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On a characteristic problem for a loaded hyperbolic eq

of the one dimensional wave equation belonging to any of the pair of intersecting straight impose
certain conditions at the boundary points on function presenting Cauchy data an d
first, second and third orders we can prove the existence and uniqueness of the proble roof of the
existence and uniqueness of the solution follows directly from the method of its . consider
also issues concerning domains of dependence, influence, and definition: uchy at are specified
on one of the characteristic curves. The above verifies once more the thes i encing on posing of
various initial - boundary value problem for partial differential equations.
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Introduc

A .M. Nakhushev first made the most general defi

| oaded equation in [1]. In [2] he had introduced
concepts and a detailed classification for various loaded eq

ations: loaded differential, loaded integral, loaded

owledge some of the proceedings [3-6]. Together
with A.M. Nakhushev and his successo stematic researches and significant contribution to the

and inhomogeneous boundary va
as well as the spectral issue
respect to the space variab
devoted to uniqueness clas

rresponding homogeneous problems, when the load is specified with
oad point moves at constant and variable speeds. Works [19-21] are
tion of the Cauchy problem and non-trivial solutions of the homogeneous
] isses of loaded differential equations and linear loaded systems of the first order.
The Cauchy p ‘ he Cauchy-Dirichlet problem for a spectrally loaded parabolic equation with a
i i are investigated in [22, 23].

on the convergence of spectral expansions for operators is considered in [24].

ursat problem for second-order strictly and weakly hyperbolic equations with two indepen-
ari ishinvestigated, where it is shown that the load allows eliminating the inequality between
el t are data in the Goursat problem.

paper considers the following loaded equation

Ugy — Uyy = Au(T + vy, 0) + pu(z —y, 0), (1)

where A, p are arbitrary real constants.
Using characteristic variables £ =z —y, 7 =z + y equation (1) has the form

veq = Juln, m) + Bote, ), ©)

— (&t 0=
where v(€,n) = u (5—271, 172—5>
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By (2) it follows that

13
ol6m) = £6) + a0+ 3¢ [ oo+ Sy oo )

where f(§), g(n) are arbitrary smooth enough functions.
As n = ¢ by (3) obtain

i 6_%52 év —6_%52
z [ / (m)dt] = € [1(9) + g(0).

Hence
€ € A p2 42
/ o(t, £)dt = / AEEE) [£(1) + g(1)] di. z)
0 0

Substituting into (3) instead of integrals values obtained using formula (4) and moving
we get

_ _ A o 2 [(aty)?—12)
wz,y) =@ =y +gl@+y)+ 3@y | ¢’
z—y
ey [P+ 6
0
Formula (5) is an analogue of d’Alembert formula for equation (1) as A = p = 0 coincides

with the d’Alembert formula for equation (1) as A = p = 0.
Assume Q ={(z,y): 0<z+y<1l, 0<z—y<1} isachJc
Cauchy problem. In the domain € find a regular solution

satisfying the conditions

x, gy coordinates

istic quadrllateral

where p(z), ¥ (x) — are specified functions.
It is well known that as A = p = 0 this p
for its solvability is

)—¥(0), 0<z <1

If the above condition is satisfied ion u(x,y) is a solution to problem (6), (7) for equation (1) and

has the form
= flx—y) = f(0) + ¢(z +y),

where f is an arbitrary twicé co ly differentiable function.

The following theorem is valid.

Theorem. Assume (J)NCA(J), ¢ € C?(J) N C3(J) and the coordination conditions
©(0) = ¥(0) = ¢'(0) = 0, (8)
¢"(0) —¢'(0) =0, (9)
¢"(0) =" (0) = 0. (10)
n solution for the Cauchy problem exists, is unique and representable in the form of

o) = 3 @ =) =¥ =] - (0= 2520 e = )~ via )+

+a@—y) (@ +y) — Y@ +y]+e@+y) —el@—y). (11)
Indeed the function u(z,y) is a solution to the Cauchy problem if and only if it is representable as (5).
Therefore, by substituting (5) into (6) and (7), we can get

f(0) +g(x) = o(), (12)

