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Singularly perturbed control problems in the case of the
of the spectrum of the matrix of an optimal syst

one of the points of the spectrum for some values of the independent varia,
the boundary functions method does not work. It is precisely this situation wi
imaginary points of the spectrum that is investigated in this paper. I i
different approach based on the ideas of the regularization method S.A. Lo d also be noted that
in the control problems considered earlier, the cost functional eigher did not end on a small parameter
at all, or allowed a smooth dependence on the parameter. In this‘pa an irregular dependence on a small
parameter is allowed, in particular, the presence in them of a rapi anging damping function in the
ctrum behavior of the optimal
itions) can shift the spectrum in one

system depends on the damping coefficient, which (under ce
direction or another in the complex plane. In this cas

spectrum for individual values (or even on a certain i set) of an independent variable can become
purely imaginary. This situation is not amenable i n by the previously mentioned Vasilieva -
Butuzov method of boundary functions. Howeve e fully studied using the regularization method
S.A. Lomov, the algorithm of which is applie dered control problem in the present paper. The
presentation of this method begins with a (b ion of the maximum principle of L.S. Pontryagin
for the classical optimal control proble ] , along with other ideas, is used to justify the results

in the considered control problem.

Keywords: singularly perturbed, tryag maximum principle, regularization, asymptotic convergence.

Introduction

The presentation of
Pontryagin’s maximu
singularly pertur 0
spectrum of the'matrixpof an optimal system.

Consider,a lingar control system

dx
i A(t)r + B(t)u + h(t), (0) = 2°;
. T
J(u) = 5 /(a:*Q(t)x + u*R(t)u)dt — min,
0

where x(t), h(t) are n — dimensional; u(t) is m — dimensional vector functions, x°

e ization method of S.A. Lomov [1] begins with a brief description of the
ble for the classical optimal control problem, which is then applied to a linear
oblem with a quadratic quality functional (cost functional) in the case of a stable

(1)

(2)

is a constant n-dimensional

vector; A(t) is (n x n)—matrix; B(t) is (n x m)— matrix; Q (¢) is a symmetric non-negative definite (n x n)—
matrix, R (t) is a symmetric positive definite (m x m)— matrix, * is a transposition sign. It is required to transfer
the system (1) from a given initial position x(0) = 2° to a position z(T) in a fixed time T' < +oo (z(T) is not
fixed) so that the functional J(u) takes the minimum value. A similar problem was considered in many sources
devoted to the theory of optimal control. Our presentation follows the monograph [2]. We introduce a variable
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xg = wo(t), satisfying the equation &g = fo(z,u,t), z(tg) = 0 (where fo(z,u,t) = 1(z*Q(t)x +u*R(t)u)). Then
the problem (1)—(2) will be rewritten as

B0 = fo(z,u,), 2(0) = 0;

& _ ADa + Bty + h(t), 2(0) = 2°; @)
2o(T) = min, 0 <t <T.

Denote f(x,u,t) = {f1,..., fu} = A(t)x + B(t)u + h(t) and make Hamiltonian
fi
Ay ) = dofo+ 26305 = ol + (restin) | 1 | =
J= n
= 3%0(2"Q(t)z) + 3o (u R(t)u) + v A(t)z + ¥  B(t)u + 9 h(t),

where ¥* = (¢1,...,%,). According to the maximum principle should be 1y (t) = < n the problem
with a fixed time T and with a free end of the trajectory are equalities

Yo(T) = =1L, (T) = Po(T) = ... = tn(

(transversality conditions; see [2; 260]), therefore 1y(t) = —1, aﬂthe functio

takes the form

H(,,u,t) = ~[5(2*Q(t)x) K 5( u)—

ximum on the optimal control u = u(t), which
t)u) +p*A(t)x + p*B(t)u+p*h(t) should reach to
,n), therefore, the auxiliary functions p; = —1;(¢)
9H

i = 1,n (the equation pg = por is not written out, since

. In terms of the function H, this system can be written in

where it is indicated: p* = —¢*. The function H mug
means, that the function H(p*, z,u,t) = (2*Q
u = u(t) the minimum. We note now that %

satisfy the system of differential equation:

it is trivially satisfied, because 1o(t) =

the form )
dpj 8H . N
.t il =1.n. 4
7 A (4)

Calculate ‘897%. We have (consider that Q(t) is a symmetric matrix)

28— 0 (1" Q1) +p* AlD)) = 1e;Q(0)a+
+32°Q(t)ej +pA(t)e; = 5(Q()x, ¢5)+
@ ,
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On the other hand, to search for the minimum points of the function H (p*, 0, x,u,t) relative to u, we must
find its critical points (note that R(t) is a symmetric matrix ):

8H —0j=Tn
& SerR(t )u—l—lu R(t)e; + (t)ej:O(:>
< (ej, R(t)u) = —(B(t)ej,p) &
A (erR( Ju) = —(ej, B*(t)p),j =1,n
& R(tyu=—-B*(t)p & u=—-R1(t)B(t)*p.

