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The first with displacement problem for a third-order
parabolic-hyperbolic equation and the effect of inequality
of characteristics as data carriers of the Tricomi problem

As part of this scientific work, we study a displacement boundary value problem for a third-order parabolic-
hyperbolic type equation with a third-order parabolic equation backward in time and a wave equation in
the domain of hyperbolicity. As one of the boundary conditions we have a linear combination including
variable coefficients of the sought function on the characteristic lines AC and BC. The present paper
reports following results: inequality between characteristics of AC and BC lines limiting the hyperbolic
part Ω1 of the domain Ω as carriers of data for the Tricomi problem as 0 ≤ x ≤ 2π, as a matter of fact, the
solvability of the Tricomi problem with data on the characteristic line BC does not imply the solvability
of the Tricomi problem with data on the AC; necessary and sufficient conditions for the existence and
uniqueness of a regular solution to the problem under study are found. Under certain conditions for the
given functions, the solution to the problem under study is written out explicitly. It is shown that under
violation of the necessary conditions established in this paper the homogeneous problem has innumerable
linearly independent solutions, while the set of solutions to the corresponding inhomogeneous problem can
exist only with additional conditions.

Keywords: mixed type equation, third-order parabolic-hyperbolic equation, Tricomi problem, Tricomi method,
first with displacement problem, Green’s function, Fredholm’s integral equation of the second kind.

Problem Statement. Results Summary

In a Euclidean plane with independent variables xand y consider the equation

0 =

{
uxx − uyy − f1, y < 0,
uxxx + uy − f2, y > 0,

(1)

where f1 = f1 (x, y), f2 = f2 (x, y) – are specified functions, u = u (x, y) – is a sought function.
Equation (1) as y < 0 coincides with the inhomogeneous wave equation

uxx − uyy = f1 (x, y) , (2)

while as y > 0 it coincides with the backward in time nonhomogeneous equation

uxxx + uy = f2 (x, y) , (3)

of the third order with multiple characteristics [1; 9] of the parabolic type [2; 72].
Equation (1) is considered in the domain Ω, bounded by characteristic lines AC : x + y = 0

and CB : x− y = 2π of equation (2) as y < 0 starting at the point C = (π,−π) and passing through
the points A = (0, 0) and B = (2π, 0) respectively, and by a rectangle with vertices at A, B, A0 = (0, h),
B0 = (2π, h), h > 0, as y > 0. Denote Ω1 = Ω∩ {y < 0}, Ω2 = Ω∩ {y > 0}, J = {(x, 0) : 0 < x < r},
Ω = Ω1 ∪ Ω2 ∪ J .

Assume that a regular solution to equation (1) in the domain Ω is the function u = u (x, y) of the
class C

(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1) ∩ C3

x (Ω2), ux, uy ∈ L1 (J) satisfying equation (1).
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The first with displacement problem...

Problem 1. Find a regular solution to equation (1) in the domain Ω satisfying the conditions

u (0, y) = ϕ1 (y) , u (2π, y) = ϕ2 (y) , ux (2π, y) = ϕ3 (y) , 0 ≤ y < h, (4)

α (x)u [θ0 (x)] + β (x)u [θπ (x)] = ψ (x) , 0 ≤ x ≤ 2π, (5)

where θ0 (x) =
(
x
2 ; −x

2

)
, θπ (x) =

(
x
2 + π; x

2 − π
)

– are the points for intersection of the
characteristic lines of equation (2), starting at (x, 0) with characteristics of AC and BC
respectively; ϕ1 (y), ϕ2 (y), ϕ3 (y); α (x), β (x), ψ (x) – are the specified functions and what is more
α2 (x) + β2 (x) 6= 0 ∀ x ∈ [0, 2π].

Formulated problem (1), (4), (5) belongs to the class of A.M. Nakhushev nonlocal boundary value
problems with displacement [3].

For the first time, a problem with a boundary condition relating the values of the desired function on
two characteristic lines from different families in the hyperbolic part of the domain for the Lavrentiev-
Bitsadze equation was formulated and studied in [4].

The concept for a boundary value problem with displacement was introduced in [5], [6], and a
number of nonlocal boundary value problems with various types of displacements were studied for
hyperbolic, degenerate hyperbolic, and mixed type equations. In particular, the posing of the first
Darboux problem for wave equation (2) with an initial condition

u (x, 0) = τ (x) , 0 ≤ x ≤ 1 (6)

and non-local condition (5) was generalized in [5]. It was shown that the conditions: α2 (1)+β2 (0) 6= 0,
α (x) 6= β (x) ∀ x ∈ [0, 1], α (x) , β (x) , τ (x) , ψ (x) ∈ C [0, 1]∩C2 ]0, 1[ for the given functions α (x) ,
β (x) , τ (x) , ψ (x) ensures the correctness of the investigated problem with displacement.

