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The first with displacement problem for a third-order
parabolic-hyperbolic equation and the effect of inequality
of characteristics as data carriers of the Tricomi problem

As part of this scientific work, we study a displacement boundary value problem for athird-order parabolic-
hyperbolic type equation with a third-order parabolic equation backward in‘time/and/a wave equation in
the domain of hyperbolicity. As one of the boundary conditions we have a linear combination including
variable coefficients of the sought function on the characteristic linest AC ‘and BC. The present paper
reports following results: inequality between characteristics of AC and BC' lines limiting the hyperbolic
part € of the domain 2 as carriers of data for the Tricomi problem as 0 < x < 27, as a matter of fact, the
solvability of the Tricomi problem with data on the characteristic line BC' does not imply the solvability
of the Tricomi problem with data on the AC; necessary and sufficient conditions for the existence and
uniqueness of a regular solution to the problem under study are found. Under certain conditions for the
given functions, the solution to the problem under study isiwritten out explicitly. It is shown that under
violation of the necessary conditions established in this paper the homogeneous problem has innumerable
linearly independent solutions, while the set of solutions to the corresponding inhomogeneous problem can
exist only with additional conditions.

Keywords: mixed type equation, third-order parabolic-hyperbolic equation, Tricomi problem, Tricomi method,
first with displacement problem, Green’s function; Fredholm’s integral equation of the second kind.

Problem. Statement. Results Summary
In a Euclidean plane with independent variables xand y consider the equation

Oz{u;m_uyy_flv y <0, (1)
uxmz+uy_f27 Z/>0,

where f1 = f1 (z, y), fo = fa (z, y) — are specified functions, u = u (z, y) — is a sought function.
Equation (1)@s y < 0 coincides with the inhomogeneous wave equation

Ugy — Uyy = i (l‘,y) ) (2)

while.as y > 0 it coincides with the backward in time nonhomogeneous equation

Ugzr + Uy = f2 (a:, y) ’ (3)

of the third order with multiple characteristics [1; 9] of the parabolic type [2; 72].

Equation (1) is considered in the domain €2, bounded by characteristic lines AC : z+y =0
and CB: x —y = 27 of equation (2) as y < 0 starting at the point C' = (7, —7) and passing through
the points A = (0,0) and B = (2, 0) respectively, and by a rectangle with vertices at A, B, Ag = (0, h),
By = (2m,h), h >0, as y > 0. Denote Q; = QN {y <0}, Qo =0QN{y >0}, J ={(z,0): 0<z<r},
Q= U UJ.

Assume that a regular solution to equation (1) in the domain € is the function v = u (x, y) of the
class C (Q) N CH (Q) NC%(Q1) NC2(Q2), uz, uy € Ly (J) satisfying equation (1).
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The first with displacement problem...

Problem 1. Find a regular solution to equation (1) in the domain (2 satisfying the conditions

w(0,y) =1 (y), vw2my) = e2(y), us 2my) =¢3(y), 0<y<h, (4)
a(z)ulbo ()] + B (z) ulbx (z)] = ¢ (x), 0<z<2m, (5)
where 0y (z) = (%; %), 6x(z) = (¥+m £ —m) — are the points for intersection of the

characteristic lines of equation (
vespectively; 1 (1), @2 (4), ¢3 (y); o
a?(x)+ 3% (x)#0 Vazelo2n].

Formulated problem (1), (4), (5) belongs to the class of A.M. Nakhushev nonlocal boundary value
problems with displacement [3].

For the first time, a problem with a boundary condition relating the values of the desired function on
two characteristic lines from different families in the hyperbolic part of the domain for the Lavrentiev-
Bitsadze equation was formulated and studied in [4].

2), starting at (z, 0) with characteristics of AC and BC
(x), B (x), ¥ (x) — are the specified functions and what is more

The concept for a boundary value problem with displacement was introduced in [5], [6], and a
number of nonlocal boundary value problems with various types of displacements were studied for
hyperbolic, degenerate hyperbolic, and mixed type equations. In‘particular, the posing of the first
Darboux problem for wave equation (2) with an initial condition

u(z,0)=71(x), 0<a<l (6)

and non-local condition (5) was generalized in [5]. It was shown that the conditions: a? (1)+ 3% (0) # 0,
a(r)# p(xr) Yael0,1], a(x),B(x),(x), ¥ (z) €LC[0,10C?]0,1] for the given functions «a (),
B (x), 7 (), ¥ (x) ensures the correctness of the investigated problem with displacement.

