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Solution of a boundary value problem for a third-order
inhomogeneous equation with multiple characteristics with the
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In the paper the second boundary value problem in a rectangular domain for an inhomogeneous third-
order partial differential equation with multiple characteristics with constant coefficients was considered.
The uniqueness of the solution to the problem posed is proven by the method of energy integrals. A
counterexample is constructed in case when the uniqueness theorem’s conditions are violated. Using the
method of separation of variables, the solution to the problem is sought in the form of a product of two
functions X(x) and Y (y). To determine Y (y), we obtain a second-order ordinary differential equation with
two boundary conditions at the boundaries of the segment [0, q]. For this problem, the eigenvalues and the
corresponding eigenfunctions are found for n = 0 and n ∈ N . To determine X(x), we obtain a third-order
ordinary differential equation with three boundary conditions at the boundaries of the segment [0, p]. Using
the Green’s function method, we constructed solution of the specified problem. A separate Green’s function
for n = 0 and a separate Green’s function for the case when n is natural were constructed. The solution
for X(x) is written in terms of the constructed Green’s function. After some transformations, an integral
Fredholm equation of the second kind is obtained, the solution of which is written through the resolvent.
Estimates for the resolvent and Green’s function are obtained. The uniform convergence of the solution and
the possibility of its term-by-term differentiation under certain conditions on given functions are proven.
When justifying the uniform convergence of the solution, the absence of a “small denominator” is proven.

Keywords: differential equation, the third order, multiple characteristics, the second boundary value problem,
regular solution, uniqueness, existence, Green’s function.
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Introduction

Third-order partial differential equations are considered in solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma, fluid filtration in porous media [1].

In the aggregate, all third-order equations occupy a special place in terms of their specific character,
equations with multiple characteristics.

The first results on a third-order equation with multiple characteristics were obtained by H. Block [2],
E. Del Vecchio [3].

L. Cattabriga in [4] for equation D2n+1
x u−D2

yu = 0 constructed a fundamental solution in the form
of a double improper integral.

In [5], a fundamental solution of a third-order equation with multiple characteristics containing the
second derivative with respect to time was constructed, their properties were studied, and estimates
were found for |t| → ∞.

In works [6–9], boundary value problems for third-order equations with multiple characteristics are
considered using the construction of the Green’s function. Also, we note the works [10–21], in which
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Solution of a boundary ...

the boundary value problems for third-order equations are considered. Boundary value problems close
to the topic of this work were studied in [22, 23]. In [24, 25], a solution to the problem posed for a
third-order equation was found with other boundary conditions.

1 Formulation of the problem

In the domain D = {(x, y) : 0 < x < p, 0 < y < q}, we consider the following third-order equation
of the form:

L(u) = Uxxx − Uyy +A1Uxx +A2Ux +A3Uy +A4U = g1(x, y), (1)

where Ai, p, q ∈ R, i = 1, 4, are given sufficiently smooth functions.
By the replacement

U (x, y) = u (x, y) e−
A1
3
x+

A3
2
y,

equation (1) can be reduced to the form

uxxx − uyy + a1ux + a2u = g(x, y), (2)

where a1 = −A1
2

3 +A2, a2 =
2A3

1
27 +

A2
3

2 −
A1A2

3 +A4, g(x, y) = g1(x, y) · e
A1
3
x−A3

2
y.

Problem A2. Find function u (x, y) from class C3,2
x,y (D) ∩ C2,1

x,y

(
D
)
, that satisfies equation (2) and

the following boundary conditions:

uy (x, 0) = 0, uy (x, q) = 0, 0 ≤ x ≤ p, (3)

u (p, y) = ψ2 (y) , ux (p, y) = ψ3 (y) , uxx (0, y) = ψ1 (y) , 0 ≤ y ≤ q, (4)

where ψi (y) , i = 1, 3, g (x, y) are given functions. Note that in works [9–12] the case a1 = a2 = 0 was
considered.

2 The uniqueness of solution

Theorem 1. If problem A2 has a solution, then if conditions a1 ≤ 0, a2 ≥ 0 are met, it is unique.
Proof. Let’s assume the opposite. Let problem A2 have two solutions u1 (x, y) and u2 (x, y). Then

function u (x, y) = u1 (x, y) − u2 (x, y) satisfies the homogeneous equation (2) with homogeneous
boundary conditions. Let’s prove that u (x, y) ≡ 0 is in D.

In the domain D the identity

uL [u] = uuxxx − uuyy + a1uux + a2u
2 = 0

or
∂

∂x

(
uuxx −

1

2
u2
x +

1

2
a1u

2

)
− ∂

∂y
(uuy) + u2

y + a2u
2 = 0 (5)

holds. Integrating identity (5) over the domain D and taking into account homogeneous boundary
conditions, we obtain

−1

2
a1

q∫
0

u2 (0, y)dy +
1

2

q∫
0

u2
x (0, y) dy +

p∫
0

q∫
0

u2
ydxdy + a2

p∫
0

q∫
0

u2dxdy = 0.

If a1, a2 6= 0, from the fourth term, we get u (x, y) ≡ 0, (x, y) ∈ D. If a2 = 0, then from the third
term uy (x, y) = 0. From the equation and taking into account the homogeneous boundary conditions
(4) we obtain u (x, y) ≡ 0 is in D. The theorem has been proven.
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Remark 1. Note that if the conditions of Theorem 1 are violated, the homogeneous problem A2 for
the homogeneous equation (2) may have a nontrivial solution. For example, problem

uxxx (x, y) +

(
(2k + 1)π

2p

)2

ux (x, y)−
(
πn

q

)2

u (x, y)− uyy (x, y) = 0,

uy (x, 0) = 0, uy (x, q) = 0, 0 ≤ x ≤ p,
u (p, y) = 0, ux (p, y) = 0, uxx (0, y) = 0, 0 ≤ y ≤ q

has a nontrivial solution in the form:

u (x, y) =

(
1 + (−1)k+1 sin

(
(2k + 1)π

2p
x

))
cos

(
πn

q
y

)
, n, k ∈ Z.