So, the only one critical point u = —R™'(¢)B*(t)p is obtained. In order to check whether it ¥l r he
minimum of the function H for u, consider the matrix of the second derivatives:

affauk = 52 (e, R(t)u) + (e;, B*(t)p] =
= 52 (ej, R(t)u) = (ej, R(t)ex) = Ry(t), j,k = T,

where R are the elements of the matrix R(t). This shows that the matrix
Since R(t) is a positive definite matrix, then the point u = —R™'(t )B*( ) minimum point of
the function H for u. So, if the optimal control of problem (1)-(2) e ssarily has the form
u=—R~Y(t)B*(t)p, where p = p(t) satisfies system (5) and z = x(t) is ca the system (3). In other
words, the optimal system has the form

& = Alt)z — BOR™'(t)B*(t)p
%= —Qt)r = A*(t)p,p

It follows from [3] that the control u = —R~!(t)B*(t)p, where
corresponding trajectory x = xz(t)is the optimal trajectory:
matrices A(t), B(t), R(t), Q(t) and with continuous

depend on wu.

(t

boundary-value problem (6) with continuous
(t) on a segment [0,7] can be ambiguously

(t)p, z(0) = 0;
t)p,p(T) = 0. (60)

. This will take place, for example, in the case when h(t) = 0 and
p(t) = K(t)z(t). Indeed, in this case (as shown in [3; 318, 319]), the
and satisfies the nonlinear Riccati matrix differential equation:

p(t) is linear depends on phase ¢
(n x n) — matrix K(t) #Z 0 is

K=—K-A(t)— A*(t)- K+
HR™I(t) - B*(t) - K = Q(t), K(T) = 0(t € [0,T]),

and homogeneo ) takes the form

9% = [A(t) = BO)R™ () B* (1)K ()] 2, 2(0) = 0;
p(t) = K (t)x(t).

b only one solution (z (t),p(t)) =0 .
2 Singularly perturbed control problems. Building an optimal system

now consider a singularly perturbed control system
e —A(t) (t,€) + B(t)u(t,e) +f( (0, )

£ =20,0<t<T;
T ¢

7

:%g Q(t)x + u*R(t)u) exp éjjj,u ) ()

where € > 0 is a small parameter, x(t, ), f(t) are n — dimensional, u(¢, ) is m — dimensional vector functions,
20 is a constant n-dimensional vector; A(t) is (n x n)—matrix; B(t) is (n x m)—matrix; Q (t) is a symmetric
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non-negative definite (n x n)— matrix; R (¢) is a symmetric positive definite (m x m)— matrix, pu (t) is a scalar
function, t € [0,T7], * is a transposition sign. It is required to transfer the system (7) from a given initial position
2(0) = 20 to a position z(T) in a fixed time T' < +oo (z(T) is not fixed) so that the functional J(u)takes the
minimum value. In order to obtain asymptotic representations for x(¢,e) and w(t,¢) in the form of series in
powers of €, we require the following conditions to be satisfied:
19. The elements of the matrices A(t), B(t),Q(t) and R(t), as well as the components of the vector f(t)
and the scalar function p(t) belong to C*°([0,T],R).
Applying the Pontryagin’s maximum principle (see system (1) in the previous section) and taki
account that the role of A (t) is played by the matrix 1A( ), role B (t)- matrix 1B (t), role Q (f)- matrix

e:z:p( J (o ); role R (t) — matrix R (¢ e:cp( S r(9) ); role h (t)— function %

following optlmal system:

i — At — BUOR (B (Deap (—l [ 0)08) p-+£7(0)2(0.9) =
ep = —eQ(t exp< J 1(6) l‘—A* ppTﬁO@

Doing successive replacements
t

1
ex =y, exp|—- u p—, v, q} (8)

s
and taking into account that ¢
d d LI n(0) do.

€ Ep():<€ %q

f 7 1(
we arrive at the following singularly perturbed bou e problem with weak inhomogeneity:
=A@yl D+t 1)
cha(n) = a(t).

or
(t)z+¢eh(t), 0<t<T; )

z=M=z(0,e) + Nz(T,¢e) = ea,

where S(t) is (2n X 2n)—matrix w ements from the class C*°[0, 7] :

< A —BR'B* )
—Q —(A"+ul) )’

where M = diag , N = diag(0,...,0,1,....,1),h(t) = f(t),0,...0, @ = 2°,0, ..., 0 are 2n— dimensional
vectors. In thls 1mal control (see 1) w111 be

u(t) = R L) B (t)q(t). (10)

€

qularization of the optimal system. Construction of solutions of iterative problems

ithout detracting from the community, we may assume that T = 1. Let b;(t), d;(t) (j =1,2n) are

eigenvectors of matrices S(t) and S*(¢) corresponding to eigenvalues \;(t) and \;(t), respectively, and, moreover,
(bj(t),d;j(t)) = &;; is Kronecker’s symbol. Suppose that besides the condition 1°, two more conditions are
performed:

20. The spectrum {\;(¢)} of the matrix S(¢) has the properties:
a) A;(t) £ 0, = 1,20, i € [0,1];
) () '(t)vi#jaivj:mthe[Ql];
&) Re Aj{t) < 0.5 = T, Re Ay (t) > 0,5 — n ¥ 1,27, ¥t € [0, 1]
) Re)\l( ) < Re)\Q(t) S S Re>\2n(t).
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30. det(bij(O))?,j:l . det(bij(l))” n+l 7é 0.