In [6], a method of posing of the nonlocal displacement boundary value problems for a degenerate
hyperbolic equation of the form

(−y)m uxx − uyy = 0, m = const > 0 (7)

with the Riemann-Liouville fractional operator. Criteria were found for the unique solvability of the
problem with conditions (6) and

α (x)D1−ε
0x u [θ0 (x)] + β (x)D1−ε

xr u [θr (x)] = ψ (x) , 0 < x < r

for equation (7), where θ0 (x), θr (x) were defined as the intersection points of the characteristic lines
of equation (7), as above, and what is more 2 (m+ 2) ε = m.

In [7], the first and second Darboux problems were studied for the class of degenerate hyperbolic
equations. Sufficient conditions for the given functions providing solvability to the problems were
established. It was also shown that the Darboux problem with the following data:

uy (x, 0) = ν (x) , u (x, y) |AC = ψ (x) , 0 < x < r

is well posed for the equation
y2uxx − uyy + ux = 0, (8)

considered in the domain D, bounded by the characteristic lines

AC : 2x− y2 = 0, BC : 2x+ y2 = 2r, 0 ≤ x ≤ r

and the segment I ≡ AB of the straight line y = 0.

uy (x, 0) = ν (x) , u (x, y) |AC = ψ (x) , 0 < x < r.
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At the same time, the homogeneous Darboux problem for equation (8) with

uy (x, 0) = 0, u (x, y) |BC = 0, 0 < x < r

has nonzero solutions of the form u (x, y) = g
(
x+ 1

2 y
2
)
−g (r), where g = g (x) is an arbitrary function

of the class g (x) ∈ C1
[
r
2 , r

]
∩ C2

]
r
2 , r

[
, which indicates the inequality between characteristic lines

AC and BC as data carriers of the second Darboux problem for the equation (8) .
The displacement boundary value problems have found their important application in mathematical

modeling of biological processes, and transonic gas dynamics. Similar nonlocal boundary conditions
arise in the study of heat and mass transfer in capillary-porous bodies, in the mathematical modeling of
gas dynamics and nonlocal physical processes, in the study of cell propagation processes, in the theory of
electromagnetic field propagation into inhomogeneous medium [2, 8, 9]. Comprehensive bibliographies
of scientific literature devoted to the study of boundary value problems with displacements is presented
in [3], [10–18], as well as in thesis [19–23].

The displacement boundary value problem with condition (5) for a second-order parabolic-hyperbolic
type equation with a heat equation in the parabolic domain was studied in [24]; also a necessary and
sufficient condition for the existence of a unique regular solution to the problem under study was found.

In this paper, we study a displacement boundary value problem for a third-order parabolic-
hyperbolic type equation (1) with a third-order parabolic equation backward in time and a wave
equation in the domain of hyperbolicity. As one of the boundary conditions we have a linear combination
including variable coefficients of the sought function on the characteristic lines AC and BC. The
present paper reports following results: inequality between characteristics of AC and BC lines limiting
the hyperbolic part Ω1 of the domain Ω as carriers of data for the Tricomi problem as 0 ≤ x ≤ 2π.
As a matter of fact, the solvability of the Tricomi problem with data on the characteristic line BC
does not imply the solvability of the Tricomi problem with data on the AC. Necessary and sufficient
conditions for the existence and uniqueness of a regular solution to the problem under study are found.
Under certain conditions for the given functions, the solution to the problem under study is written
out explicitly. It is shown that under violation of the necessary conditions established in this paper
the homogeneous problem has innumerable linearly independent solutions, while the set of solutions
to the corresponding inhomogeneous problem can exist only with additional conditions. Among the
works closely related to our research there are [25–31].

Problem 1 as α (x) ≡ 0

The study of problem 1 we begin as α (x) ≡ 0, β (x) 6= 0 ∀ x ∈ [0, 2π]. The following theorem is
true.