3 Existence of a solution

Theorem 2. If the following conditions are met:

1) ψi (y) ∈ C3 [0, q] , ψi
′ (0) = ψi

′ (q) = 0, i = 1, 3 ;

2)
∂3g (x, y)

∂x∂y2
∈ C [0, q] , gy(x, 0) = gy (x, q) = 0, 0 ≤ x ≤ p;

3) 0 ≤ C < min

{
1

p2 + 1
2p

3
,

λ2
1

Kp (λ1 + 1)

}
,

then a solution to the problem exists.

Here C = max {|a1| , |a2|}, λ1 = 3

√(
π
q

)2
, K = 16

3

(
1− exp

(
−2
√

3π
3

))−1
.

In works [9–12] C = 0. The 3rd condition is satisfied at C = 0.
Proof. Consider the following Sturm-Liouville problem taking into account the boundary conditions (3):{

Y ′′ (y) + λ3Y (y) = 0,

Yy (0) = Yy (q) = 0,
(6)

eigenvalues and eigenfunctions of problem (6) have the form:

Yn (y) =


1
√
q
, λ0

3 = 0, n = 0,√
2

q
cos

(
πn

q
y

)
, λn

3 =

(
πn

q

)2

, n ∈ N.

Let’s expand g (x, y) into a Fourier series of {Yn (y)}:

g (x, y) =

∞∑
n=1

gn (x)Yn (y),

here gn (x) =
√

2
q

q∫
0

g (x, η) cos
(
πn
q η
)
dη. We integrate function gn (x) by parts twice and taking

into account condition 2, Theorem 2, we obtain the estimate |gn (x)| ≤ M
n2 |Fn (x)| . Here Fn (x) =√

2
q

q∫
0

gηη (x, η) cos πnq ηdη.
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Further on we will denote all arbitrary positive constants by M .
We look for a solution to problem A2 in the form

u (x, y) =
∞∑
n=0

Xn (x)Yn (y). (7)

Substituting (7) into equation (2) and taking into account condition (4) we have the following
problem: {

X ′′′ + a1X
′ + a2X + λ3

nX = g (x) ,

X ′′ (0) = ψ1n, X (p) = ψ2n, X
′ (p) = ψ3n,

(8)

where ψin =
√

2
q

q∫
0

ψin (η) cos
(
πn
q η
)
dη, i = 1, 3.

Using the function
V (x) = X (x)− ρ (x) , (9)

boundary conditions (8) are transformed into homogeneous ones. Function ρ (x) looks like:

ρn (x) = ψ2n − ψ3np+
ψ1n

2
p2 + (ψ3n − ψ1np)x+

ψ1n

2
x2.

Substituting (9) into (8) we obtain the problem{
V ′′′ + λ3

nV = λ3
nfn (x)− a1V

′ − a2V,
V ′′ (0) = V (p) = V ′ (p) = 0,

(10)

here
fn (x) =

(
a1p−a1x+a2px

λ3n
− a2p2+a2x2

2λ3n
− p2+x2

2 + px
)
ψ1n−

−
(
a2
λ3n

+ 1
)
ψ2n +

(
a2p−a1−a2x

λ3n
+ p− x

)
ψ3n + g(x)

λ3n
.

Then we have estimates

|fn (x)| ≤ M
n3

(
|Ψ1n|+ |Ψ2n|+ |Ψ3n|+ 1

n |Fn (x)|
)
,

|f ′n (x)| ≤ M
n3

(
|Ψ1n|+ |Ψ3n|+ 1

n |F
′
n (x)|

)
.

(11)

Let’s consider cases n = 0 and n ∈ N separately. Problem (10) for λ0 = 0 has the form:{
V0
′′′ = f0 (x)− a1V0

′ − a2V0,
V0
′′ (0) = V0 (p) = V0

′ (p) = 0,
(12)

here

f0 (x) = g0 (x) +

(
a1 (x− p) + a2

(
px− p2

2
− x2

2

))
ψ1 0 − a2ψ2 0 + (a2 (p− x)− a1)ψ3 0.

Problem (12) is equivalent to the integro-differential equation

V0 (x) =

p∫
0

Gn (x, ξ)fn (ξ) dξ + a1

p∫
0

G0 (x, ξ)V ′0 (ξ) dξ − a2

p∫
0

G0 (x, ξ)V0 (ξ) dξ, (13)

here G0 (x, ξ) is the Green’s function of problem (12), it has the following properties:

∂3G0 (x, ξ)

∂x3
= 0,
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G10xx (0, ξ) = G20 (p, ξ) = G20x (p, ξ) = 0,

G20 (ξ, ξ)−G10 (ξ, ξ) = 0,

G20x (ξ, ξ)−G10x (ξ, ξ) = 0,

G20xx (ξ, ξ)−G10xx (ξ, ξ) = 1.

Function G0 (x, ξ) has the form

G0 (x, ξ) =
1

2

{
(p− ξ) (p+ ξ − 2x) , 0 ≤ x < ξ ≤ p,
(x− p)2, 0 ≤ ξ < x ≤ p.

(14)

It is easy to verify that the function defined by formula (14) has all the properties formulated in
the definition of the Green’s function.

Integrating by parts the second integral in (13) and introducing the notation

α0 (x) =
p∫
0

G0 (x, ξ) f0 (ξ) dξ,

Ḡ0 (x, ξ) = a1G0ξ (x, ξ)− a2G0 (x, ξ) ,

we get

V0 (x) = α0 (x) +

p∫
0

Ḡ0 (x, ξ)V0 (ξ) dξ. (15)

Equation (15) is the Fredholm integral equation of the second kind. We solve (15) using the iteration
method.