Here b; = colon(b;j, ..., banj),7 = 1,2n; the conditions 3° mean that in the matrix B (t) = (b; ; (t); j=12n
the left angle minor det(b;;(?));;—; of order n does not vanish at the point ¢ = 0, and the right angle minor
det(bi;(t))7%_, ., of order n does not vanish at the point ¢ = 1.

The listed conditions 19 — 3% are realizable. To verify this, consider the following scalar problem:

6(%%())— (+BU() f@), () 2’ (0<t<1);

)
y 2
=1f ( u (t) ) * dt — min.
0
By completing the replacement (8), we obtain the optimal system
gN_[ -1 =] (v f@);
(D)2 T () () wsven

y(0) =ea® ¢(1)=0

The eigenvalues and eigenvectors of the matrix S(t) are follows:

A1<t>=§—§¢m%<t>=<

1 1
)\2(@:5—}—5\/94—46%(—)1)2(0:&

Obviously, all the conditions 1° — 3% for them are realized.
We draw attention to the fact that in the considerate pr

the spectrum on separate values (or even on some continual

imaginary. This situation is not amenable to the study o

arise a situation when some points of
dependent variable can become purely
nown methods of asymptotic integration (for
tions [4-7]. However, it can be fully studied
at the regularization method [1, 8] allows us to
perturbations [11-25].

gorithm of the regularization method, developed for

using the Lomov’s regularization method [1, 8-10]
investigate a wide class of problems in the theg

For the regularization of problem (9), we
singularly perturbed problems in [1]. We jaftro

and consider a new function 7,¢), for which we set the following problem:

eat—i—Z)\ (t) 2£ — S (t) z = eh(t); (11)
Gztrs) MZ(MO, g)+ Nz (My,e) = ea,

where
1 1 1 1
a(p 1@ 17_ ) P t,- ) = ¥1 t,— y o0 P21 t,— .
€ € € €
(e t,7,0,¢) is a solutlon to problem (11), then the restriction z(t,e) = Z(t,¢ (¢, 1), &) will obviously be a
C O
in t

ion to problem (9). The resulting problem (11) is regular in ¢, and therefore we are looking for its solution
form of a series

Z = Zeizi(t,f) (12)
i=0

by non-negative powers of the parameter €. To determine the coefficients of this series, we obtain the following
iteration systems:

Lozg = ZA 87 S(t)z9 =0, Gzo(t,7)= Mz (M) + Nzo (M) =0, (130)
J
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6z0

L()Z]_ = h(t) — E

.Gz =y (134)

0zi—1
ot
In order to study the solvability of problems (13¢), (131), (13;), consider the general iterative system

Lozi = — s GZZ' = 0, 1= 2,3, cee s (131)

Lo = H(t,1,0). (14)

We will find a solution to system (14) in the space of functions
2n
U= {£(t,T) 6= Git)e™ + & (1) & (1) € C%([0,1]),C*), k = 0,271}
k=1

in which is the following scalar (for each t € [0,1]) product is introduced

2n

<E(tT),C(T) >=) (G (1), G (1), §=E(tT), ¢(t.7

k=0

where (, ) is the usual scalar product in the complex space C?". Suppose ight-hand side of system (14)

2n
belongs to U, that is H(¢t,7) = Y hi(t)e™ + Ho(t) € U. The following asser holds true, which is proved in
k=1 i

the same way as the analogous assertion in [1].
Theorem 1. If conditions 1°,2°(a, b, c) are satisfied and H(t, Jhen for the solvability of system (14)
in space U, it is necessary and sufficient that

<H(t7)dk()7k>=O k=T,2n. (15)

Remark 1. Under the conditions of Theorem 1 % 4) has the following solution in the space U:

2n n
£t,r) = Z ak(@ Hys)bs(t) | €™ + ZHOk(t)bk(t)§ (16)
k=1 k=1
fu

where ay(t) € C*([0,1],C")are arbit

nctions, Hys(t) = (Ae(t) — Ao (8)) " (Hy (1), ds(t));