7(0) +¢'@) / (1) + g(0)) di-
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~La[£(0) + 9(0)) = v(a). (13)
Taking into account (8) from (12) and (13) it is clear that

f(0)+9(0) =0, f/(0)=0
Hence, by (12) and (13) we have

9(x) = ¢(x) — £(0), (14)
Toatu 2242 4
| D0 + g0l = § I @) - wla)
0
By differentiation of (15) with respect to = and subtracting identity (15), previously mul@

can get \
4
1@+ 9(@) =  [6"(@) - ¥ @) - el @) -
or
4 A
F@) = £(0) = ple) + S [¢"(2) - v'(@)] - e [¢'(2) -
Substituting the obtained values into f(x) and g(x) in (5) and taking i ) when calculating

the last two terms of formula (5), and after simple conversions we arriv
Substitution into equation (1) ensures us that the function u(z,y) calc

to (1). It is easy to check that under conditions (8)—(10) the function u(z,y)
Note that the Cauchy problem as A = 0 is not a well posed

mula (11) is the solution
isfies conditions (6), (7).

is necessary and sufficient for the solvability of the probl
the Cauchy problem is

u(z,y) = fz —y) — F(0) + plz +y) +.L [F(8) = £(0) + (1)) e £ [e=0* gy,

0
@ ablefunction.

quation (1) then problem

where f — is an arbitrary twice continuou
If we make a replacement u(x,y) =

5 )=o), 0<a<1, (16)
s (5 —g) — @) 0Lz <1, (17)

becomes the problem
T x
= 90( )’ Uy (57 5) = —w(l')

for the equation v(x+y, 0)+ )\v( -y, 0).
Therefore, hat p # 0 and

=0; @0 +¥(0)=0;  ¢"(0)+¥"(0) =0,

e problem is representable as

o) = {1 =)+ 0] (2 252 ) )+ vte -]+

Haz -y '@ +y) +d@+y]+el@+y) - el -y)
This implies the solution to problem (16), (17) for equation (1) casts into the form

o) = 51" )+ 0okl = (o 22 ) o ) 4 oo+ )+
Ha+y [P @ —y) +v@ -yl +e@-y) —el@+y). (18)
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It is known [28] that in case with three spatial variables corresponding to the Cauchy problem a wave is
completely determined by the Cauchy data on a sphere. This fact in the theory of sound is called Huygens
principle. We also know that with two spatial variables in wave processes the Huygens principle does not hold
since to determine the wave the Cauchy data must be specified not only on the circle but also at all points of
the corresponding circle. In the case of one variable, to determine the value of the oscillation at the point (x,y),
one of the components of the Cauchy data must be set on the segment boundary [x — y, x + y], and the second
at all points of this segment.

The idea is that to determine u(x,y) at the point (x,y) in formulas (11), (18) you need to know the
data only on the segment boundary [z — y,z + y]. That is, we can say that there is a one-dimensional
for the Huygens principle.
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2KykTenreH ruriepooJt HJIey YIOiH
O0ip cunmarrama, I 2Kalabl

01 i TeHIeyi 6OJIATHIH YKYKTEJIreH TUIIEPOOIATBIK,

TapJda TYPAKTbI KbLJITaMIBIKIICH KUbLIbICATHIH

Byt »)xkymbicTa 6acTbl 6GeJtiri mekTiH Tepbeticisi

CUNIATTAYIIBI YKYITAPLIHBIH OOUbIHA €O bIH PKYKTeMeHiH eki mykreci Gap. OcbiHnail Tenguey
yiriH GipeJsimiem/i mekTiH Tepbesticiin UIATTAYIIBLIAPBI OOJIBIIT TAOBIIATHIH KUbIIBICATHIH TY-
3yJIEPiH K€3 KeJINEH YKYOBIHBIH 1€ en Ko ecebin 3eprrey »xyprisingi. Kommn nepexrepin 6eperin

dyHKIUAFa HYKTEJIIK CUIIATTATbI
KONBbLIFaH ecenTiy 6ap 6oty
Temymiy 6ap GoIybI 2KOH
cumaTTaymbIa OepieTif,