Taking the zero approximation V0 (x) = α0 (x), we write (15) as follows:

Vm (x) = α0 (x) +

p∫
0

Ḡ0 (x, ξ)Vm−1 (ξ) dξ, m = 1, 2, . . .

The first approximation is

V1 (x) = α0 (x) +

p∫
0

Ḡ0 (x, ξ)α0 (ξ) dξ,

the second approximation is

V2 (x) = α0 (x) +
p∫
0

Ḡ0 (x, s)V1 (s) ds = α0 (x) +

+
p∫
0

Ḡ0 (s, ξ)

(
α0 (s) +

p∫
0

Ḡ0 (s, ξ)α0 (ξ) dξ

)
ds =

= α0 (x) +
p∫
0

Ḡ0 (x, ξ)α0 (ξ) dξ +
p∫
0

Ḡ0 (x, s) ds
p∫
0

Ḡ0 (s, ξ)α0 (ξ) dξ,

by changing the order of integration in the iterated integral and making the replacement

Ḡ1 (x, ξ) =

p∫
0

Ḡ0 (x, s) Ḡ0 (s, ξ) ds,
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then we get

V2 (x) = α0 (x) +

p∫
0

(
Ḡ0 (x, ξ) + Ḡ1 (x, ξ)

)
α0 (ξ) dξ.

If we continue the process indefinitely, we get

V0 (x) = α0 (x) +

p∫
0

(
Ḡ0 (x, ξ) +

∞∑
m=1

Ḡm (x, ξ)

)
α0 (ξ) dξ.

Here

Ḡm (x, ξ) =

p∫
0

Ḡ0 (x, s) Ḡm−1 (s, ξ) ds, m = 1, 2, 3, . . .

If we denote

R0 (x, ξ) = Ḡ0 (x, ξ) +
∞∑
m=1

Ḡm (x, ξ),

then we have a solution in the form

V0 (x) = α0 (x) +

p∫
0

R0 (x, ξ)α0 (ξ) dξ.

Then we get a solution for λ0 = 0 in the form

u0 (x) =
1
√
q

(V0 (x) + ρ0 (x)) .

Let’s evaluate this solution. First let’s find the estimate G0 (x, ξ):

|G0 (x, ξ)| ≤ 1

2
p2, |G0ξ (x, ξ)| ≤ p.

For the resolvent |R0 (x, ξ)| ≤
∣∣Ḡ0 (x, ξ)

∣∣+ ∣∣Ḡ1 (x, ξ)
∣∣+ . . .+

∣∣Ḡm (x, ξ)
∣∣+ . . . we find an estimate using

the majorant series:

∣∣Ḡ0 (x, ξ)
∣∣ ≤ C (p+

1

2
p2

)
≤ 1

p
(J0p) ,

∣∣Ḡ1 (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ0 (x, s)
∣∣ ∣∣Ḡ0 (s, ξ)

∣∣ ds ≤ 1

p
(J0p)

2,

∣∣Ḡ2 (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ0 (x, s)
∣∣ ∣∣Ḡ1 (s, ξ)

∣∣ ds ≤ 1

p
(J0p)

3,

. . . . . . . . . . . . . . . . . .

∣∣Ḡm (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ0 (x, s)
∣∣ ∣∣Ḡm−1 (s, ξ)

∣∣ ds ≤ 1

p
(J0p)

m+1,

. . . . . . . . . . . . . . . . . .
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Here C = max {|a1| , |a2|}, J0 = C
(
p+ 1

2p
2
)
. Hence the majorant series looks

1

p

∞∑
m=1

(J0p)
m.

Condition 3, Theorem 2 can be written as

C <
2

p3 + 2p2
⇒ C

∣∣∣∣12p2 + p

∣∣∣∣ < 1

p
,

hence
J0p < 1,

then the majorizing series is the sum of the terms of an infinite decreasing geometric progression. In
this case, the resolvent converges uniformly, and its estimate has the form

|R0 (x, ξ)| ≤ J0

1− J0p
≤M.

For α0 (x) the estimate is

|α0 (x)| ≤
p∫

0

|G0 (x, ξ)| |g0 (ξ)| dξ ≤M.

Then
|u0 (x)| ≤M,

∣∣u0
′′′ (x)

∣∣ ≤M.

The solution to problem (10), at n ∈ N , is sought as follows:

Vn (x) = λ3
n

p∫
0

Gn (x, ξ)fn (ξ) dξ − a1

p∫
0

Gn (x, ξ)Vn
′ (ξ) dξ − a2

p∫
0

Gn (x, ξ)Vn (ξ) dξ, (16)

where Gn (x, ξ) is the Green’s function of problem (10), which has the following properties:

∂3Gn (x, ξ)

∂x3
+ λ3

nGn (x, ξ) = 0,

G1nxx (0, ξ) = G2n (p, ξ) = G2nx (p, ξ) = 0, (17)

G2n (ξ, ξ)−G1n (ξ, ξ) = 0,

G2nx (ξ, ξ)−G1nx (ξ, ξ) = 0,

G2nxx (ξ, ξ)−G1nxx (ξ, ξ) = 1.