In [6], a method of posing of the nonlocal displacement boundary value problems for a degenerate
hyperbolic equation of the form

(—y)" Uga = Uyy = 0, m = const >0 (7)

with the Riemann-Liouville fractional operator. Criteria were found for the unique solvability of the
problem with conditions (6) and

o (2) D= [00(&)] + 3 (2) DL *ulb, (2)) = v (), 0<a<r

for equation (7), where g (z)s-0r (x) were defined as the intersection points of the characteristic lines
of equation (7), as above, and what is more 2 (m + 2) e = m.

In [7], the first and second Darboux problems were studied for the class of degenerate hyperbolic
equations. Sufficient eonditions for the given functions providing solvability to the problems were
established:"It. was also shown that the Darboux problem with the following data:

Uy (2,0) =v(z), u(z,y)|lac =9 (x), 0<z<r

18 well posed for the equation
Vg, — Uyy + Uy =0, (8)

considered in the domain D, bounded by the characteristic lines
AC: 2 —y?>=0, BC: 2z +y*=2r, 0<z<r
and the segment I = AB of the straight line y = 0.

uy (2,0) =v(z), u(z,y)|ac =¢(x), 0<z<r
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At the same time, the homogeneous Darboux problem for equation (8) with
uy (2,0) =0, u(z,y)|pc =0, O0<z<r

has nonzero solutions of the form u (z, y) = ¢ (x + % yQ) —g(r), where g = g (x) is an arbitrary function
of the class g (z) € C* [g, r] N C’Q]g, 7“[, which indicates the inequality between characteristic lines
AC and BC as data carriers of the second Darboux problem for the equation (8) .

The displacement boundary value problems have found their important application in mathematical
modeling of biological processes, and transonic gas dynamics. Similar nonlocal boundary conditions
arise in the study of heat and mass transfer in capillary-porous bodies, in the mathematical modeling of
gas dynamics and nonlocal physical processes, in the study of cell propagation processes, in the theory of
electromagnetic field propagation into inhomogeneous medium |2, 8, 9]. Comprehensive bibliographies
of scientific literature devoted to the study of boundary value problems with displagements is presented
in [3], [10-18], as well as in thesis [19-23].

The displacement boundary value problem with condition (5) for a second-6rder parabolic-hyperbolic
type equation with a heat equation in the parabolic domain was studied in [24]; also a necessary and
sufficient condition for the existence of a unique regular solution to the problem under study was found.

In this paper, we study a displacement boundary value problem for a third-order parabolic-
hyperbolic type equation (1) with a third-order parabolic equation backward in time and a wave
equation in the domain of hyperbolicity. As one of the boundary conditions we have a linear combination
including variable coefficients of the sought function on the characteristic lines AC' and BC. The
present paper reports following results: inequality between characteristics of AC' and BC lines limiting
the hyperbolic part €2 of the domain €2 as carriers of data for the Tricomi problem as 0 < z < 27.
As a matter of fact, the solvability of the Tricomisproblem with data on the characteristic line BC
does not imply the solvability of the Tricomi problem with data on the AC. Necessary and sufficient
conditions for the existence and uniqueness of a regular solution to the problem under study are found.
Under certain conditions for the given functions, the solution to the problem under study is written
out explicitly. It is shown that under ¥iolation of the necessary conditions established in this paper
the homogeneous problem has innumerable linearly independent solutions, while the set of solutions
to the corresponding inhomogeneous problem can exist only with additional conditions. Among the
works closely related to our research there are [25-31].