Theorem 1. Assume that for the given functions α (x), β (x), ψ (x), ϕi (y) , i = 1, 3, f1 (x, y) and
f2 (x, y)

α (x) ≡ 0, β (x) 6= 0 ∀ x ∈ [0, 2π] , (9)

β (x) , ψ (x) ∈ C1 [0, 2π] , (10)

ϕ1 (y) , ϕ2 (y) , ϕ3 (y) ∈ C [0, h] , (11)

f1 (x, y) ∈ C
(
Ω̄1

)
, f2 (x, y) ∈ C

(
Ω̄2

)
. (12)

be satisfied.
Therefore there exists a unique solution to problem 1.
Indeed, let there exist a solution to problem (1), (4), (5) and let

u (x, 0) = τ (x) , 0 ≤ x ≤ 2π; uy (x, 0) = ν (x) , 0 < x < 2π. (13)
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Passing to the limit as y → +0 in the equation (1), accepting notation (13), we obtain the first
basic relation between τ (x) and ν (x), transferred from the parabolic domain Ω2 to the line y = 0:

τ ′′′ (x) + ν (x) = f2 (x, 0) , 0 < x < 2π. (14)

Employing boundary conditions (4) as y → +0 we can get

τ (0) = ϕ1 (0) , τ (2π) = ϕ2 (0) , τ ′ (2π) = ϕ3 (0) . (15)

Next we can find basic relation between τ (x) and ν (x), transferred from the hyperbolic part Ω1 of
the domain Ω to the line of the type changing y = 0. Let condition (9) of Theorem 1 be satisfied. In
this case, the studied problem (1), (4), (5) becomes one of the analogues of the Tricomi problem for
equation (1) with (4) and

u (x, y) |BC = u [θπ (x)] =
ψ (x)

β (x)
, 0 ≤ x ≤ 2π. (16)

To find the relationship between τ (x) and ν (x) let us use representation of the solution to problem
(13) for equation (2) [32; 59]:

u (x, y) =
τ (x+ y) + τ (x− y)

2
+

1

2

x+y∫
x−y

ν (t) dt− 1

2

y∫
0

x+y−s∫
x−y+s

f1 (t, s) dtds. (17)

By formulae (17) we can find:

u [θπ (x)] = u

(
x+ 2π

2
,
x− 2π

2

)
=
τ (2π) + τ (x)

2
− 1

2

2π∫
x

ν (t) dt+
1

2

0∫
x
2
−π

x−s∫
2π+s

f1 (t, s) dt ds. (18)

Substituting value u [θπ (x)] from (18) into (16) we can get

τ (2π) + τ (x)−
2π∫
x

ν (t) dt+

0∫
x
2
−π

x−s∫
2π+s

f1 (t, s) dt ds =
2ψ (x)

β (x)
,

hence

ν (x) = −τ ′ (x) +

(
2ψ (x)

β (x)

)′
−

0∫
x
2
−π

f1 (x− s, s) ds. (19)

Relation (19) is the basic relation between the sought functions τ (x) and ν (x) transferred
from the hyperbolic part Ω1 of the domain Ω to the line y = 0 of the type changing of equation (1) as
α (x) ≡ 0, β (x) 6= 0 ∀ x ∈ [0, 2π].

By relations (14) and (19) for the sought function τ = τ (x) we arrive at the finding a solution to
the equation

τ ′′′ (x)− τ ′ (x) = f2 (x, 0) +

0∫
x
2
−π

f1 (x− s, s) ds−
(

2ψ (x)

β (x)

)′
, 0 < x < 2π, (20)
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satisfying conditions (15). A solution to problem (20), (15), under conditions (9)–(12) for given
functions exists, is unique, and can be written out by the formula:

τ (x) =
1

4π2

(2π − x)2 + 2

2π∫
0

G (x, t) (t− 2π) dt

ϕ1 (0) +

+
1

4π2

x (4π − x)− 2

2π∫
0

G (x, t) (t− 2π) dt

ϕ2 (0) +

+
1

2π

x (x− 2π) + 2

2π∫
0

G (x, t) (t− π) dt

ϕ3 (0) +

2π∫
0

G (x, t) f2 (t, 0) dt+

+

2π∫
0

G (x, t)

0∫
t
2
−π

f1 (t− s, s) ds dt− 2

2π∫
0

G (x, t)

(
ψ (t)

β (t)

)′
dt,

whereG (x, t) = − 1
1−ch(2π)

{
(1− ch t) (1− ch (2π − x))− (1− ch (x− t)) (1− ch (2π)) , 0 ≤ x < t,
(1− ch t) (1− ch (2π − x)) , t < x ≤ 2π.