(18)

Let’s construct the Green’s function. Since linearly independent solutions to Equation X ′′′n +
λ3
nXn = 0 have the form:

X1 (x) = e−λnx, X2 (x) = e
λn
2
x cosβnx, X3 (x) = e

λn
2
x sinβnx, βn =

√
3

2
λn,

let us represent the required Green’s function in the form

Gn (x, ξ) =

 a1e
−λnx + a2e

λn
2
x cosβnx+ a3e

λn
2
x sinβnx , 0 ≤ x ≤ ξ,

b1e
−λnx + b2e

λn
2
x cosβnx+ b3e

λn
2
x sinβnx , ξ ≤ x ≤ p,

(19)
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where a1, a2, a3, b1, b2, b3 are currently unknown functions from ξ.
From properties (18) of the Green’s function and setting cn (ξ) = bn (ξ) − an (ξ) , n = 1, 2, 3, we

obtain a system of linear equations for finding the functions cn (ξ):
c1e
−λnξ + c2e

λn
2
ξcosβnξ + c3e

λn
2
ξ sinβnξ = 0,

− c1e
−λnξ + c2e

λn
2
ξcos

(
βnξ +

π

3

)
+ c3e

λn
2
ξ sin

(
βnξ +

π

3

)
= 0,

c1e
−λnξ + c2e

λn
2
ξcos

(
βnξ +

2π

3

)
+ c3e

λn
2
ξ sin

(
βnξ +

2π

3

)
=

1

λ2
n

.

The determinant of this system is equal to the value of the Wronski determinant W (X1, X2, X3)

at point x = ξ, and therefore is nonzero and equal to W (X1, X2, X3) = 3
√

3
2 . Having calculated

∆ci, i = 1, 2, 3, we get:

c1 (ξ) =
eλnξ

3λ2
n

, c2 (ξ) = −
2e−

λn
2
ξ sin

(
βnξ + π

6

)
3λ2

n

, c3 (ξ) =
2e−

λn
2
ξ cos

(
βnξ + π

6

)
3λ2

n

.

Next, we will use property (17) of the Green’s function; in our case, these relations take the form:

2b1 − b2 +
√

3b3 =
2

3λn
2

(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2
λnξ

))
,

b1e
−λnp + b2e

λn
2
p cos

√
3

2
λnp+ b3e

λn
2
p sin

√
3

2
λnp = 0,

− b1e−λnp + b2e
λn
2
p cos

(√
3

2
λnp+

π

3

)
+ b3e

λn
2
p sin

(√
3

2
λnp+

π

3

)
= 0.

Due to the linear independence of X1
′′ (0) , X2

′ (p) , X3
′ (p), the determinant of this system is:

∆ =
√

3eλnp

(
1 + 2e

−3λn
2

p cos

(√
3

2
λnp

))
=
√

3eλnp∆,

here ∆ = 1 + 2e
−3λn

2
p cos

(√
3

2 λnp
)
.

Consider the following function

∆ = 1 + 2e−
√

3t cos t, t =

√
3

2
λnt.

The critical points of this function are

tk =
2π

3
+ πk, k = 0, 1, 2, 3, . . .

∆ (t) takes minimum value only at k = 0. Then

∆ ≥ 1− exp

(
−2
√

3π

3

)
> 0.

This proves the absence of a “small denominator”, hence ∆ 6= 0.
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Having calculated ∆bi, i = 1, 2, 3, we obtain:

b1 =
eλnp√
3λ2

n∆

(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2
λnξ

))
,

b2 = − 2e−
λn
2
p

√
3λ2

n∆

(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2
λnξ

))
sin

(√
3

2
λnp+

π

6

)
,

b3 =
e−

λn
2
p

√
3λ2

n∆

(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2
λnξ

))
cos

(√
3

2
λnp+

π

6

)
.

Considering ak (ξ) = bk (ξ)− ck (ξ) , k = 1, 2, 3 we have ak, k = 1, 2, 3:

a1 =
2√

3λ2
n∆

(
eλn(p− ξ2) cos

(√
3

2
λnξ

)
− eλn(ξ− p2 ) cos

(√
3

2
λnp

))
,

a2 = 2√
3λ2n∆

(
e−λn( ξ2−p)

(
1 + 2e

−3λn
2

p cos
(√

3
2 λnp

))
sin
(√

3
2 λnξ + π

6

)
−

−e−λn( p2−ξ)
(

1 + 2e−
3λn
2
ξ cos

(√
3

2 λnξ
))

sin
(√

3
2 λnp+ π

6

))
,

a3 = 2√
3λ2n∆

(
e−λn( p2−ξ)

(
1 + 2e−

3λn
2
ξ cos

(√
3

2 λnξ
))

cos
(√

3
2 λnp+ π

6

)
−

−e−λn( ξ2−p)
(

1 + 2e
−3λn

2
p cos

(√
3

2 λnp
))

cos
(√

3
2 λnξ + π

6

))
.

Putting the found values into (19), we obtain function Gn (x, ξ) in the form:

Gn (x, ξ) =

{
G1n (x, ξ) , 0 ≤ x < ξ,

G2n (x, ξ) , ξ < x ≤ p,

here
G1n (x, ξ) = 1√

3λ2n∆

(
e−λnx

(
2eλn(p− ξ2) cos

(√
3

2 λnξ
)
− 2eλn(ξ− p2 ) cos

(√
3

2 λnp
))
−

−2e−
λn
2

(p−x)
(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2 λnξ
))

sin
(√

3
2 λn (p− x) + π

6

)
+

+2eλn(x2−
ξ
2)
(
eλnp + 2e

−λn
2
p cos

(√
3

2 λnp
))

sin
(√

3
2 λn (ξ − x) + π

6

))
,

G2n(x, ξ) =
1√

3λ2
n∆

(
eλnξ + 2e−

λn
2
ξ cos

(√
3

2
λnξ

))(
eλn(p−x) − 2e−

λn
2

(p−x) sin

(√
3

2
λn(p− x) +

π

6

))
.