Problem 1 as a(x) =0

The study of problem 1 we begin as o (z) =0, f(z) # 0V z € [0,2n]. The following theorem is
true.
Theorem 1. Assume that for the given functions o (z), 8(x), ¥ (x), pi(y), i = 1,3, fi (z,y) and

f2 (:ZZ, y)

a(x)=0,5(x)#0 VYazel0,2n], 9)
B(x), ¢ (z) € Ct0,27], (10)
e1(y), p2(y), e3(y) € C[0,h], (11)
fi(z,y) € C (), f2(z,y) € C () (12)

be satisfied.
Therefore there exists a unique solution to problem 1.
Indeed, let there exist a solution to problem (1), (4), (5) and let

u(z,0)=7(x), 0<x<2m uy(z,0)=v(r), 0<z<2m. (13)
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Passing to the limit as y — 40 in the equation (1), accepting notation (13), we obtain the first
basic relation between 7 (z) and v (z), transferred from the parabolic domain Q5 to the line y = 0:

™ (z) +v(z) = f2(2,0), 0<z<2m. (14)

Employing boundary conditions (4) as y — +0 we can get

7(0) = ¢1(0), 7(2m) = 92 (0), 7' (27) = 3 (0) . (15)

Next we can find basic relation between 7 (x) and v (), transferred from the hyperbolic part €y of
the domain 2 to the line of the type changing y = 0. Let condition (9) of Theorem 1 be satisfied. In
this case, the studied problem (1), (4), (5) becomes one of the analogues of the Tricomi problem for
equation (1) with (4) and

<

u(z,y)|pc =ulbx ()] = E‘Ti, 0 <z <2m. (16)

B(x

To find the relationship between 7 (x) and v (z) let us use representation of the solution to problem
(13) for equation (2) [32; 59]:

Tty Yy T+yY—s

u(x,y):T(x—i_y);T(x_y)—i—;/I/(t)dt—%/ / f1(t,s) dtds. (17)
zoy 0 z—y+s
By formulae (17) we can find:
2
M@@ﬂ:u<xz%]x;%>:TQ@;790—%/ (dpﬂ;/ /"ﬁtde& (18)
x 2 2mts

Substituting value u [0 (x)] from (18).into (16) we can get

2m 0 =x—s
rEm @) v ds [ /ﬁ(t?s)dtdsgg(gy
x 27 2m+s

hence

V@Z_H@+<

) /f1 T —s,S) (19)

S

Relation (19) is the basic relation between the sought functions 7 (z) and v (z) transferred
from the hyperbolic part ©; of the domain 2 to the line y = 0 of the type changing of equation (1) as
a(z)=0,8(x)#A0 Vazel0,2r].

By relations (14) and (19) for the sought function 7 = 7 (z) we arrive at the finding a solution to
the equation

/
>, 0<z<2m, (20)
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satisfying conditions (15). A solution to problem (20), (15), under conditions (9)-(12) for given
functions exists, is unique, and can be written out by the formula:

T(x)zﬁ (27r—:1:)2—|—27TG(9c,t) (t — 2m) dt| o1 (0) +
27r0

+$ (47 — ) 2/G( V(£ —27)dt | o2 (0) +
)

o |olo—2m)+ 27G (2,8) (t — ) dt | 5 (0) + 7@ (2,1) fo (t, 0)dite
b b
/ (2, 1) /flt—ssdsdt— /G ( z)/dt,
WhereG(mjt):_lcé%{(1—cht)(1—ch(27r—x)—(1—ch(a:—t))(1—ch(27r)), 0<z<t,

)
(1—cht)(1—ch(2m — 1)), t <z <2m.
Problem 1 as (3 (

) =0

Assume that further specified functions « (z) and B (a) are such that

B(z)=0,a(x)#0 Vzel0?2n]. (21)

The following theorem is true.

Theorem 2. Let condition (21)<be satisfied for the given functions «(x) and B (x), and
a(x) € CY0, 2r]. This implies that the. homogeneous problem corresponding to the problem under
study 1 has innumerable linearly independent solutions, while the inhomogeneous problem (1), (4), (5)
1s solvable if and only if the additional condition is satisfied.

Indeed let condition (21) be satisfied for a (x) and (8 (z). Then problem 1 becomes the Tricomi
problem for equation (1) with conditions (4) and

u(x,y)|lac =ulby (z)] = , 0<z<2m. (22)

By (17) with condition (22) we can find:

0 —z/2 —s
o ()] = (. -2) = W + ;/u(t) dt — % / / i (L s) dtds. (23)
x 0 x+s

Substituting value u [fy (x)] from (23) into condition (22) using differentiation, we arrive at a fundamental
relation

v(z) =1 (z) - /0 f1(x+s,s)ds—2<w(x)>,. (24)

a(x)
—xz/2

Taking out the function v (x) from (14) and (24) we can find a solution to the equation
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The first with displacement problem...