Problem 1 as β (x) ≡ 0

Assume that further specified functions α (x) and β (x) are such that

β (x) ≡ 0, α (x) 6= 0 ∀ x ∈ [0, 2π] . (21)

The following theorem is true.
Theorem 2. Let condition (21) be satisfied for the given functions α (x) and β (x), and

α (x) ∈ C1 [0, 2π]. This implies that the homogeneous problem corresponding to the problem under
study 1 has innumerable linearly independent solutions, while the inhomogeneous problem (1), (4), (5)
is solvable if and only if the additional condition is satisfied.

Indeed let condition (21) be satisfied for α (x) and β (x). Then problem 1 becomes the Tricomi
problem for equation (1) with conditions (4) and

u (x, y) |AC = u [θ0 (x)] =
ψ (x)

α (x)
, 0 ≤ x ≤ 2π. (22)

By (17) with condition (22) we can find:

u [θ0 (x)] = u
(x

2
, −x

2

)
=
τ (0) + τ (x)

2
+

1

2

0∫
x

ν (t) dt− 1

2

−x/2∫
0

−s∫
x+s

f1 (t, s) dtds. (23)

Substituting value u [θ0 (x)] from (23) into condition (22) using differentiation, we arrive at a fundamental
relation

ν (x) = τ ′ (x)−
0∫

−x/2

f1 (x+ s, s) ds− 2

(
ψ (x)

α (x)

)′
. (24)

Taking out the function ν (x) from (14) and (24) we can find a solution to the equation
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τ ′′′ (x) + τ ′ (x) = F (x) , (25)

satisfying conditions (15), where F (x) = f2 (x, 0) +
0∫

−x/2
f1 (x+ s, s) ds+ 2

(
ψ(x)
α(x)

)′
.

Problem (25), (15) corresponds to the homogeneous problem

τ ′′′ (x) + τ ′ (x) = 0, (26)

τ (0) = 0, τ (2π) = 0, τ ′ (2π) = 0. (27)

The homogeneous problem (26), (27) corresponding to problem (25), (15) has the nonzero solution

τ (x) = c (1− cosx) , c = const.

The solution to the inhomogeneous problem (25), (15) in this case exists only under the additional
condition for the given functions

ϕ2 (0)− ϕ1 (0) =

2π∫
0

(1− cos t)F (t) dt. (28)

If condition (28) is satisfied, then the set of solutions to problem (25), (15) is written out by the
formula:

τ (x) =

x∫
0

[1− cosx cos t]F (t) dt+

2π∫
x

sinx sin t F (t) dt+ ϕ1 (0) cosx+ ϕ3 (0) + c (1− cosx) .

It follows from the above that the characteristic lines AC and BC limiting the hyperbolic part Ω1 of
the domain Ω are not equal as carriers of data for the Tricomi problem as 0 ≤ x ≤ 2π . And generally
speaking, the solvability of the Tricomi problem with data on the characteristic line BC does not imply
the solvability of the Tricomi problem with data on AC.

Mean value theorem

Now find in general the basic relationship between τ (x) and ν (x) transferred from the hyperbolic
part Ω1 of the domain Ω on the line of type changing y = 0. For this purpose, prove the following
lemma (theorem) on the mean value for an inhomogeneous one-dimensional wave equation (2).

Lemma 1. Any regular solution to equation (2) satisfying the condition u (x, 0) = τ (x) possesses
the following property

u [θ0 (x)] + u [θπ (x)] = u (x, 0) + u (π,−π) +
1

2

0∫
−π

2π+s∫
−s

f1 (t, s) dtds−

−1

2

0∫
x
2
−π

2π+s∫
x−s

f1 (t, s) dtds− 1

2

0∫
−x/2

x+s∫
−s

f1 (t, s) dtds. (29)

Indeed, taking into account formulas (18) and (23), we find

u [θ0 (x)] + u [θπ (x)] = τ (x) +
τ (0) + τ (2π)

2
− 1

2

2π∫
0

ν (t) dt−
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−1

2

x
2
−π∫

0

x−s∫
2π+s

f1 (t, s) dtds− 1

2

−x/2∫
0

−s∫
x+s

f1 (t, s) dtds. (30)

By (17) as (x, y) = (π,−π) it is easy to show that

τ (0) + τ (2π)

2
− 1

2

2π∫
0

ν (t) dt = u (π,−π) +
1

2

−π∫
0

−s∫
2π+s

f (t, s) dtds. (31)

By (30) and (31) we arrive at (29).
Now we employ formula (29) to take forward steps. Find the value of u (π; −π). Using boundary

condition (5) as x = 0 and in view of the first condition of (15), we find

α (0)ϕ1 (0) + β (0)u (π;−π) = ψ (0) ,

whence as β (0) 6= 0 find

u (π;−π) =
ψ (0)− α (0)ϕ1 (0)