The estimate for Gn (x, ξ) has the form

|Gn (x, ξ)| ≤ K

λ2
n

, |Gnξ (x, ξ)| ≤ K

λn
. (20)

Integrating by parts the second integral in (16) and introducing the notation

V0n (x) = λ3
n

p∫
0

Gn (x, ξ)fn (ξ) dξ,

Ḡn (x, ξ) = a1Gnξ (x, ξ)− a2Gn (x, ξ) ,
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then (16) has the form

Vn (x) = V0n (x) +

p∫
0

Ḡn (x, ξ)Vn (ξ) dξ. (21)

Equation (21) is the Fredholm integral equation of the second kind. Let us write the solution (21) using
the resolvent in the form

Vn (x) = V0n (x) +

p∫
0

Rn (x, ξ)V0n (ξ) dξ,

where

Rn (x, ξ) = Ḡn (x, ξ) +

∞∑
m=1

Ḡmn (x, ξ), (22)

here

Ḡmn (x, ξ) =

p∫
0

Ḡn (x, s) Ḡ(m−1)n (s, ξ) ds, m = 1, 2, . . . , Ḡ0n (x, ξ) = Ḡn (x, s) .

The following relations are valid for functions Gn (x, ξ) , Ḡn (x, ξ)

Gnxx (x, x− 0)−Gnxx (x, x+ 0) = 1,
Gnξξ (x, x− 0)−Gnξξ (x, x+ 0) = 1,
Gnxξ (x, x− 0)−Gnxξ (x, x+ 0) = −1,

(23)

Ḡn (x, x− 0)− Ḡn (x, x+ 0) = 0,
Ḡnx (x, x− 0)− Ḡnx (x, x+ 0) = −a1,
Ḡnxx (x, x− 0)− Ḡnxx (x, x+ 0) = −a2,
Ḡnxxx (x, x− 0)− Ḡnxxx (x, x+ 0) = 0.

(24)

Let us evaluate solution (22). From

Rn (x, ξ) = Ḡ1n (x, ξ) + Ḡ2n (x, ξ) + . . .+ Ḡmn (x, ξ) + . . . ,

let’s find the estimate

|Rn (x, ξ)| ≤
∣∣Ḡ1n (x, ξ)

∣∣+
∣∣Ḡ2n (x, ξ)

∣∣+ . . .+
∣∣Ḡmn (x, ξ)

∣∣+ . . . , (25)

using equality Ḡn (x, ξ) = a1Gnξ (x, ξ)− a2Gn (x, ξ) taking into account (20), we have an estimate for
Ḡn (x, ξ) in the form ∣∣Ḡn∣∣ ≤ |a1| |Gnξ|+ |a2| |Gn| ≤

(
1

λn
+

1

λ2
n

)
M.

For the right side of inequality (25), we construct a majorizing series. By entering the designation

J =

(
1

λ1
+

1

λ2
1

)
M,
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we have ∣∣Ḡ1n (x, ξ)
∣∣ ≤ ∣∣Ḡn (x, ξ)

∣∣ ≤MN

(
1

λn
+

1

λ2
n

)
≤ 1

p
Jp,

∣∣Ḡ2n (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ1n (x, s)
∣∣ ∣∣Ḡ1n (s, ξ)

∣∣ ds ≤ 1

p
J2p2,

∣∣Ḡ3n (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ1n (x, s)
∣∣ ∣∣Ḡ2n (s, ξ)

∣∣ ds ≤ 1

p
J3p3,

. . . . . . . . . . . . . . . . .

∣∣Ḡmn (x, ξ)
∣∣ ≤ p∫

0

∣∣Ḡ1n (x, s)
∣∣ ∣∣Ḡ(m−1)n (s, ξ)

∣∣ ds ≤ 1

p
Jmpm,

. . . . . . . . . . . . . . . . .

Then the majorizing series has the form

1

p

∞∑
m=1

(Jp)m.

Condition 3, Theorem 2 can be written as

C <
λ2

1

Kp (λ1 + 1)
⇒

(
1

λ1
+

1

λ2
1

)
KC <

1

p
,

from here
Jp < 1,

then the majorizing series is the sum of the terms of an infinite decreasing geometric progression. In
this case, the resolvent converges uniformly, and its estimate has the form

|R (x, ξ)| ≤ J

1− Jp
≤M. (26)

Substituting Gn (x, ξ) = − 1
λ3n
Gnξξξ (x, ξ) into V0n (x) and integrating, we have

V0n (x) = −fn (x) + fn (0)G2nξξ (x, 0)− fn (p)G1nξξ (x, p) +

p∫
0

Gnξξ (x, ξ) fn
′ (ξ) dξ.

Taking into account estimates (11) and

|G2nξξ (x, 0)| ≤ K, |G1nξξ (x, p)| ≤ K,

we get

|V0n (x)| ≤ M

n4
(1 + |Fn (x)|+ |Fn (0)|+ |Fn (p)|) +

M

n3
(|Ψ1n|+ |Ψ2n|+ |Ψ3n|) . (27)

From (26) and (27) we obtain the estimate

|Vn (x)| ≤ |V0n (x)|+
p∫
0

|R (x, ξ)| |V0n (ξ)| dξ ≤

≤ M
n4 (1 + |Fn (x)|+ |Fn (0)|+ |Fn (p)|) + M

n3 (|Ψ1n|+ |Ψ2n|+ |Ψ3n|) .
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Due to (7) and (9), the solution to the problem has the form

u (x, y) =
∞∑
n=1

(Vn (x) + ρn (x)) cos

(
πn

q
y

)
.

Let’s check this solution for convergence. Considering the assessment

|ρn (x)| ≤ M

n3
(|Ψ1n|+ |Ψ2n|+ |Ψ3n|) ,

we have

|u (x, y)| ≤M
∞∑
n=1

1

n4
(1 + |Fn (x)|+ |Fn (0)|+ |Fn (p)|) +M

∞∑
n=1

1

n3
(|Ψ1n|+ |Ψ2n|+ |Ψ3n|).

Let’s show the convergence uxxx (x, y). Taking into account (23) and (24), we find the derivatives
of Vn (x) with respect to x of the third order.

