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Representing a second-order Ito equation
as an equation with a given force structure

The problem of constructing equivalent equations with a given structure of forces by(the_giVien system of
stochastic equations is considered. The equivalence of equations in the sense of almogt surely is investigated.
The paper determines the conditions under which a given system of second-order %0, stochastic differential
equations is represented in the form of stochastic Lagrange equations with non®petential forces of a certain
structure. Necessary and sufficient conditions for the representability of sto¢chasti€ equations in the form of
stochastic equations with non-potential forces admitting the Rayleigh fuhctiof are @btained. The obtained
results are illustrated by an example of motion of a symmetric satellite\in a“eircular orbit, assuming a
change in pitch under the action of gravitational and aerodynamic forges.

Keywords: Stochastic differential equation, stochastic Lagrangeyequation, stochastic equations with non-
potential forces, equivalence almost surely.

IntroductionyProblem statement

In [1], Yerugin constructed a set of ordinary differential equations (ODEs) possessing a given integral
curve. This work became seminal in thetheory of inverse problems of dynamics. At present, this theory
is quite fully developed in the class ef ODEs \(see for instance [2-10]). In [2,3], Galiullin presented a
classification of the main types of inverseiproblems of dynamics and developed general methods for their
solution in the class of ODESMInverse problems of dynamics for Ito stochastic differential equations
were studied in [11-18].

In recent decades, thelincreased interest in the Helmholtz problem [19] has given a new impetus to
the study of inverse probleéms for differential systems (for a literature review, see [20]). The solution
of the Helmholtz“problem in a wider class of differential equations makes it possible to extend the
well-developed miathematical methods of classical mechanics to this class of equations. A special place,
in terms of the variety of aspects in the study of the Helmholtz problem, is occupied by the works of
Santilli"[22,22]which are devoted to the problem of representing second-order ODEs in the form of the
Lagrange4 Hamilton, and Birkhoff equations. In [23-26], methods for solving the Helmholtz problem
are extended to the class of partial differential equations (PDEs). The Helmholtz problem is considered
in [27-2970in"a probabilistic formulation. We also note the works [21,22,26], which, in addition to the
authors’ own research, mainly in the class of ODEs and PDEs, present a historical review of literature
on the development and generalization of the Helmholtz problem.

Given the second-order stochastic equation

dxv = Fv(x,x,t)dt + ay(x,x,t)do(j, v=1,n, j = 1,m, 1)
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it is required to construct the equivalent equations of the form

AE \ dL ! [
-— | ———dt = Qk(x,x,t)dt + ak=(x,x,t)d0£j,

dxkj dxk ]

K=Tn, (2

with the given structure of the forces Qk.

We assume that the functions included in the above equations have the smoothness necessary for
further reasoning and satisfy the existence and uniqueness theorem for solutions of the Cauchy problems
in the class of Ito stochastic differential equations [30]. In particular, we suppose the following holds
for the vector function F (z,t) and the matrix a(z,t) (herez = (xT ,XT)T):

(i) F(z,t) and a(z,t) are continuous in t and satisfy the Lipschitz condition in zji.e.

\\o(z',t) —a(z",)]]12+ |IKz'.t) —F(z", t) [P < L(1 + |z —z"|2 for all z', Z%G R2n4
(ii) the linear growth condition
\N\az,)\\2 + [ F(z,t)\\2 < L(1 + |zJ2)

is met for all z G R2n.

Let (Q,U,F) be a probability space with a flow {Ut}. Here {(1(t)(2(t), ...,(m(t)} is a system of
Wiener processes with the unit matrix of local variances. The equivalence of solutions of equations (1)
and (2) is understood in the sense of the following definition.

Definition 1. The equations

dy = Yi(y,y,t)dt ®aY 2y t)dE (@)

and
dz = Z¥(z, z,t)dt + Z2(z, z,t)dE (b)

are said to be equivalent almost surelyd(a, s)\if y(t0) = z(t0), y(t0) = z(t0) a.s. imply y(t,to,yo,yo) =
z(t,to,zo,z0), y(t,to,yo,yo) = z(t,tefzZe,zo0) a.’s., for all t > to.