β (0)
. (32)

Similarly as x = 2π and α (2π) 6= 0 by (5) and (15) find

u (π;−π) =
ψ (2π)− β (2π)ϕ2 (0)

α (2π)
. (33)

Thus, if α2 (2π) + β2 (0) 6= 0, the value of the sought function u (x, y) at the point C = (π; −π) is
found by formulas (32) or (33). Assume, for example, that α (2π) 6= 0. Therefore, equality (29) can be
rewritten as follows

u [θ0 (x)] + u [θπ (x)] = τ (x) + F1 (x) , (34)

where F1 (x) = ψ(2π)−β(2π)ϕ2(0)
α(2π) + 1

2

(
0∫
−π

2π+s∫
−s
−

0∫
x
2
−π

2π+s∫
x−s
−

0∫
−x/2

x+s∫
−s

)
f1 (t, s) dtds.

Problem 1 as α (x) ≡ β (x)

Next consider the case as α (x) ≡ β (x) ∀x ∈ [0, r]. The following theorem is true.
Theorem 3. Let the given functions ϕ1 (y), ϕ2 (y), ϕ3 (y); α (x), β (x), ψ (x); f1 (x, y), f2 (x, y) be

such that :
α (x) ≡ β (x) 6= 0, ∀ x ∈ [0, 2π] , (35)

α2 (0) + α2 (2π) 6= 0; (36)

ϕ1 (y) , ϕ2 (y) , ϕ3 (y) ∈ C [0, h] ∩ C1 ]0, h[ ; (37)

α (x) , ψ (x) ∈ C1 [0, 2π] ∩ C3 ]0, 2π[ ; (38)

f1 (x, y) ∈ C1
(
Ω̄1

)
, f2 (x, y) ∈ C

(
Ω̄2

)
. (39)

Then there exists a unique solution to Problem 1 that is regular in the domain Ω.
Indeed, by (5) in view of (34) and (35) find

τ (x) =
ψ (x)

α (x)
− F1 (x) .
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Whence under conditions (38), (39) by (14) we have

ν (x) = f2 (x, 0)− τ ′′′ (x) = f2 (x, 0)−
(
ψ (x)

α (x)
− F1 (x)

)′′′
.

With values found for τ (x) and ν (x) the solution to the initial problem (1), (4), (5) in the domain Ω1

is written out by formula (17). While the solution to the boundary value problem in the domain Ω2

for equation (3) with boundary conditions (4) and initial condition u (x, 0) = τ (x) is written out as
below:

u (x, y) =
1

π


y∫

0

G (x,−y; 0,−η) ϕ3 (η) dη −
y∫

0

Gξξ (x,−y; 0,−η)ϕ1 (η) dη +

+

y∫
0

Gξξ (x,−y; r,−η)ϕ2 (η) dη +

2π∫
0

G (x,−y; ξ, 0) τ (ξ) dξ +

y∫
0

r∫
0

G (x,−y; ξ,−η) f (ξ, η) dξdη

 ,

(40)
where G (x, y; ξ, η) = U (x, y; ξ, η)−W (x, y; ξ, η) – Green’s function of the operator, U (x, y; ξ, η)
and W (x, y; ξ, η) are fundamental solutions to equation (2) [1; 135].

Thus, in contrast to the problem with conditions (5) and for a strictly hyperbolic equation (2) [6]
the problem with displacement (4) - (5) for equation (1) is uniquely solvable even as α (x) ≡ β (x) 6= 0
∀ x ∈ [0, 2π] with the functions ϕ1 (y), ϕ2 (y), ϕ3 (y); α (x), β (x), ψ (x); f1 (x, y), f2 (x, y) possessing
properties (36)–(39).

Problem 1, general case

Further assume that α (x) 6= β (x) ∀x ∈ [0, 2π]. The following uniqueness theorem holds for a
regular solution to the problem (1), (4), (5).

Theorem 4. Let the following conditions:

α (x) , β (x) ∈ C1 [0, 2π] (41)

α2 (x) + β2 (x) 6= 0 ∀ x ∈ [0, 2π] , (42)

α2 (2π) + β2 (0) 6= 0, (43)

α (x) 6= β (x) ∀ x ∈ [0, 2π] (44)[
α (x) + β (x)

α (x)− β (x)

]′
> 0 ∀ x ∈ [0, 2π] . (45)

be satisfied for the given functions α (x) and β (x) .
Then the solution to problem 1 is unique within the required class.