V ′′′n (x) = λ3
nfn (x)− a1

(
V ′0n (x) +

p∫
0

Rnx (x, ξ)V0n (ξ) dξ

)
−

−a2

(
V0n (x) +

p∫
0

Rn (x, ξ)V0n (ξ) dξ

)
− λ3

n

(
V0n (x) +

p∫
0

Rn (x, ξ)V0n (ξ) dξ

)
.

Using estimate (23) and the properties of the Green’s function, we get∣∣V ′0n (x)
∣∣ ≤ M

n
7
3

(
|Ψ1n|+ |Ψ2n|+ |Ψ3n|+

|Fn (0)|
n

+ 1

)
,

|Rnx (x, ξ)| ≤ n
2
3M,

next we have ∣∣V ′′′n (x)
∣∣ ≤ M2

n

3∑
i=1

|Ψin|+
M

n2
(|Fn (x)|+ |Fn (0)|+ |Fn (p)|+ 1) .

From here

|uxxx (x, y)| ≤
∞∑
n=1

M

n
(|Ψ1n|+ |Ψ2n|+ |Ψ3n|) +

∞∑
n=1

O
(
n−2

)
.

Using the Cauchy-Bunyakovsky and Bessel inequalities, we obtain:

|uxxx (x, y)| ≤M

(√
∞∑
n=1
|Ψ1n|2 +

√
∞∑
n=1
|Ψ2n|2 +

√
∞∑
n=1
|Ψ3n|2

)√
∞∑
n=1

1
n2 +

∞∑
n=1

O
(
n−2

)
≤

≤M
√

π2

6 (‖ψ′′′1 (y)‖+ ‖ψ′′′2 (y)‖+ ‖ψ′′′3 (y)‖) +
∞∑
n=1

O
(
n−2

)
<∞.

Here
∞∑
n=1

|Ψin|2 ≤
∥∥ψi′′′∥∥2

L2[0,q]
, i = 1, 3,

∞∑
n=1

1

n2
=
π2

6
.

Given the inequality

|uyy (x, y)| ≤ |uxxx (x, y)|+ |a1| |ux (x, y)|+ |a2| |u (x, y)| ,

we can conclude that uyy also converge.
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From the solution of problems (11) and (13) we obtain a solution to problem A2 in explicit form:

u (x, y) = 1√
q

(
α0 (x) +

p∫
0

R0 (x, ξ)α0 (ξ) dξ.+ ρ0 (x)

)
+

+
√

2
q

∞∑
n=1

cos
(
πn
q y
) p∫

0

Gn (x, ξ)λ3
nfn (ξ) dξ+

+
√

2
q

∞∑
n=1

cos
(
πn
q y
)( p∫

0

Rn (x, ξ)
p∫
0

Gn (x, s)λ3
nfn (s) dsdξ

)
+
√

2
q

∞∑
n=1

ρn (x) cos
(
πn
q y
)
.

Thus, Theorem 2 is proved.

Conclusion

In this paper, we consider a boundary value problem for a third-order inhomogeneous equation
with multiple characteristics, containing low-order terms with constant coefficients. The uniqueness
and existence of a solution to the problem posed are investigated. Sufficient conditions are found for
the coefficients under which the problem posed is uniquely solvable, and in the case of violating these
conditions, an example of a nontrivial solution to a homogeneous problem is constructed. The solution
to the problem is constructed in the form of a eigenfunctions’ series for a one-dimensional spectral
problem.
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Грин функциясын құра отырып, еселi сипаттамалары бар
үшiншi реттi бiртектi емес теңдеу үшiн шеттiк есептiң шешiмi

Ю.П. Апаков1,2, Р.А. Умаров2

1ӨзР ҒА В.А.Романский атындағы Математика институты, Ташкент, Өзбекстан;
2Наманган инженерлiк-құрылыс институты, Наманган, Өзбекстан

Жұмыста тұрақты коэффициенттерiмен еселi сипаттамалары бар дербес туындылы үшiншi реттi бiр-
тектi емес дифференциалдық теңдеу үшiн тiкбұрышты облыста екiншi шеттiк есеп қарастырылған.
Қойылған есептiң шешiмiнiң жалғыздығы энергия интегралдары әдiсiмен дәлелдендi. Жалғыздық
теоремасының шарттары бұзылған жағдайға қарсы мысал құрастырылды. Айнымалыларды бөлiктеу
әдiсiн қолданып, есептiң шешiмi X(x) және Y (y) екi функцияның көбейтiндiсi ретiнде iзделедi. Y (y)
анықтау үшiн [0, q] сегментiнiң шекараларында екi шекаралық шарттары бар екiншi реттi қарапайым
дифференциалдық теңдеудi аламыз. Бұл есеп үшiн меншiктi мәндерi және оған сәйкес n = 0 және
n ∈ N үшiн меншiктi функциялары табылды. X(x) анықтау үшiн [0, p] сегментiнiң шекараларында
үш шекаралық шарты бар үшiншi реттi қарапайым дифференциалдық теңдеудi аламыз. Көрсетiл-
ген есептiң шешiмi Грин функциясы әдiсi көмегiмен шығарылған. n = 0 үшiн бөлек Грин функциясы
және n натурал сан болған жағдай үшiн бөлек Грин функциясы құрылды.X(x) үшiн шешiм құрылған
Грин функциясы арқылы жазылған. Кейбiр түрлендiрулерден кейiн шешiмi резольвента арқылы жа-
зылған екiншi тектi интегралды Фредгольм теңдеуi алынды. Резольвента мен Грин функциясы үшiн
бағалаулар табылды. Шешiмнiң бiрқалыпты жинақтылығы және берiлген функцияларда кейбiр шар-
ттар үшiн мүшелеп дифференциалдану мүмкiндiгi дәлелдендi. Шешiмнiң бiрқалыпты жинақтылығын
негiздеу кезiнде «кiшi бөлiмнiң» жоқтығы дәлелденген.