The problem of construction of equation (2) by the given equation (1) was considered in [31] in
the case of the absence of rapdom“pertdrbations av, = av, = 0. The case of the presence of random
perturbations and Qk = 0was studied in [32] by the method of additional variables.

Hereinafter, summation i$ assumed for the repeated indices of the factors. The indices i, k, and v
run from 1 to n,qand the indexd) runs from 1 to m.

In other wordsiythegproblem is stated as follows: for given Fv,avj it is required to determine the
conditions on thejfunctions L and a < under which equation (2) is equivalent to equation (1) with the
given structuge of forces Qk.

Case A\ LethQkibe arbitrary non-potential forces.

Theorem Iy Equation (1) is represented in the form of equation (2) with arbitrary non-potential
forces if\and only if

d2L ™ i ™ / 1v =K 9
AKX, =h' where 4 =\ 0,v = )

and
ak (x,x,t) = avj(x,x,t). (4)

Proof. By the Ito’s rule of stochastic differentiation, we obtain

dL d2L d2L d2L d3L d2L

+ XV + -Fv + J
dxk dxkdt ~ dxkdxv dxkdxi ¥t 3 dxkdxidxv dx kdxi 2VIdoE..
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Since Fvdt + avjdo(j = dxv, we have

- = n._n. + W At A S
dxk/ g;XdeX,, dxkdt * dxkcfxv v+ Z\gg(k oci&ivauavJ dt. ®)

Hence, in view of (5), equation (2) takes the form

/ dL \ dL i -
4 e x J —sxkdt —akj (x-x-t)d™ js

d2L doc d2L d2L . 1 d3L dL N gt Ki £)d0A] (6)
v + + — . @ijauj ——------ —akJ(x, X :
dx kdXv dokdt T d¥kaxv XV 2 dockaxiidsty @AY xRk !
Then, taking into account (6) and the original equation (1), we have *
d2L d2L d2L 1 d3L dL \
VvV +
diekdov dokdt dokdxv 2dokdx”™xv dx
—&Kj (x,x,t)d0 = dok —Fk(x,x,t)dt —akj (x, @)
The above equation implies the fulfillment of condition (3) of Theoke ich in turn implies
2

of Theorem and the following expression

. 0. 8
dokdoj,div \ ®)
Equating the coefficients of dt and d(j in (7), on the asi@ tain the fulfillment of condition (4)

d2L

L
Qo FEK(X.X.1).
dxkdt T dxkd S ©)

k =
Q dxk

Expression (9) determines the non-potential force Qk. If instead of (2) we consider the equation

(2)

we obtain the following coro 0
Corollary 1. Equatio sented in the form of equation (2 ) with arbitrary non-potential

forces if and only if cond is met.
In particular@for x| e i R 1, conditions (3) and (4) for the transition from (1) to (2) take the
form

i
( x_k)
|

(

d2L i
dx2 1, ° a
and ﬁ itra -potential force is determined as

' _od2n d2L . dL
dxdt + dxdxX dx +
Case B. Let Qk admit the generalized Rayleigh function R (x,x), that is,

dR
Qk(x,x) = _(cjijf( (10)

Then equation (2) is represented in the form

,dL dL dR i - -
d(m ]—dxkdt = —dxk + akj{x-x'm e . (11)
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Theorem 2. Equation (1) is represented in the form of equation (11) with non-potential forces
admitting the Rayleigh function if and only if conditions (3), (4) and

dR dL d2L d2L
xv - Fk(x,x,t) (12)
dxk dxk  dXkdt dXkdx,
are met.
This theorem is proved in the same way as Theorem 1.
Theorem 2 implies the following statement for the equation

udL dL dR . - ,
d(0ik] - axtkdt= - axk + n' j X' ' (1)