=&Y and addztwnal condztzons

0
<—8—§+g()dk()7’c> 0,1,2n,Vt € [0,1], (17)
1],C2") is a known function, is uniquely solvable in U for ¢ € (0,g0], where g9 > 0 is
al
the conditions of orthogonality (17) and obtain equations for the unknown functions ay(t) in

2n
dk(t) + (bk (t) ,dp (t))ak = — Z Hks(i)s (t) ,d (t)), k=0,2n. (18)
s=1,s#k
From equations (18) we find
j(b di)df 2 (b di)do
ap(t)y=e o [ (0) — Z /eo ’ Hys (z) (bs (z) , dy, (z))dz], (19)
s=1,s#k |y
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where a4 (0), k = 1,2n, are while unknown numbers. Subordinate the vector function (16) to the boundary
condition G¢ = €% & ME(0,0(0,1)) + NE(1,9(1,1)) = €° To simplify the calculations, we write the
solution (16) in the form

E(t, ) = @ (t) diag (e™,...,e™") a(t) + &(E, 7),

where a(t) = {ag (t),..., a2, (1)}, ®(t) = (b1(t), ..., ban(t)) is the matrix of the eigenvectors of the matrix T'(t),
and by £(¢,7) is denoted the particular solution of system (14):

2n 2n n
Etr)=> ( > Hks(t)bs(t)) €™ + > Hop(t)be(t).
k=1 \s=1,s#k k=1
The condition G¢ = £° gives: <

M (0) diag (1, 1, e (02) ...,em"(oé)) a(0)+
+N® (1) diag (e“’l(l’é), ...,e“"”(l’%), 1,..., 1,) a(l) = (20)
=1(e), 1(e) = €% = ME(0,0 (0, 1)) + NE (1,9 (1, 2))

From equality (19) we find that

1, o 1 x|
— [ (bk.dk)do (b dy)doO
ar) = e 10,00 - 3 /eof’“’“ H,
s=1,s#k
o
—jl‘(bl dy)do —jl'
a(1) = diag(e o sy € O a(0) + 8,

where ( is a constant vector having the form

s=1,s#1
Substituting « (1) in (20), we wil

id matrix @ (t) into blocks of size nxn : ¢ (t) = <

P / A (be (2) . (2)) i, .
s=1,s#17 Q
2n 1 f o )
e 1s (z) [ bs (z) , dop (2) ) da}.
2[R 0.0m0)
(0) diag (1, ey 1, ¥t

1
0 sy € ,e

1 1 1
(by,d1)d6 n(1L,8)=[(bn,dn)d®  — [(bnt1,dni1)dd — [(ban,daon)dO
FN® (1) diagy] ¢ o et~ I L ) % (1)

xa (0) =1(e) — NB.

Dy (1) Pio(t)
Doy (1) Poo (1)

Al (t) = diag ()‘1 (t) PRRRS] )‘nl(t)) ’ A2 (t) = dllag (>‘n+1 (t) 30ty A2n (t>);
G, = diag (— E){(61,611)d9, oy — Z]f(z')n,dn)da>;

1 . 1 .
G2 = diag <— f(bn-i-lvdn—i-l)dea ey — f(bgn, dgn)d9>
0 0

2 ) and we introduce the notation:
2

Then the determinant A (¢) of the system (21) can be written as

®11 (0) By (0) et [ A2(0)d0

Ale) = . (1)6éf01 A1(0)dO+Gy Doy (1)€G2
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To calculate it, we apply the block Gauss method (see [26; 44, 45]). Multiply the first «column» of this
determinant by —®7;' (0) ®15 (0) et U 82040 the matrix and adding the result to the second «column», we
get that

By (0) 0

A(e) = By (1) e Jo Au(@)do+Gr

= det @11 (0) - det K,

where K = ®g5 (1) %2 — &7 (0) 15 (0) e* J82(0)d0g, (1) et Jo M1(0)d0+Cr - Considering conditions 20¢), we
conclude that A (g) — A(0) = det®y; (0) - det[®9s (1) %2 (¢ — +0). By virtue of the condition @° the
determinant A (0) # 0, and therefore A (¢) # 0 for € € (0,g0] and g9 > 0 is sufficiently small. This

that system (21) has a unique solution « (0) = a (¢). Substituting this solution into (19), we i
the functions oy (t) = ag(t, €), and, therefore, we calculate the solution (16) of system (14) in
unique way. The theorem is proved.

4 Correct solvability of a singularly perturbed two-point boundary
value problem and estimation of the remainder term

Applying Theorems 1, 2 to iterative problems (13;), we find in a unique
space U and construct series (12). Arguing by analogy with the monograph |
result.