Proof. Under condition (44) of (5) and (34) arrive at the following system of linear algebraic equations{
u [θ0 (x)] + u [θπ (x)] = τ (x) + F1 (x) ,
α (x)u [θ0 (x)] + β (x)u [θπ (x)] = ψ (x)

(46)

for the unknown u [θ0 (x)] and u [θπ (x)]. When solving (46) we find that

u [θ0 (x)] =
β (x)

β (x)− α (x)
τ (x) +

β (x)F1 (x)− ψ (x)

β (x)− α (x)
. (47)

On the other hand, by formula (17)
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u [θ0 (x)] =
ϕ1 (0) + τ (x)

2
− 1

2

x∫
0

ν (s) ds+
1

2

0∫
−x/2

x+t∫
−t

f1 (s, t) dsdt. (48)

Substituting the value of u [θ0 (x)] (48) into (47), and differentiating the resulting equality, we arrive
at

ν (x) = [a (x) τ (x)]′ − F2 (x) , (49)

where a (x) = α(x)+β(x)
α(x)−β(x) , F2 (x) =

0∫
−x/2

f1 (x+ t, t) dt+ 2
[
β(x)F1(x)−ψ(x)
α(x)−β(x)

]′
.

Relation (49) is the basic relation between τ (x) and ν (x) when conditions (41)-(44) are met.
For the homogeneous problem

(
ϕi (y) = fj (x, y) = ψ (x) ≡ 0, i = 1, 3, j = 1, 2

)
corresponding to

the initial problem (1), (4), (5) consider the integral

J =

2π∫
0

τ (x) ν (x) dx.

In view of relation (14) under conditions (15) we have that the integral in question

J =

2π∫
0

τ (x) ν (x) dx = −
2π∫
0

τ (x) τ ′′′ (x) dx = −1

2

[
τ ′ (0)

]2 ≤ 0. (50)

And in view of relation (49) we have

J =

r∫
0

τ (x) ν (x) dx =

r∫
0

τ (x) [a (x) τ (x)]′ dx =
1

2

r∫
0

a′ (x) τ2 (x) dx. (51)

Provided that conditions (41)-(45) of Theorem 2 are satisfied, by inequalities (50) and (51) we
have that τ (x) ≡ 0. Moreover, by relations (14) or (49) we have that ν (x) ≡ 0. Then by formula
(17) we can conclude u (x, y) ≡ 0 in Ω1, while by (40) u (x, y) ≡ 0 in Ω2. Thus, it is shown that the
homogeneous problem corresponding to (1), (4), (5) under the conditions of Theorem 2 has only a
trivial solution u (x, y) ≡ 0 in Ω that implies the uniqueness of a regular solution to the investigated
problem 1.

Theorem 5. Let the conditions (11), (12), (41), (42), (43), (44), (45) be satisfied for the given
functions ϕ1 (y) , ϕ2 (y) , ϕ3 (y) ; α (x) , β (x) , ψ (x) ; f1 (x, y) , f2 (x, y) and let:

ψ (x) ∈ C1 [0, 2π] . (52)

Then there is a regular solution to Problem 1.
Proof. To prove Theorem 5 return again to relations (14), (15) and (49). Take out from (14) and

(49) the sought functionν (x), and find for τ (x) a solution to the ordinary second-order differential
equation of the form

τ ′′′ (x) + a (x) τ ′ (x) + a′ (x) τ (x) = f2 (x, 0) + F2 (x) , 0 < x < 2π, (53)

satisfying conditions (15).
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By integrating equation (53) three times from x до to 2π we arrive at the integral equation

τ (x)− 1

4π2

2π∫
0

K (x, t) a (t) τ (t) dt = F3 (x) , (54)

where K (x, t) =

{
(2π − x)2 t− 4π2 (t− x) , 0 ≤ x < t,

(2π − x)2 t, t < x ≤ 2π,

F3 (x) =
(

1− x

2π

)2
ϕ1 (0) +

x (4π x− x)

4π2
ϕ2 (0) +

x (x− 2π)

2π
ϕ3 (0) +

+
(2π − x)2

8π2

2π∫
0

t2 [f2 (t, 0) + F2 (t)] dt− 1

2

2π∫
x

(t− x)2 [f2 (t, 0) + F2 (t)] dt

corresponding to problem (53), (15).
Equation (54) is a Fredholm integral equation of the second kind with the kernel K (x, t) ∈

∈ C ([0, 2π]× [0, 2π]) and with the right-hand side F3 (x) ∈ C1 [0, 2π]. The unique solvability of
equation (54) under conditions (41) - (45) involving the functions α (x) and β (x) follows from the
uniqueness theorem proved above. Properties (11), (12) and (52) imply that the solution τ = τ (x) to
equation (54) belongs to the class τ (x) ∈ C [0, 2π] ∩ C3 ]0, 2π[.