Corollary 2. Equation (1) is represented in the form of equation (11) with non2potential €orces
admitting the Rayleigh function if and only if conditions (3) and (12) are met.
In particular, for x e R1,( e R1, conditions (3), (4) and (12) for the trgansition from (1) to (11)

take the forms
d2L . dR _ dL d2L d2L

dx2 N a dx dx dxdt dx dxx ,
respectively.
We now extend the definition introduced by R.M. Santilligg[2l]\ to the class of Ito stochastic
differential equations.
Definition 2. We say that equation

Avi(x, x, t)dxi + Bv(x, x, t)dt =“avj(x, x, t)d0£j (1)

admits the analytic representation in the formQef the Lagrange stochastic equation with a given
structure of forces, if there exist n2 functions hk(x,x,t), det(hk) = 0, such that the following identity

holds:
dL dL i
d(~dxT) - ~dcndt - Qkdt,- akj(x, x, t)do”j = hk(Avidxi + Bvdt - aVjdo{j). (13)

Let us consider the problemyof analytic representation in the sense of Definition 2. In other words,
given the functions Av,j,B v,awj and®the forces Qk in equation (2 ), it is required to determine the
conditions on the functiopS hi®L ,af, under which the relation (13) holds.

Teopema 3. For the indirect representation of the equation with arbitrary non-potential forces QKk,
the necessary an@ysufficientieenditions are

d2L
= hkAM, (14)
d x kdx hk Avi
akj = hkauyj. (15)
Proof-QWe set F* = -A -ilBi, a*j = A-ilaij. Then, we have
m 9L \ d2L d2L . d2L 1 d3L d2L
- = — NN ari&r. + . o**jdoij .
dxk dx kdt K Ejtxkdxvx;l\\f+ IjTlekdva¥+ 2kadeIXVanJ&Vj dt dxkaxv0 deou
Since F*dt + a*jd0(j = dxv, we obtain
dL\ d2L . d2L d2L 1 d3L * %
d TIT- = dt. (16)

n. dxv+ . .
dxkj dxkdxv dxkdt dxkdx v 2dxkdxfixv@4Gvj
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Hence, in view of (16), relation (13) takes the form

d2L d2L d2L . 1 d3L 4 4 dL
9. 9. dxv + L dt
dxkdxv dxkdt dxkdxv 2 dxkdx,,dxv ij vj dxk

—akjd0(j = hk (Avi(x, x, t)ydxi + Bv(x, x, t)dt —avj(x, x, t)d0o(j) .

Equating the coefficients of dxi and d (0, we obtain relations (14) and (15) of Theorem 3. The coefficients
of dt on the right- and left-hand sides of the equation are equal due to an arbitrary non-potential force
Qk of the form

Q = d2L d2L  x 1 d3L * * _dL
k dxkdt + dxkdxvxv + 2 dxkdxidxvaij°® vj dxk k v*

The following statement holds in the case when non-potential forces admit thesgeneralized Rayleigh
function (10).

Theorem 4. Equation (2 ) has an indirect representation in the form of the Lagsan@e equation with
non-potential forces admitting the generalized Rayleigh function (10) dfgand@enly if conditions (14),
(15) and

dR dL d2l d2L . 1 d3L h
dxk dxk dxkdt dxkdxvXV 9 dsxkdxflx , @&ijai] + hkBv,

with aij = A-4aij, hold.

Proof. Let us apply Ito’s rule of stochastic diffegentiation totthe expression d(u -) and plug it into
(13). Then (13) takes the following form:

d2L d2L d2L 1 d3L dL dR
-dxv + I X + am m I dt
dxkdt dxkdxv v Zdxkdx”~xv 4 vj dxk —dxk
—a'kjid0(j = hk (Avildax, thdxi + B v(x, x,t)dt —avj(x, x,t)d0(j) . a7

Equating the coefficients on the left- andyright-hand sides, we obtain the fulfillment of conditions (14),
(15) and (17) of Theorem 4.
In particular, for x GR1, a GR 1, conditions (14), (15) and (17) take the forms

cAL-hA 'lih dR _ dL  d2L d2L . _1d3& 2 hR
dx2 ., a dx dx dxdt dxdxX 2 dx3° + ‘

If the desiredjLagrangian is sought, following R.M. Santilli [21], in the form
L = K(x, x,t) + DX, t)x™ + C(x, t), (18)

then“wegobtain) the following statement in terms of functions K, D” and C.