Кiлт сөздер: дифференциалдық теңдеу, үшiншi рет, еселi сипаттамалар, екiншi шеттiк есеп, тұрақты
шешiм, жалғыздық, бар болу, Грин функциясы.
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Решение краевой задачи для неоднородного уравнения
третьего порядка с кратными характеристиками

с построением функции Грина

Ю.П. Апаков1,2, Р.А. Умаров2

1Институт математики имени В.И. Романовского АН РУз, Ташкент, Узбекистан;
2Наманганский инженерно-строительный институт, Наманган, Узбекистан

В работе рассмотрена вторая краевая задача в прямоугольной области для неоднородного диффе-
ренциального уравнения в частных производных третьего порядка с постоянными коэффициентами
с кратными характеристиками. Единственность решения поставленной задачи доказана методом ин-
тегралов энергии. Построен контрпример в случае нарушения условий теоремы единственности. Ис-
пользуя метод разделения переменных, решение задачи ищется в виде произведения двух функций
X(x) и Y (y). Для определения Y (y) получаем обыкновенное дифференциальное уравнение второго
порядка с двумя граничными условиями на границах сегмента [0, q]. Для этой задачи найдены соб-
ственные значения и соответствующие им собственные функции при n = 0 и n ∈ N . Для определения
X(x) получаем обыкновенное дифференциальное уравнение третьего порядка с тремя граничными
условиями на границах сегмента [0, p]. Методом функции Грина получено решение указанной задачи.
Были построены отдельная функция Грина для n = 0 и отдельная функция Грина для случая, когда
n – натуральное. Решение для X(x) выписано через построенную функцию Грина. После некоторых
преобразований получено интегральное уравнение Фредгольма второго рода, решение которой вы-
писано через резольвенту. Получены оценки резольвенты и функции Грина. Доказаны равномерная
сходимость решения и возможность его почленного дифференцирования при некоторых условиях на
заданные функции. При обосновании равномерной сходимости решения доказано отсутствие «малого
знаменателя».

Ключевые слова: дифференциальное уравнение, третий порядок, кратные характеристики, вторая
краевая задача, регулярное решение, единственность, существование, функция Грина.

References

1 Yuldashev, T.K. (2014). Obratnaia zadacha dlia odnogo integro-differentsialnogo uravneniia Fred-
golma v chastnykh proizvodnykh tretego poriadka [Inverse problem for one Fredholm integro-
differential equation in third order partial derivatives]. Vestnik Samarskogo gosudarstvennogo
tekhnicheskogo universiteta. Seriia Fiziko-matematicheskie nauki — Bulletin of Samara state
technical university, Series Physical and mathematical sciences, 1(34), 56–65 [in Russian].
https://doi.org/10.14498/vsgtu1299

2 Block, H. (1912). Sur les equations lineaires aux derives parielles a carateristiques multiples. Ark.
Mat., Astron. Fus. Note 1, 7(13), 1–34; Ark. Mat., Astron. Fus. Note 2, 7(21), 1–30; Ark. Mat.,
Astron. Fus. Note 3, 8(23), 1–51.

3 Del Vecchio, E. (1915). Sulle equazioni zxxx − zy + ϕ1 (x, y) = 0, zxxx − zyy + ϕ2 (x, y) = 0.
Memorie R. Accad. Sci. Ser. 2, 66, 1–41.

4 Cattabriga, L. (1961). Potenziali di linea e di dominio per equazioni non paraboliche in due
variabilia caratteristiche multiple. Rendiconti del seminario matimatico della univ. di Padava,
31, 1–45.

5 Dzhuraev, T.D, & Apakov, Yu.P. (2007). Ob avtomodelnom reshenii odnogo uravneniia tretego
poriadka s kratnymi kharakteristikami [On the self-similar solution of a third-order equation
with multiple characteristics]. Vestnik Samarskogo gosudarstvennogo tekhnicheskogo universiteta.
Seriia Fiziko-matematicheskie nauki — Bulletin of Samara state technical university, Series
Physical and mathematical sciences, 2(15), 18–26 [in Russian].

Mathematics Series. No. 2(114)/2024 37

Buk
eto

v U
niv

ers
ity



Yu.P. Apakov, R.A. Umarov

6 Apakov, Yu.P. (2012). O reshenii kraevoi zadachi dlia uravneniia tretego poriadka s kratnymi
kharakteristikami [On the solution of a boundary value problem for a third-order equation with
multiple characteristics]. Ukrainskii matematicheskii zhurnal — Ukrainian mathematical journal,
64(1), 1–11 [in Russian].

7 Yuldashev, T.K., Apakov, Y.P., & Zhuraev, A.Kh. (2021). Boundary value problem for third order
partial integro-differential equation with a degenerate kernel. Lobachevski Journal of Mathematics,
42(6), 1316–1326. https://doi.org/org/10.1134/S1995080221060329

8 Irgashev, B.Y. (2017). On one boundary-value problem for an equation of higher even order. Russ
Math., 61, 10–26. https://doi.org/10.3103/S1066369X1709002X

9 Kozhanov, I., & Potapova, S.V., (2018). Boundary value problems for odd order forward-backward-
type differential equations with two time variables. Siberian Math. J., 59(5), 870–884.
https://doi.org/10.17377/smzh.2018.59.511

10 Sabitov, K.B. (2009). Zadacha Dirikhle dlia uravneniia smeshannogo tipa tretego poriadka [Diri-
chlet problem for a third order mixed type equation]. DAN Rossiiskoi akademii nauk — Reports
of the Russian Academy of Sciences, 427(5), 593–596 [in Russian].