Lemma 1. Let the conditions 1° — 39 be fulfilled.  Then the

N
e)=3 €'z (t, @) satisfies the problem J

=0

y soluti se problems in
e prove the following

dZEN

at S(t)zen(t) + eh(t) + eN+1

where ||Ry(t,€)||cp0,1] < Ry = const for e € (0,&0] (¢
To substantiate the asymptotic convergence of t
(9) to its exact solution z(t, ) , we must prove

solution z.n (t) = Sn(t, ¢ (t,1) ,€) of the problem
of an arbitrary boundary value problem

e— = z 2(t,e) = 2% t € (0,77, (22)

under the above conditions 1° — 3° givePan estimate of its solution through ||2°|| and ||A(t)||. Under
conditions of stability of the sp i(t)} of an operator S(t), such an estimate was carried out using
the Green function (see, for |), the construction of which essentially uses a rather strict condition
2°d). Here we propose anot dure based on the study of a special integral equation equivalent to system
(22). The implementationgef this procedure (its main ideas are presented in [27]) makes it possible to avoid
constructing the Gree fion, and also to get rid of condition 2°d). We formulate some of the statements
from [27], which will b ater.

Consider a pdore al, than (22), boundary value problem
d
d_:f = S(tyw + h(t), lw = Myw(0) + Nyw(T) = w°, t € [0, T, (23)
ntaini parameter. We assume that M; and N; are arbitrary (m xm)-matrices, w = {w1, ..., wn}, S(t)
l-known (m x m)-matrix, h(t) = {h1,..., hn} is a well-kknown vector function, w® = {w?,...,w%} is a

nown constant vector. We formulate conditions under which the boundary value problem (23) is solvable.
Let ®(¢) be the fundamental matrix of solutions of the corresponding homogeneous system w = S(¢)w with
columns ¢;(t) , i.e. ®(t) = (c1(t),...,cm(t)). Form the matrices

D (t) = (e1(t),...,ck(t);0,...,0);
Dy(t) = (0,...,0;cp1(t), ..., cm(t)),

where k € {1,...,m} is an arbit_rary number. The following properties of these' matrices are obvious:
a) ®1(t) + @2(t) = O(t); b) ©;(t) = S(E)P;(2),5 =1,2; ¢) ®1(¢) + D2(t) = 2(2).
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Lemma 2 [27]. Let the matriz S(t) € C*=([0,T],C™*™),h(t) € C*([0,T],C™).Then the general solution
of the system w = S(t)w + h(t) on the segment [0,T] can be written as

t t

umm@:@@m+¢ﬂw/¢*wmwmmu%@/@4wmwma (24)
0 T
where ¢y € C™ is an arbitrary constant vector.

Proof. Since ®(t)cy it is a general solution of the corresponding homogeneous system, it is necessary t@,show
that the vector function

¢ t
B(t) = (1) / &= (0)h(6)d0 + D (1) / o1 (6)h(6)d6 5)

0 T
is a particular solution to a non-homogeneous system of equations w = S(¢)w+h(t). Usin opelties a) — ¢)

of the matrices ®;(t) , we will have

that is, function (25) is indeed
proved.
Lemma 3 [27]. Let the i Lemma 2 be fulfilled. Then for the unique solvability of the boundary

value problem (23) it is ssary amd sufficient that
Q det[M1D(0) + N1 ®(T)] # 0. (26)
If condition ( Q then the solution of the problem (23) is given by formula (24), where the vector
cohas the for
@ co = [M1®(0)co + M1 ®(T)] " (w® — My P5(0)

— N, & (T f@ (6)df).

=1(0)h(0)do—

N—o

(27)

oof. Subject (24) to the boundary condition lw = w®. We will have

0
MiD(0)co + M Ds(0 /q> L0)h(0)d0 + N1 ®(T)eo+
T
T
+N, P /@1 0)do = w?;
0
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or

0
[M;®(0) + Mo®(T))co = w® — My ®(0) / 1 (O)h()dh)—
T

T
— N1 D4 (1) / O~ H(O)h(h)db
0

For the unique solvability of this system, it is necessary and sufficient to satisfy condition (26). At th
time, cg has the form (27). The lemma is proved.

We now turn to the study of the solvability of the boundary value problem (23). Accordin [1; 0],
under the assumption that S(t) € C1([0, T], C*"*?") transformation

z=[B(t)(I +eBi(t)]n(t,e),

where B~L(t)T(£)B(t) = A(t) = diag(M (£), .. ., Aan(t));

O’
(B1(t))ij = { sienm (BT OB (1),

leads system (22) to the system

where indicated:
P1( ) (0)(I +eB1(0)],

= M[B
Ao(t,e) = diag(Mi(t) + e
Hy(t) =
and C(t,¢) is a known matrix. Let ®(¢,¢) be
5% = Ao(t, €)= (29)

Obviously, it can be taken inghe ing form:

tey=| ° ! (30)
éIX(O,E)dG
0 e T
where _
A(t) = diag(A1(¢) + epa(t), .., A (t) + epn(t));
K(t) = ding(Ana (1) + 2pinsa (1), Ao (£) + epan ().
@ 0) emma 3, we reverse the system (28) and obtain an equivalent system of integral equations
1t €) = @(t,)co(n)+
t
+®4(t,e) [ (s,)C(s,e)n(s,e)ds+
0
(31)