7" (z) + 7 (x) = F (2), (25)

satisfying conditions (15), where F (z) = fo (x,0) + f fi(x+s,8)ds+2 (i >
—x/2
Problem (25), (15) corresponds to the homogeneous problem

N NI
~

7" (z) + 7' (x) =0, (26)

7(0) =0, 7(27) =0, 7 (2m) = 0. (27)
The homogeneous problem (26), (27) corresponding to problem (25), (15) has the nonzero solution
T(x) =c(l —cosx), c¢= const.

The solution to the inhomogeneous problem (25), (15) in this case exists only under‘the additional
condition for the given functions

27
2 (0) — o1 (0) = / (1= cost) F (¢) dt. (28)
0
If condition (28) is satisfied, then the set of solutions to problem (25), (15) is written out by the
formula:
27
= / [1 —cosxcost] F (t)dt + /sinx sint F(t)dt + 1 (0) cosz + @3 (0) + ¢ (1 —cosz) .
0

xT

It follows from the above that the characteristic lines AC' and BC' limiting the hyperbolic part Q1 of
the domain ) are not equal as carriers<of data for the Tricomi problem as 0 < x < 27 . And generally
speaking, the solvability of the Tricomi problem with data on the characteristic line BC' does not imply
the solvability of the Tricomi problem with data on AC.

Mean value theorem

Now find in general the basic relationship between 7 (z) and v (z) transferred from the hyperbolic
part )y of the domain @ onsthe line of type changing y = 0. For this purpose, prove the following
lemma (theorem) on the mean value for an inhomogeneous one-dimensional wave equation (2).

Lemma 1. Any regqular solution to equation (2) satisfying the condition u (xz,0) = 7 (x) possesses
the following property

2m+s
ulfo ()] +u[fr (z)] = u(x,0) +u(mw, —m) / / fi(t,s)dtds—
0 21+s 0 a+s
—= / / fi(t,s) dtds—f / /f1 (t,s)dtds. (29)
2ln ass _x/2 s
Indeed, taking into account formulas (18) and (23), we find
27
ult ()] + ulfe (2)] = 7 (@) “OETET 5 [ vt
0
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5T s —z/2 —s
1 1
D) / / Ji(t,s)dtds — 5 / / f1(t,s)dtds. (30)
0 2m+s z+s

By (17) as (z,y) = (m, —m) it is easy to show that

2 —m =S
7(0)+7(27) 1 1
————— = [ v)dt =u(m,—7) + = f (t,s)dtds. (31)
2 2 0/ 2 O/ZWZS

By (30) and (31) we arrive at (29).
Now we employ formula (29) to take forward steps. Find the value of u (m; —). Using boundary
condition (5) as x = 0 and in view of the first condition of (15), we find

a(0) @1 (0) + 8 (0) u (m; —m) = ¢ (0),
whence as 5 (0) # 0 find

u(m;—m) = 50) (32)
Similarly as = 27 and a(27) # 0 by (5) and (15) find
u (7‘(; —7'(‘) _ (U (27T) - (27T) ¥2 (0) ) (33)

a(2m)

Thus, if a? (27) + 82 (0) # 0, the value of the.sought function v (z,y) at the point C' = (r; —7) is
found by formulas (32) or (33). Assume, for example, that o (27) # 0. Therefore, equality (29) can be
rewritten as follows

u[fo(2))+ u0r (x)] = 7 (x) + F1 (2), (34)
0 27+s 0 27+s T+s
whereFMm)zW %(f f—f f—f f)fltsdtds
] 5_71— T—S8 71/2 -8

Problem 1 as o (z) = 8 (x)

Next considerthe case as o (v) = (z) Vo € [0,7]. The following theorem is true.

Theorem 3¢ Lebthe given functions @1 (y), ¢2 (1), 93 (4); a (2), B (), ¥ (2); fi (,9), f2 (5,9) be
such that:

a(z)=p(x)#0, Vzel02n], (35)

a? (0) +a? (2m) #0; (36)

e1(Y), e2(y), w3 (y) € C0,R] N CH0,A[; (37)
a(x), ¥ (z) € C1{0,27) N C310, 27 ; (38)
fi(z,y) € C* (Ql) , fo(z,y) € C (Qg) ) (39)

Then there exists a unique solution to Problem 1 that is regular in the domain Q.