TH JI9JIEJIIey OHBI aJIy 9ICiHIH o3iHeH mbiFaabl. COHbIMEH Koca 6ip
E€KTEPIiHIH TOYeIiTiK, 9Cep €Ty YKOHEe aHBIKTAJy OOJIBICTAPBIMEH Oaii-

Kiam coe30;
TOYyeJICi3 OJIBI

6eb1, )KYKTeMeJIl TeH ey, MeKTiH Tepbestic TeHaeyi, cuuaTrTamMastap, 9cep eTy OOJbICHI,

A.X. ArTaen

O06 omHOIT XapaKTepUCTUYECKOI 3aaave JIJjIs
HArpy>keHHOT'0 TUepO0oJIMIecKOro ypaBHEHUd

OOGBEKTOM HCCIIEIOBAHUS CTAThU SIBJISIETCsI HAIPY?KEHHOE THIIepOOJINYIECKOe ypaBHEHNE, TJIABHAs 9acTh KO-
TOPOTO IIPEJICTaBIIsIeT COOOM OJHOMEPHOE ypaBHeHNe KOoebaHus CTPYHbI. B HArpY KEHHBIX CIaraeMbIX IIPH-
CYTCTBYIOT JIB€ TOYKHU Harpy3KH, KOTOPbIE PACIPOCTPAHAIOTCA COOTBETCTBEHHO B/I0JIb IIaPhl IePeCeKaIOMIIX-
Cs XapaKTEPUCTUK C IIOCTOSHHON CKOPOCTBhIO. [ TaKOro ypaBHEHHS IPOBONUTCS WCCIIETOBAHUE 3aaYUU
Komm ¢ mannpiMu Ha 110601 13 APl IEPECEKAIOIIMXCS IPSIMBIX, SIBJISIOIINXCS XapaKTEPUCTUKAMA yPaB-
HEHUs KOJIeOaHUsT OMHOMEPHOU CTpyHBI. [Ipn ompe e leHHbIX YCIOBUSAX TOYEIHOTO XapaKTepa Ha DYHKIUH,
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3ajatomue mpaHable Ko u Mpon3BOAHBIE IEPBOTO, BTOPOTO M TPETHETO MOPSIIKOB OT HUX, JOKA3BIBAETCS
CYIIECTBOBAHHUE U €JMHCTBEHHOCTH IIOCTABJIEHHON 3a/1a491, & IIPEJCTABJIEHUE CAMOI'0 PEIIEHUs BBIITUCHIBAET-
cs B ABHOM BHJE. J0Ka3aTeIbCTBO CYIIECTBOBAHUS U €JUHCTBEHHOCTH PEIIEHUs HEIIOCPEICTBEHHO CJIELyeT
13 caMoro crocoba ero mnosrydeHust. Takrke 3aTparuBaiOTCs BOIPOCHI, CBA3AHHDBIE C OOJIACTSIME 3aBUCHMO-
CTH, BJIMSHUS U OIPEJEJeHUs JJaHHbIX Korm, 3ajaBaeMbiXx HA OJHON U3 XapaKTEPUCTUK. DTUM CAMBIM
B O4epeJHON pa3 MmoJTBepKaercs Te3uc 06 3dderre BIMsAHAS HAIPY3KU HA [TOCTAHOBKY TEX WJIM WHBIX
HaYAJIbHO-KPAEBBIX 33129 JIJIs HATPYKEHHBIX MM dEePEHITNATBHBIX YPABHEHUI C YaCTHBIMU TPONU3BOTHBIMU.

Kmouesvie crosa: 3amada Ko, HarpykeHnoe ypaBHeHNe, YpaBHEHNE KOJIeOAHNUsT CTPYHBI, XapaKTEPUCT
KM, 00JIACTD BJIMSIHUS, 00JIACTHh 3aBUCHMOCTH.
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