11 Balkizov, Zh.A., & Kadzakov, A.Kh. (2010). O predstavlenii resheniia kraevoi zadachi dlia
neodnorodnogo uravneniia tretego poriadka s kratnymi kharakteristikami [On the representation
of the solution to a boundary value problem for a third-order inhomogeneous equation with
multiple characteristics]. Izvestiia Kabardino-Balkarskogo nauchnogo tsentra Rossiiskoi akademii
nauk — News of the Kabardino-Balkarian Scientific Center of the Russian Academy of Sciences,
4, 64–69 [in Russian].

12 Lukina, G.A. (2011). Kraevye zadachi s integralnymi granichnymi usloviiami dlia linearizovannogo
uravneniia Kortevega – de Friza [Boundary value problems with integral boundary conditions
for the linearized Korteweg – de Vries equation]. Vestnik Yuzhno-Uralskogo gosudarstvennogo
universiteta. Seriia Matematicheskoe modelirovanie i programmirovanie — Bulletin of the South
Ural State University. Series: Mathematical modeling and programming, 17(234), 52–61 [in Russian].

13 Ashyralev, A., Belakroum, K., & Guezane-Lakoud, A.(2017). Stability of boundary-value problems
for third-order partial differential equations. Electronic Journal of Differential Equations, 2017(53),
1–11.

14 Ashyralyev, A., Ashyralyyev, A., & Abdalmohammed, B. (2023). On the hyperbolic type differen-
tial equation with time involution. Bulletin of the Karaganda University. Mathematics series,
1(109), 38–47. https://doi.org/10.31489/2023M1/38-47

15 Kozhanov, A.I., & Diuzheva, A.V. (2020). Nelokalnye zadachi s integralnym usloviem dlia differen-
tsialnykh uravnenii tretego poriadka [Nonlocal problems with an integral condition for third-order
differential equations]. Vestnik Samarskogo gosudarstvennogo tekhnicheskogo universiteta. Seriia
Fiziko-matematicheskie nauki — Bulletin of Samara State Technical University. Series Physical
and Mathematical Sciences, 24(4), 607–620 [in Russian]. https://doi.org/10.14498/vsgtu1821

16 Apakov, Y.P., & Zhuraev, A.K. (2019). Third Boundary-Value Problem for a Third-Order Differen-
tial Equation with Multiple Characteristics. Ukr. Math. J., 70, 1467–1476. https://doi.org/10.1007/
s11253-019-01580-4

17 Abdullaev, O.K., & Matchanova, A.A. (2022). On a problem for the third order equation with
parabolic-hyperbolic operator including a fractional derivative. Lobachevskii J. Math., 43, 275–
283. https://doi.org/10.1134/s199508022205002x

18 Zikirov, O.S. (2014). Dirichlet problem for third-order hyperbolic equations. Russ. Math., 58,
53–60. https://doi.org/10.3103/S1066369X14070068

19 Yuldashev, T.K. (2015). On Fredholm partial integro-differential equation of the third order.

38 Bulletin of the Karaganda University

Buk
eto

v U
niv

ers
ity



Solution of a boundary ...

Russ. Math., 59(9), 62–66. https://doi.org/10.3103/S1066369X15090091
20 Yuldashev, T.K., Islomov, B.I., & Alikulov, E.K. (2020). Boundary-value problems for loaded

third-order parabolic- hyperbolic equations in infinite three-dimensional domains. Lobachevskii
J. Math., 41, 926–944. https://doi.org/10.1134/S1995080220050145

21 Apakov, Y.P., & Hamitov, A.A. (2023). On solution of the boundary value problems posed
for an equation with the third-order multiple characteristics in semi-bounded domains in three
dimensional space. Bol. Soc. Mat. Mex., 29(58), 4–14.
https://doi.org/10.1007/s40590-023-00523-1

22 Irgashev, B.Yu. (2022). A Boundary Value Problem with Conjugation Conditions for a Degenerate
Equation with the Caputo Fractional Derivative. Russian mathematics, 66(4), 24–31.
https://doi.org/10.3103/S1066369X2204003X

23 Apakov, Y.P., & Meliquzieva, D.M. (2023). On a boundary problem for the fourth order equation
with the third derivative with respect to time. Bulletin of the Karaganda University. Mathematics
series, 4(112), 30–40. https://doi.org/10.31489/2023M4/30-40

24 Apakov, Y.P., & Umarov, R.A. (2022). Solution of the Boundary Value Problem for a Third
Order Equation with Little Terms. Construction of the Green’s Function. Lobachevskii Journal
of Mathematics, 43(3), 738–748. https://doi.org/10.1134/S199508022206004X

25 Apakov, Y.P., & Umarov, R.A. (2023). Construction of the Solution of a Boundary-Value Problem
for the Third-Order Equation with Lower Terms with the Help of the Green Function. Journal
of Mathematical Sciences, 274(6), 807–821. https://doi.org/10.1007/s10958-023-06644-2

Author Information∗

Yusupjon Pulatovich Apakov — Doctor of physical and mathematical sciences, Professor,
Leading Researcher, V.I. Romanovskiy Institute of Mathematics of the Academy of Sciences of Uzbekistan,
4-B University str., Tashkent, 100174, Uzbekistan; Professor, Namangan Engineering-Construction
Institute, 12 Islam Karimov str., Namangan, 160103, Uzbekistan; e-mail: yusupjonapakov@gmail.com;
https://orcid.org/0000-0001-8805-8917

Raxmatilla Akramovich Umarov (corresponding author) — PhD student, Namangan Engineering-
Construction Institute, 12 Islam Karimov str., Namangan, 160103, Uzbekistan; e-mail:
r.umarov1975@mail.ru; https://orcid.org/0009-0004-4778-444

∗The author’s name is presented in the order: First, Middle and Last Names.

Mathematics Series. No. 2(114)/2024 39

Buk
eto

v U
niv

ers
ity