Indeed, by (5) in view of (34) and (35) find
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Whence under conditions (38), (39) by (14) we have

v(@) = Fo(e.0) - 7" (@) = o 0) — (L) R )
2 Y 2 Y a (_’,U) 1 *
With values found for 7 (z) and v (x) the solution to the initial problem (1), (4), (5) in the domain §;
is written out by formula (17). While the solution to the boundary value problem in the domain o
for equation (3) with boundary conditions (4) and initial condition u (z,0) = 7 (x) is written out as
below:

i
/G(w,—y; 0,-1) 3 (1) dn—/Ggs (z, —y; 0,—n) 1 (n)dn +
0

Yy 27
+ | Gee (z,—y; =) w2 () dn+ | G (z,—y; £,0) 7 (&) d + x,—y; & —n) f (& n)dédn ¢,
/ / [[o

(10)
where G (z,y; §,n) =U (z,y; &,n)—W (z,y; £,1m) — Green’s function of the eperator, U (z,y; &,n)
and W (z,y; ,n) are fundamental solutions to equation (2) [1; 135].

Thus, in contrast to the problem with conditions (5) and for a strictly hyperbolic equation (2) [6]
the problem with displacement (4) - (5) for equation (1) is“uniquely solvable even as o (x) = () # 0

vz € [0,2n] with the functions o1 (y), @2 (y), w3 (y); o (x);6 (2), ®.(2); f1(z,y), f2(x,y) possessing
properties (36)—(39).

Problem 1, general case
Further assume that a(x) # f(z) Yz € [0,27]. The following uniqueness theorem holds for a

regular solution to the problem (1), (4), (5).
Theorem 4. Let the following conditions:

a(x), B(z) € Cto,2n] (41)

o? (x)+ % (2) #0 Ve [o, 27] (42)
a® (2m) + 8% (0) # (43)

(z) # B (x) V:ce[O 2] (44)
[ +5 ]>0 Ve [0,27]. (45)

be satisfied for the given functions a( ) and S (z
Then the solution to problem 1 is unique wzthm the required class.
Proof. Under condition (44) of (5) and (34) arrive at the following system of linear algebraic equations

wlfo (2)] + w0 (2)] = 7 (x) + F1 (2)
{ Gt o el (o] 20 1o
for the unknown u [0y (z)] and w [0 (z)]. When solving (46) we find that
8@ B@AW -y
= E e @ T T - at o

On the other hand, by formula (17)
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T 0 xz+t
ulfo (x)] = prO+7(@) 1 v(s)ds+ - f1 (s, t) dsdt. (48)
e freea ]

Substituting the value of u [0y (x)] (48) into (47), and differentiating the resulting equality, we arrive
at

v(@)=la(2)7 (@) - (), (49)

0
Wherea(a:):%,f?ﬂx): f/fl(m+t,t)dt+2 %}
—x/2

Relation (49) is the basic relation between 7 (x) and v () when conditions (41)-(44) are met.
For the homogeneous problem (p; (y) = f; (z,y) = ¢ () =0, i =1,3, j = 1,2) corresponding to
the initial problem (1), (4), (5) consider the integral

J= 77 (2) v (z) dz.
0

In view of relation (14) under conditions (15) we have thatthe integral in question

2 2
J = /T(x)y(x) dv = —/T(a;) ") dv = —% [~ (0)]* <0 (50)
0 0
And in view of relation (49) we have
J= /T (2) v (2) dofe /T (2)[a (z) 7 (@)] dz = % /a/ (2) 72 (2) da. (51)
0 0 0

Provided that conditions (41)-(45) of Theorem 2 are satisfied, by inequalities (50) and (51) we
have that 7 (z) = 0. Moreover; by relations (14) or (49) we have that v (x) = 0. Then by formula
(17) we can conclude (=, y) =0 in Qy, while by (40) u (z,y) = 0 in Q. Thus, it is shown that the
homogeneous problem corresponding to (1), (4), (5) under the conditions of Theorem 2 has only a
trivial solution w(a, y) =0 in 2 that implies the uniqueness of a regular solution to the investigated
problem 1.