+Wf<1>_ (s,e)H1(s,e)ds+

0

t

+®@2(t,e) [ €@ (s,6)C(s,€)n(s, €)ds+

T
¢
L2(L5) [ §1(s,e)Hy(s,2)ds,
T
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where
co(n) = [P1(£)®(0,€) + Po(e)®(T,e)] <
0

« 20 = Pr(e)®s(0,2) / c®~1(s,)C(s, )n(s, £)ds—

T
—Ps(e /5@ L (s,e)n(s,e)ds—
0
_P /(1)158H186)d8— < 2)
T

0
T

/<I> 135Hlss)ds]
0

1 (
—Py(e

and by ®;(t, ) we denoted (2n x 2n)-matrices

1
e

A(6,e)6
D4 (t,e) = diag(e

oma

’ 0)3 ) (t7 8) = dlag(07
Substituting (32) into (31), we write the integral system in&r r form:
n = An. (33)

Obviously, the operator A acts from space C ([O, 7], 1f. In assessing the norm ||An; — Ansl|, we
use the fact that the product ®;(¢,)®~1(s,¢) is uniforml nded of ¢ (for sufficiently small € > 0) for s
< d oduct ®y(t,e)®1(s,¢) is uniformly bounded (for
sufficiently small ¢ > 0) for s and ¢ satisfying the ineg es 0 <t < s <T. Let us show this. We have at

0<s<t<T:
,E)ll =
= [lexp o] = llexp{ f 0)doy|| <
/Re)\ldﬁ} . exp{— /Re)\ do}||x
@g xp{/ Repydb}, . exp{/ReundG}H < vy = const;
because Re,( n0<s<f0<t<T,i=1,n When 0<t<s<T we have

||<I>2(t )@ (s, )]l
= |lewp{: fAd9}|| = ||6wp{—-fReAd9}l| <

e |||

S S

1 1
< ||diag(exp{—g/Re)\nﬂd@},...,(emp{—g/Re)\gndH}HX

t ¢
¢ t
x||diag(exp{ [ Repiny1d0}, ..., exp{[ Repondf})|| <
< vy = const,

since ReA;(8) > 0 when 0 <t <0 <s<T,j=mn+1,2n.In this case, constants v; and v, does not depend on
€ when ¢ € (0,¢e0], where gy > 0 is sufficiently small.
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We now turn to the estimate [[An — Ana|| = [[An — Anal|cpo,r)- Using the boundedness of matrices
Oy (t,e) x d7(t,e) and Py(t,e) - P~1(t,¢), we will have

|| Am —;4772|| < ||®(t,)(co(m) — co(n2))[|+
+el|®@1(t,€) f@‘l(s,s)C(s,e)(m(s,a) —n2(s,e)ds||+

+el|@2(t,e) [ @1 (s,8)(m(s,€) — ma(s,e)ds|| <

T

< wolleo(m) — 60(772)|| +evs|lm — ne|| + evallm — 2|l

On the other hand,

lleo(m) = co(m)|| < [|(P1(€)®(0,€) + Pa(e)®(T, )~ "||x
x(||eP1(e)®2(0,e) | &~ 1 (s,€)(m(s,e) —na2(s,e)ds||+

%\O

T
+||ePa(e)®1 (T, e) [ DY (5,€)(m(s,e)
0

—772(
SEVsIIm 12| |-

Substituting this into the previous inequality, we get ||An — Ana|| < evg||n1
¢ at € € (0,g0]. From here it follows that the operator A is contr@ction opera
therefore, the equation (33) is uniquely solvable in C ([0,7],C

From (31) and (32), passing to the norms in C ([0, 7],C?") ,

where vg do not depend on
in space C ([0,7],C?"), and

[[n(t, &)l < vollco(n)|| + _[H][;
l/11
lleo(m)]] < vo.||2° ||H1||,
which means, that
V8+V0V11
Il < 3= ovol|2°|| + ———||H1l|).

Take ¢ > 0 such that

1
1—5 V7—|—l/1()l/0 5
Then N
vg + Vol11
Il < 2(vove|2°]] + ————I|Hal]).
Since z = [B(t)I +£B ), then the initial boundary problem (22) is uniquely solvable in C* ([0, 7], C*")
and for its soluti cJawe have the estimate
o, K2
12(t, e)llero,r < KaillZll + —lllloro,m- (34)
@ , alculations are correct only when
| det[Py(e)®(0,¢e) + Pa(e)®(T,e)]| > 61 = const >0 (35)

at € €7(0,¢0]. Insofar as Pi(e) = MB(0) + eMB;(0), Po(¢) = NB(T) + eNB1(T), then inequality (35) for
€ € (0,¢ep] follows from the fact that

| det[M B(0)®(0,e) + NB(T)®(T,¢)]| > d2 = const > 0

for € € (0,&0]. This fact follows from the conditions 3%a) — 3°¢), what can be proved in the same way as the
inequality |A(e)| > dp = const (see system (21) and the following calculations).
The following result is proved.
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Theorem 3. Suppose that S(t) € CL([0,T],C**2") h(t) € C([0,T],C*") and the conditions 1°,2%) —
20¢), 3% are satisfied. Then for sufficiently small e € (0, 0] the boundary value problem (22) has a unique solution
z(t,e) and estimate (34) is valid for it.