Problem 1 as
[
α(x)+β(x)
α(x)−β(x)

]′
≡ 0

Finally, consider the case as a′ (x) =
[
α(x)+β(x)
α(x)−β(x)

]′
≡ 0 ∀ x ∈ [0, 2π], i.e.

a (x) =
α (x) + β (x)

α (x)− β (x)
= a = const ∀x ∈ [0, 2π] . (55)

Under condition (55) from (53) we can arrive at the following problem for τ (x)

τ ′′′ (x) + aτ ′ (x) = f2 (x, 0) + F2 (x) , 0 < x < 2π, (56)

τ (0) = ϕ1 (0) , τ (2π) = ϕ2 (0) , τ ′ (2π) = ϕ3 (0) . (57)

The solution to problem (56) - (57) is written out by the formula

τ (x) =
1

4π2

(2π − x)2 + 2a

2π∫
0

(2π − t) G (x, t) dt

 ϕ1 (0) +

+
1

4π2

1− (2π − x)2 − 2a

2π∫
0

(2π − t) G (x, t) dt

 ϕ2 (0) +

+
1

2π

x2 − 2π x+ 2 a

2π∫
0

(π − t) G (x, t) dt

 ϕ3 (0) +

2π∫
0

G (x, t) [f2 (t, 0) + F2 (t)] dt. (58)

The function G (x, t) in (58) is Green’s function of the operator L [τ (x)] = τ ′′′ (x) + aτ ′ (x) with
condition (57), whose explicit form is determined depending on the sign of the number a by one of the
formulas below:
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G (x, t) =
1

a
[
1− ch

(
2
√
−aπ

)]

[
1− ch

(√
−a (2π − x)

)] [
1− ch

(√
−a t

)]
−

−
[
1− ch

(
2
√
−aπ

)] [
1− ch

(√
−a (x− t)

)]
, 0 ≤ x < t,[

1− ch
(√
−a (2π − x)

)] [
1− ch

(√
−a t

)]
, t < x ≤ 2π,

as a < 0;

G (x, t) =
1

8π2

{
t2 (2π − x)2 − 4π2 (t− x)2 , 0 ≤ x < t,

t2 (2π − x)2 , t < x ≤ 2π
as a = 0;

and

G (x, t) =
1

a [1− cos (2
√
aπ)]


[1− cos (

√
a t)] [1− cos (

√
a (2π − x))]−

− [1− cos (2
√
aπ)] [1− cos (

√
a (x− t))] , 0 ≤ x < t,

[1− cos (
√
a t)] [1− cos (

√
a (2π − x))] , t < x ≤ 2π,

as a > 0 and a 6= n2, n ∈ N .
In each cases considered above with the value found for the function τ (x) within the fundamental

relations (14) or (49) we can also find a value for the function ν (x). At that, the solution of the initial
problem (1), (4), (5) in the domain Ω1 is written out by the d’Alembert formula (17), while in Ω2 the
solution to problem (3), (4) with u (x, 0) = τ (x) is written out by formula (40).

Provided that a (x) = α(x)+β(x)
α(x)−β(x) = a = n2 ∀ x ∈ [0, 2π], n ∈ N the homogeneous problem

corresponding to problem (56), (57) has nonzero solutions τ (x) = c (1− cosnx), c = const. The
function G (x, t) in this case does not exist, and a solution to problem (56)–(57) can exist with the
additional condition

2π∫
0

[F2 (t) + f2 (t, 0)] [cos (nt)− 1] dt = n2 [ϕ1 (0)− ϕ2 (0)] (59)

be satisfied.
As condition (59) is satisfied the solution to problem 1 in the domain Ω1is written out by the

formula

u (x, y) =
g (x+ y) + g (x− y)