Theorems5. ~Let the conditions (11), (12), (41), (42), (43), (44), (45) be satisfied for the given

functions p1(y), @2 (y) . w3 (y); a(z), B(x), ¥ (2); fi (z,y), f2(z,y) and let:
Y (x) € CH0,2n]. (52)

Then there is a reqular solution to Problem 1.
Proof. To prove Theorem 5 return again to relations (14), (15) and (49). Take out from (14) and
(49) the sought functionv (z), and find for 7 (z) a solution to the ordinary second-order differential
equation of the form

™" (z) +a(x)r (z) +d ()7 (x) = fo(z,0) + F>(z), 0<z<2m, (53)

satisfying conditions (15).
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By integrating equation (53) three times from x 10 to 2w we arrive at the integral equation

2

T(x)—47lr2/K(x,t)a(t)T(t)dt—Fg(w), (54)
0
[ @r—ax)t—4n*(t—x), 0<uz<t,
where K (z,¢) _{ (21 — 2)2t, t<a<om
Fy@) = (1= ) o o)+ P22 0, ) TE22T 0 (o),
(271—37)2 7 1 i
tga /t2 [f2 (£,0) + F> ($)]dt — 5 /(zt—:r:)2 [f2 (,0) + Fu(t)] dt
0 T

corresponding to problem (53), (15).

Equation (54) is a Fredholm integral equation of the second kind with .the kernel K (x,t) €
€ C([0,27] x [0, 27]) and with the right-hand side F3(z) € C'[0,27]. The unique solvability of
equation (54) under conditions (41) - (45) involving the functions a (x) and §(z) follows from the
uniqueness theorem proved above. Properties (11), (12) and (52).imply that the solution 7 = 7 (x) to
equation (54) belongs to the class 7 (z) € C [0,27] N C3]0, 2x[.

/
Problem 1 as {%&%] =0

/
Finally, consider the case as o’ (z) = {M} =0 Vazel02n],ie.

a(z)—pB(x)
a(z) +§ (z)
a(x)=——=——=—==a=const Yz e€l02n]. 55
@ =S e 0,27 (59)
Under condition (55) from (53) we can arrive at the following problem for 7 (z)
™ (2)+ ar" (®) = f2(z,0) + F2 (), 0<uz < 2m, (56)
7(0) =1 (0), 7(2m) = 2 (0), 7' (2m) = 3 (0). (57)

The solution to problem (56) - (57) is written out by the formula

27
T(a:):ﬁ (27T—x)2+2a/(27r—t)G(:c,t)dt 1 (0) +
0
2
+4i7r2 1—(27T—x)2—2a/(27r—t)G(:E,t)dt 2 (0) +
0
2 2
+% 1:227Tx+2a/(7rt) G (x,t)dt 903(0)+/G(x,t) [f2 (t,0) + Fy (¢)] dt. (58)
0 0

The function G (z,t) in (58) is Green’s function of the operator L[ (z)] = 7" (z) + a7’ (z) with
condition (57), whose explicit form is determined depending on the sign of the number a by one of the
formulas below:
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1 [1—ch(vV=a@r—2))] [1-ch(vV-at)] -

G (z,t) = —[1=ch(2y=an)] [1 =ch(V=a(z—1))], 0<z <t asa<0;
a[l=ch(2V=am)] | (17 op (V=a@r = a)] [1 —ch (V_at)], t <z <2m
B 2 (2r —z)* —4n2(t—xz)?, 0<z<t, N
G(x’t)_SwZ{ 2 (2r —z)?, t<x<2m asa=0;
and
1 1~ cos (V] 1 — cos (ya (2r — ) -
G (z,t) = —[1 = cos (2v/am)] [1 — cos (Va(z —1t))], 0<z<t,

a[l —cos2Vam)] | (1 cos(at) [1 —cos (va(2r —))],  t<z <2,

asa>0and a#n? ncN.

In each cases considered above with the value found for the function 7 (z) within the fundamental
relations (14) or (49) we can also find a value for the function v (z). At that, the solution of the initial
problem (1), (4), (5) in the domain € is written out by the d’Alembert formula(17), while in Q9 the
solution to problem (3), (4) with u (z,0) = 7 () is written out by formula (40).