Thearemg5. Equation (2 ) has an indirect representation in the form of the Lagrange equation with
non-potential forces, admitting the generalized Rayleigh function (10), and the Lagrangian of the form
(18) if and only if conditions (15) and

d2K = dR = (dK + dC_\_ dDk
dxkdxi k W6 dxk \dxk dxKkj dt
d2K dok . 1 d3K + o+

XV ——  —,.. ,, —aija®A + hkB
dxkdt dxkdxv v 2 dxkdxidx;v 1] vj k

are fulfilled.
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Proof follows from Theorem 4 and the relations

d2L d2K d2L d2K dDk
dx upxi dockdxci dxkdt dxkdt + dt ’

d2L d2K dDk d3L d3K
dxkdxv dxkdxv dxv d x kdx;idx;v dx kdx;idx;v
dL _ dK | dD’lx + dC

dxk dxk dxk 1 dxk:

Example

Let us consider the planar motion of a symmetric satellite in a circular orbit, assuming a change
in pitch under the action of gravitational and aerodynamic forces [33]

0= f(0,0)+ a(0,()io, (19)
where 0 is the pitch angle and
f = MIsin20 —M [g(0) + r/0],a = M5[g(0) +#ii0} (20)
Case A. Let Q be arbitrary non-potential forces.

A(i). Assume that the Lagrange function is of the form ©© =4502. Then equation (2) takes the form

0 = Q + a'fo. Hence, by Theorem 1, condition (19) for the representation in the form (2) with the
given L is written as ai = a for Q = f.

A(ii). Let L = 102+ a(0)0)+ B(0). Then equation)(2) takes the form 0 —8B = Q + a'£0. Taking into
account the form (20) of the function f, we determine B8 = M1 sin 20 —M g(0), orB = — M1 c0s20 —

M G (0), where G = f g(0)d0. Let us now assume a““= a = M5[g(0) + u0]. Then, by Theorem 1, we

conclude that the Lagrangian L = - 02=M [scos 20+G(0)\ for Q = —M g0 provides the representation

of equation (19) in the form (2).
Case B. Let Q admit the,generalized Rayleigh function R (10).

B (i). By Theorem 2, for €9= I02sthe function R takes the form R = —[N(0)0 + 1H02], where
N(0) = MIsin20 —Mg(0) and H =" —M~. Hence, (24) is represented in the form (11').
B (ii). For L .= -012 +a(0)0) + B(0), as in the case A(ii), we determine B and, by Theorem 2,

conclude that fopb, RS 1 Mn02and L = 102—M ~ Icos20 + G(0)] equation (19) can be represented in
the form (114),
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M.bl. Tweybeprenosl?2, K, BacunmHal3, A.A. AbgpaxmaHoBal?2

IMaTemaTuKa >X3He MaTemMaTUKasbll, MoJesbey NMHCTUTYTbl, AnmvaTsbl, K,asaucTaH;
239n-®Papabu aTbiHAaebl Kazay ynTTbil YHUBepcnTeTIi, AnNMaThl, KMasaucTaH;

3rymapbek [sykeeB aThbliHAaebl ANMaThbl 3HEpPreTUKa >K3He balinaHbic yHUBepcMTeTi, AfimaThbl, K,asaucTaH