2
+

1

2

x+y∫
x−y

ν (t) dt− 1

2

y∫
0

x+y−s∫
x−y+s

f1 (t, s) dtds,

while in the domain Ω2 the solution is written out as below

u (x, y) =
1

π


y∫

0

G (x,−y; 0,−η) ϕ3 (η) dη −
y∫

0

Gξξ (x,−y; 0,−η) ϕ1 (η) dη +

+

y∫
0

Gξξ (x,−y; r,−η)ϕ2 (η) dη +

2π∫
0

G (x,−y; ξ, 0) g (ξ) dξ +

y∫
0

r∫
0

G (x,−y; ξ,−η) f (ξ, η) dξdη

 ,

where g (x) is аn arbitrary, fairly smooth function, and G (x, y; ξ, η) = U (x, y; ξ, η) −W (x, y; ξ, η),
as above, is the Green function of the operator Lu = uxxx − uy, U (x, y; ξ, η) and W (x, y; ξ, η) are
fundamental solutions to equation (2) [1; 135].
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Ж.А. Балкизов, З.Х. Гучаева, А.Х. Кодзоков

Үшiншi реттi парабола-гиперболалық типтi теңдеу
үшiн ығысумен берiлген бiрiншi теңдеу және
Трикоми есебiнiң тасымалдаушысы ретiндегi

сипаттаушылардың тең еместiгiнiң әсерi

Мақалада үшiншi реттi парабола-гиперболалық типтi гиперболалық облыста уақытқа қарсы және
толқындық теңдеулi үшiншi реттi параболалық теңдеулi бiртектi емес теңдеу үшiн бiр шекаралық
шарт есебiнде AC және BC характеристикаларында iзделiндi функцияның мәндерiнен тәуелдi айны-
малы коэффициенттi сызықтық комбинациясымен берiлген шеттiк есеп зерттелген. Келесi нәтижелер
алынды: 0 ≤ x ≤ 2π болғанда Трикоми есебiнiң деректерiн тасымалдаушылар сияқты Ω облысында
Ω1 бөлiгiн шектейтiн AC және BC сипаттаушыларының тең мүмкiндiктi еместiгi көрсетiлдi және BC
сипаттаушыларындағы деректерiмен Трикоми есебiнiң шешуiнен, жалпы алғанда, AC сипаттаушы-
сындағы деректерiмен Трикоми есебi шешiлмейдi; зерттелiп отырған есептiң регулярлы шешуiнiң бар
болуы және жалғыздығының қажеттi және жеткiлiктi шарттары табылған. Берiлген функцияға бел-
гiлi бiр шарттарда зерттелетiн есептiң шешуi айқын түрде жазылды. Берiлген функцияға жұмыста
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табылған қажеттi шарттар бұзылса, зерттелетiн есепке сәйкес бiртектi есептiң шексiз көп шешуi бо-
латыны көрсетiлген, сәйкес бiртектi емес есептiң шешулер жиыны тек қана берiлген функцияларға
қосымша талаптар болғанда ғана бар болады.

Кiлт сөздер: аралас типтi теңдеу, үшiншi реттi парабола-гиперболалық теңдеу, Трикоми теңдеуi,
ығысумен берiлген бiрiншi теңдеу, Грин функциясы, екiншi тектi Фредгольмнiң интегралдық теңдеуi.

Ж.А. Балкизов, З.Х. Гучаева, А.Х. Кодзоков

Первая задача со смещением для уравнения
параболо-гиперболического типа третьего порядка

и эффект неравноправия характеристик
как носители данных задачи Трикоми

В статье исследована краевая задача со смещением для неоднородного уравнения параболо-
гиперболического типа третьего порядка с параболическим уравнением третьего порядка с обратным
ходом времени и волновым уравнением в области гиперболичности, когда в качестве одного из гра-
ничных условий задана линейная комбинация с переменными коэффициентами от значений искомой
функции на характеристиках AC и BC. Получены следующие результаты: показано неравноправие
характеристик AC и BC, ограничивающих гиперболическую часть Ω1 области Ω как носители данных
задачи Трикоми при 0 ≤ x ≤ 2π, и из разрешимости задачи Трикоми с данными на характеристи-
ке BC, вообще говоря, не следует разрешимость задачи Трикоми с данными на характеристике AC;
найдены необходимые и достаточные условия существования и единственности регулярного решения
исследуемой задачи. При определенных условиях на заданные функции решение исследуемой зада-
чи выписано в явном виде. Показано, что при нарушении найденных в работе необходимых условий
на заданные функции, однородная задача, соответствующая исследуемой задаче, имеет бесчислен-
ное множество линейно независимых решений, а множество решений соответствующей неоднородной
задачи может существовать только при дополнительном требовании на заданные функции.

Ключевые слова: уравнение смешанного типа, параболо-гиперболическое уравнение третьего поряд-
ка, задача Трикоми, метод Трикоми, первая задача со смещением, функция Грина, интегральное
уравнение Фредгольма второго рода.
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