Provided that a(x) = % =a =n? Va € [0;27], n € N the homogeneous problem
corresponding to problem (56), (57) has nonzero solutions 7(x). = ¢ (1 — cosnx), ¢ = const. The
function G (z,t) in this case does not exist, and a solution to problem (56)—(57) can exist with the
additional condition

27
/ [Fy (£) + fo (1,0)] [cos (a) — T)dt = n? 1 (0) — 2 (0)] (59)
0

be satisfied.

As condition (59) is satisfied the solution.to problem 1 in the domain €;is written out by the
formula

4y toe-9 1 L
u(m,y)zg r+.y 29 T -y +2/V(t)dt—2/ / f1(t,s)dtds,
=y 0 z—y+s

while in the domain 2y the solution is written out as below

Yy Yy
/G(w,—y; 0,—n) @3 (n)dn— /Ggg (z, —y; 0,—n) ¢1(n) dn +
0

/Gss )2 dn+/G €009 d§+//G ;&) £ (€ m) dedn y
0
where g (z) is an arbitrary, fairly smooth function, and G (z,y; &,n) = U (z,y; {&,n) — W (z,y; ,n),

as above, is the Green function of the operator Lu = uyes — uy, U (z,y; §,n) and W (x,y; £, 1) are
fundamental solutions to equation (2) [1; 135].
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K. AT Bankusos, 3.X. 'yaaesa, A.X. Konzokos

Yirriaan perTti napaboJia-runep06oiaiablK TUNTI TEHAEY
VIIIiH BIFBICYMeH OepiJjireH OipiHII TeHJey >KoHe
Tpukomm ecebiHiH TachbIMaJIAAyNIbICHI PETiHIET]

cUIlaTTayNIbLIAPAbIH TeH eMEeCTIriHIH acepi

Maxkasiaga yiniami perti napabosa-runepbosiaiblK, TUNTI TUIepOoIaiblK 00JIBICTa YAKBITKA KAPChI YKOHE
TOJIKBIHJIBIK, TEHEYJIl YIIiHII peTTi mapabosaiblK, TeHAeY Il 6ipTeKTI eMec TeHJey VIIiH Oip mreKapaJsibIk
mapr ecebinye AC xkone BC xapakTepuCTUKAJIAPBIHA 131e1iH/1i DyHKIUIHBIH MOHAEPIHEH Toye I il ailHbI-
MaJTbl KO3 MUIMEHTTI CHI3BIKTHIK, KOMOUHAIUSICHIMEH GEpLJITeH IIETTIK ecert 3epTTesred. Keseci HoTmxkemep
aneragel: 0 < x < 27 6osranma Tpukomu ecebiHIH MEPEKTEPIH TACBIMAIAYIIBLIIAD CUAKTHI {2 OOJIBICHIHIA
Q1 Geuririn mekreiitin AC xone BC' cunarraymibLIapblHbIH T€H MYMKIHIIKTI emectiri kepcerisi kone BC
CHTIATTayIIBLIAPBIHIAFEL IepekTepiMen Tpukomu ecebiniy, ImentyineH, xaansl agranga, AC cumarTayiibi-
CBIHJIAFBI iepekTepiMen Tpukomu ecebi MmermiaMeit Ti; 3epTTein OTBIPFAH €CENTIH PEryJIspJIbl MIeITyiHiH 6ap
0OJIYBI KOHE 2KAJIFBI3/IBIFBIHBIH, KAXKETT1 »KoHe »KEeTKLIKTI maprrapsl Tabbliran. bepiiren dyHkiusra 6eJi-
rizi 6ip maprTapaa 3epTTeIeTiH ecelTiy menryi afKblH Typje *Ka3bligbl. Bepiaren dyHKIusIra »KyMbBICTa
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TaOBLIFAH KAXKeTTi mapTrap Oy3blica, 3epTTEJIETIH ecernKe coiikec GIPTEKTI ecenTiH, IMeKci3 Kol mremntyi 0o-
JIATBIHBI KOPCETLJINEH, COMKeC HGIPTEKTI eMec eCcenTiH IIeNTy/iep *KUbIHbI TeK KaHa OepiireH (pyHKIusIapra
KOCBIMIIIA TajanTap O6oraHga raHa 6ap 601a bl

Kiam cesdep: apajac TUNTI TeHJey, VIIiHII perTi mapabosa-runepbosiaiblK, TeHaey, T pUKOMHU TeHJeyi,
BIFBICYMeH Geplrer Gipiumm Termey, ['pun dyHKIMSACH, eKinmn TeKTi PperobMHIH HHTEMPAJIILIK, TEHIEYI.