Using the estimate (34) for the remainder term 7y (¢,€) = 2(t,€) — zen(t), as well as Lemma 1, we can
easily prove the following statement.

Theorem 4. Let the conditions 1°,2%) — 2°¢), 3% are fulfilled. Then the boundary value problem (9) for
sufficiently small € > 0(0 < € < ) is uniquely solvable in the class C1([0,T],C*") and the estimate

12(t,€) = zen (t)llcpo,ry < Cne™ !

holds true ( here Cy > 0 is a constant independent of € € (0,20], zen(t) = Sn(t, ¢ (t, 1) al
asymptotic solution constructed above.

So, we have obtained the asymptotic solution of the problem (9) in the form of a series
restriction 7 = (¢, 1). Using equations (8) and (10), we construct the asymptotics of the optim
and the optimal trajectory z(t, ).

Remark 2. Due to the uniqueness of the solution of the system (13p) in space U, it
solution zyp = 2q (¢,7) = 0, therefore the asymptotic series for the optimal control (10
z (te) = %y (t,e) will not contain coefficients with a negative degree of the

Remark 3. Condition 2°d) is related to the construction of the Green| functio
problem (9) and its application in estimating the remainder term (see [
can do without constructing the Green function and then condition 2°d) ¢
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A.A. Bo6omxkanos, B.T. Kamumberos, B.®. Cadonon

OHTaitapl >KyiieHiH MaTPUIIACBIHBIH, CIIEKTPi yaaiibl 00JIFaH
JKarJaiaarbl 0acKapyablH CUHTYJIAP aybITKbIMAJbI ecebi

Maxkanaza camasblH KBaIpaT (DYHKIIMOHAJBI O0Ap CHHIYJISP aybITKBIMAJBI ecebi KapacThIpbLIabl. MyHmait
ecenrrep GypbIH CIIEKTPIH Gesrii mekTeysiepinge (OHTaNIbI XKYHEeHIH CIIEKTP HyKTeJIepi Ta3a XKopaMaJl eMecC
JKOHE KOpaMaJl OCbKe KATBICTBI CUMMETPHSIIBI OpHasacca) Bacuibesa-ByTy30BThIH eKapasblk, QyHKINsI-
Jlap 9JIici apKbLIBI KapacThIPLLIFaH. Krep crekTp/iiH HYKTe/epiHiH eH O6onMaraHaa 6ipeyi Toyescis aitHbI-
MAaJIBIHBIH KeHbip MOHIEpiH/e >KopaMaJjl OCbKe TycCe, IMEKAPAJIbIK (PYHKIHUAIAD O/IiCi KYMBIC icTemeiai.
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2KymbicTa crieKTp/iiH Ta3a xKopaMaJl HyKTeJiepi 6ap xkarmaii seprrenai. Bya xarmaiina C.A. JIoMoBTHIH pe-
ryJisipu3anusiiay 9/ IiCiHiH uesyiapblHa HerizesreH 6acka oicTi qaMbiTyra Typa keseai. Conpaii-ak 6ypbiH
KapaJiran 6acKapy ecerrepiHjie MbIFBIHAAD DYHKIMOHAJBI Killli TapaMerpre MYJIIEM TOYeJIIi eMec Hemece
KiIlri mapaMerpre Teric Toyesi 60IaThIHbI balKaFaH. ByJr Makasia a MbFBIHHBIH, Killli TapaMeTpre PeryJssip
eMecC TOyeJiIiri, srHN MHTerpaJj TaHOAChI ACTBIH/A SKCIIOHEHIINAIbI KOOEHTKIN TypiHae »KBLIIaM e3re-
perin pemndupiiey GOYHKIUICHIHBIH 6ap 60yl XKargaiibl KapacToipblaran. Ochl yKarmaiiga OHTalIbl XKyiie
crnekTpinig 6eranbicel gemmdupiey kodddurnmentine 6aitanbicTr 60manpl, ot (Geariai 6ip Karmaitnapaa)
CIEKTP/l KOMILJIEKC »Ka3bIKTHIKTBIH KaHJAal J1a Oip »KarblHa KbUDKBITYbl MyMKiH. OHZIa crieKTpiH, Keibip
HYKTeJIepl »KeKeJleHreH MoHzepAe (Hemece TinTi Keibip KOHTHHYyaJs bl KUBIHJAP/A) TOyeJIci3 affHbIMAaJ
Taza JKopamaJsi OOJIFaH Karmail TyblHAaybl MyMKiH. MyHmail Karmaiiapl sKorapbia aTajraH BacuibeBa-
ByTy30BTHIH MIeKapasbik, GyHKIUAIAPHI diCiMeH 3epTTeyre 6oaMaiIbl. Asaiiga KapacThIPbLIBIIT
backapy ecebin zeprreyre KarbicThl C.A. JIOMOBTBIH peryssipu3anusijiay 9iCiHiH aJrOPUTMIH KO,
KYMBICTa TOJIBIK, KAPACTBIPBLIFAH. Bysr omicti GasgHmay OHTaIbl 6ACKAPYIBIH KJ/IACCHKAJID] cebi yrmia
JI.C. TloHTpsArvuHHIH, MAKCUMyM IIPUHIUIIH KHICKAIIA, CUIIATTayIaH OaCTasIbI, OJaH COH bacKka JapMeH
Karap, KapacThIPBLIBII OThIPFaH 6acKapy ecebiHIH HOTHIKeJIePiH Heri3zey YIIH KOJIIaHbLIJIbL.

