4 Hnemumym mMamemamuky ¢ KoMnblomepuLm uenmpom (nodpasdeserue YPumcrozo b AABEL020
uceaedosamenrvckozo uenmpa Poccutickot axademuu nayx), Yda, Poccugs

H
8 Bepasutickuti nayuonarvronl ynusepcumem umerny JLH. Dymunesa, Acmagio) azxeman

€CKUil ciryydait

xea, Poccus;

YcpeaneHne aTTpaKTOPOB ypaBHEHUIA FMH36yp‘m ay B cpeJax C
T

Msr paccmarpuBaeMm ypaBHenue ['musbypra-Jlanmay c 6bICTpO‘O IMIUMH 9JI€HaMU B yDaBHEHUU
¥ IPAHUYHBIX YCJIOBUAX B nepdoprupoBaHHoil obsactu. Jloka3piBacyy, 910 €KTOPHBIE 2TTPAKTOPHI 3TOI'O
ypaBHEHUS B CJ1aOOM CMBICTIE CXOASATCS K TPAEKTOPHBIM aTTP €/THEHHOTO ypaBHeHus | ma30ypra-
Jlarnay co «CTpaHHBIM WIeHOM» (HOTeHnmaIoM). [ €M IIOJIXOJT U3 CTaTell U MOHOTpadmit

PsIJIOB € TIOMOIIBIO METOIOB (DYHKIITMOHAJIBLHOTO aHa.
[OINKE BCIOMOTATETbHBIE (DYHKIIMOHAIBHBIE, TPOCTPA: a CO Cc1aboii TOMOJIOTHE, BBIBOIAMM IPEIETbHOEe
(ycpenHenHoe) ypaBHEHHE W JIOKA3bIBAEM €CTBOBAHHE TPAEKTOPHOI'O ATTPAKTOpa JJisi ITOTO ypaBHe-
HUsA. 3aTeM (POPMYJIUPYEM OCHOBHYIO ¥ JIOKa3bIBaE€M €€ C IIOMOIIBI0 BCIIOMOTATE/bHBIX JIEMM.

e, ypaBHenus ['un3bypra-Jlannay, HesmHeHbIE yPABHEHUS, CIIa-
Th, «CTPAHHBII YJIeH», IOPHUCTas CPeJa.

Kaouesvie caro6a: aTTPAKTOPHL, Y@
0asi CXOIMMOCTH, TePPOPUPOBAHHE
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