KA. Bankusos, 3.X. I'yuaesa, A.X. Koxzokos

IlepBas 3agavya co cMmenieHueM A ypaBHEHUs
napaboJIo-rurepoboJIMIEeCKOro TUMa TPEThEero NopaaKa
1 3¢pdeKT HepaBHONIPaBUS XapaKTEPUCTUK
KaK HOCHUTEeJ W JaHHBIX 3a7a4uu TpukoMu

B crarpe wuccienoBana KpaeBas 3ajada CO CMEINIEHWEM JJIsi HEOAHOPOIHOTO ypaBHEHUsT mapabosio-
rUAIepOOJIMIECKOTO THUIIA TPETHETO MOPSAAKA C TAPabOJINIeCKUM YPABHEHHEM TPETHEro. IOPsI/IKa C 0OPATHBIM
XOJIOM BPEMEHU M BOJIHOBBIM YpaBHEHHEM B 00JIACTH T'UNEPOOTUIHOCTH, KOIVIa B KaUeCcTBE OJHOTO U3 I'pa-
HUYHBIX YCJIOBUIl 3a/1aHa JUHEHHAS KOMOMHAIUS C TIePEMEHHBIMUA K0P MOUIMEHTAMA OT 3HAYEHUH UCKOMOIT
dyukuun Ha xapakrepuctukax AC u BC'. Tlosydens! ciemyonue pe3y/ibTaThl: IOKA3aHO HEPABHOIIPABHE
xapakTepuctuk AC nu BC', orpaHUYMBarOMUX THIEPOOTNIECKY O acTh )1 061acTu ) KaK HOCUTEIN JaHHBIX
zagaun Tpukomu mpu 0 < x < 27, U U3 pa3PENIMMOCTH 33Ja9n | PUKOMHU C JAHHBIMHA HA XapPaKTEPUCTU-
ke BC, BoobIIe roBopsi, HE CJIeJyeT Pa3pelnMocThb 3aa9u TPUKOMHU ¢ JaHHbIMU Ha Xxapakrepucruke AC,
HaliJIeHbl HEOOXOUMbIE U JOCTATOYHbIE YCJIOBUS CYIIIECTBOBAHUS W €JIMHCTBEHHOCTU PETYJISPHOTO PeIleHns
ucciemyemoit 3agaqdu. [lpu onpeneseHHbIX yCIOBUIX Ha 3aJaHHbIe (DYHKIINN PENTeHNEe UCCIeTyeMO 3aa-
9M BBINUCAHO B IBHOM Buje. [lokazano, 4To mpm HapyneHun HaiJleHHBIX B paO0Te HEOOXOMMMBIX YCIOBUI
Ha 3aJlaHHble (PYHKIMHU, OJHOPOIHAs 3a/1ava, COOTBETCTBYIOIIAsl MCC/IeyeMoil 3aja4de, nMeeT OGeCuncieH-
HOE MHOXKECTBO JINHEIHO HE3aBUCHUMBIX DEIIEHUN, & MHOXKCCTBO PEIICHUNA COOTBETCTBYIOMIECH HEOTHOPOIHOM
3a/a91 MOXKET CYIIeCTBOBATH TOJILKO IIPU JAOMOJHATEILHOM TpeOOBaHUM Ha 3aJaHHble (OYHKIIH.

Karoweswie caosa: ypaBHEHHE CMENIAHHOIO THIIA, 11apab0JIO-IUIEPOOINIECKOe YPABHEHNE TPETHErO ITOPsi/I-
Ka, 3amada Tpukomu, merorn Tpukomm, mepBast 3amada co cMmemenuneM, (yuknus ['puna, mHTErpasbHOE
ypasaenne ®peirosibMa Broporo pogga.
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