Kiam cesdep: cunryisp aybITKy, [IOHTPSITUHHBIH, MAKCUMYM TIPUHIAI, PEry/IspU3aIusd,@ OTUKAJIBIK
KUHAKTBIIIBIK.

A.A. Bobomxkanos, b.T. Kaimmumberos, B.

CuHryJIsspHO BO3MYIIIEHHBIE 3a,uaq§) aBJIeHUS B cJiy4dae
CTaOMJIBHOCTH CIIEKTPA MATPHUIIHI JIbHOI CUCTEeMBbI
B craTbe paCcCMOTpE€Ha CHUHTYJ/IAPHO BO3MYIIEHHadA 3a/1 y a. HUA C KBaJIPAaTUIHBIM (byHKILI/IOHa.HOM

KadecTBa. Takue 3ala9u B UX CTaHILapTHOfI IIOCTAHOB BECTHBIX O'PDAHUYCHUAX Ha CIEKTP (TO‘{KI/I
AL U U PACIOJIO?KEHbI CUMMETPHUYIHO OTHOCH-

TeJILHO MHUMOM OCH) 6BLIN PACCMOTPEHBI PaHee C IO METOJa ITOTPAHNYHBIX pyHKnuil BacuipeBoii-
Byrysosa. Ecim ke xoTs 661 01HA U3 TOUEK @ €KOTOPBIX 3HAUYCHUAX HE3aBUCUMON ITlepeMeHHON
IIOITa/Ia€T HA MHHUMYIO OCh, METOJ IorpaHdy ; paboTaeT. VIMeHHO Takasi CHUTyaIls C JOILYIEHUEM
YPCTO MHUMBIX TOYEK CIIEKTPa UCCJIE, ] ositiell pabore. B aTOM cilydae NpUXOIUTCS Pa3BUBATH
Jpyroil MOJX0/l, OCHOBAHHBIN Ha 1 Wperynsipusanuu C.A. Jlomosa. Ciieyer 3aMeTuTh Takike,

rapaMeTpa, Jubo JTOIyCKaJ IIa/T OoCTh OT ITapamerpa. B nanHoit paboTe JoIyieHa Heperysp-
Has 3aBHCUMOCTb OT MAaJjIOTO , B 9aCTHOCTH, HAJIMYHME B HUX OBICTPO M3MeHsIOIIelcss hyHKImun
neMIUpPOBAHNSA B BUIE (o) aJbHO MHOXKUTEJIS TI0J] 3HAKOM MHTerpaJja. B aToMm ciiydae moBeeHne
CIIEKTPa OITUMAJIbHOM CACT cut ot KoaddunmenTa gemGUpPoBaHusl, KOTOPBIii (IIPH OIIpe/1eJIeHHbIX
YCIIOBUAX) MOXKET CMELIATH CIIEKTP B Ty WJIM WHYIO CTOPOHY B KOMILJIEKCHOH IJIOCKOCTH. IIpm 9TOM MOKET
BO3HUKHYTb CUTYZ T, €KOTODbIE TOYKH CIIEKTPA MPU OTEIbHBIX 3HAYCHUAX (MU JIa’Ke Ha HEKO-
07KECTBE) HEe3aBMCHMOIl [IepEMEHHONH MOTYT CTAHOBUTBCSI YMCTO MHMMBIMH. JTa
CJIEZIOBAHUIO YIIOMSIHYTBIM PaHee METOJOM ITOTPAHUIHBIX GyHKIWI BacuibeBoii-

Kmouesvie caosa: CHHTYIISIDHOE BO3MYIIEHNE, IPUHITAI MakcuMyMa [loHTpsaruna, perynspusariusi, aCuMII-
TOTHUYECKAA CXOIUMOCTD.
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