EKiHWI peTT VNTO Teugeyw 6epuwireH Kypbl/ibiMbl 6ap KywTepaLy,

126

Teuaeyi Typuiae Kypy

BepLureH ctoxacTuKanblK TeHAeyep XyhecleH 6epLureH K¥pbifbiMbl 6ap Kyl Tepll, 3KBUBaneHTa TeHAey-
nepai K¥py ecebi KapacTbipblnraH. TeHAeynepAl, aKBMBaNeHTTWM LamMaMeH blUiTUMan marbiHaga 3epTTe-
neg”™ EkiHWi peTa WTo cToxacTukanbik gnddepeHunanablk TeHAeYynep Xxyea 6enrm 6ip K¥pblIbIMHbIH
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noTeHUManbl emec KywiTepi 6ap cToxacTMKanblK JlarpaHx TeHAeynepi peTiHAe ¥CbIHbINY WAapTTapbl aHbIK-
TanraH. CToxacTUKanbiK TeHAeynepaiH Panei yHKUMACLIH KabbiNgaiTelH NOTeHUMaNAbl eMec KyLiTepi 6ap
CTOXacTUKaNbIK TeHAeynep Typliaen GeliHeneHyiHiH KaXKeTT X3aHe XeTKiNikTi wapTTapbl anbiHabl. 3epT-
Tey H3TUXKeNnepi ayblp/blK Kylli MeH a’spofgvMHamMUKanblK Kyl TepAiH 3cepiHeH TaHTaXAblK e3repkrepre
¥wblparaH geHrenek op6uTagarb CUMMETPUSbIK XEPCEPXKTLL KO3rasbiCbiHbIH MbiCasibiHAA KEPCETINreH.

KwT cB3gep: cTOXacTuKanblk guddepeHunanibik TeHAeY, CTOXaCTUKaNbIK JlarpaHX TeHAey”™ noTeHuuman-
AbIK eMec KyLITepi 6ap cToXacTUKanbiK TeHAey/ep, LWamMmaMeH bIKTUMan 3KBUBaNEHTTINiK.

M.N. Tneyb6eprenosl2, K. BacunuHal3, A.A. A6gpaxmaHoBal2

INMHCTUTYT MaTeMaTUKU U MaTeMaTWNYeCKoro MmojeimposaHnsa, AnmaTbl, KasaxeihaH,
2Ka3zaxcKuil HauuoHanbHbIi YHUBEPCUTEeT UMeHU anb-Papabu, AnmaTshl, KazaxcTaH;
3ANMaTUVHCKNIA YHUBEPCUTET 3HepPreTUKU U cBA3M uMmeHn FNymapbeka [aykeeBa, AnmaTbihKasaxcamaH

MpeacrtaBneHne ypaBHeHUsE ITo BTOpPOro nopsifka B BUA€ YpaBHeEHUSNA
C 3aflaHHOWN CTPYKTYpOW cun

PaccMoTpeHa 3ajiaya NoCTPOEeHUs Mo 3afiaHHOM CUCTEME CTOXACTUUYECKUX YPABHEHN 43KBUBANEHTHbLIX YpaB-
HeHWii ¢ 3afaHHOl CTPYKTYpoii cun. MiccnefqoBaHa 3KBMBANIEHTHOCTb ypaBHeHMid B CMbICc/ie NMOYTU HaBepHOE.
OnpejeneHbl yCnoBus, NPU KOTOPbIX 3aflaHHas CMCTeMa CTOXacTUUecKUX AN EEPEHLNANbHBIX YPaBHEHU
MTo BTOpOro nopsizka npefctaBMMa B BUAe CTOXaCTUUYECKUX YPaBHEHNIA JlarpaH)a ¢ HeMoTeHLUaNbHbIMU
cunamMu onpeaeneHHol CTPYKTypbl. MonyyeHbl HE06X04UMbIe U J0CTATOUHbIe Y CN0BMA NPeacTaBUMOCTUN CTO-
XacTUYeCKMX YpPaBHEHUI B BUAE CTOXACTUUYECKUNX YpaBHeHU cAHEMOTEHManbHbLIMK CUIaMK, A0NYCKaLW MMy
thyHKLMI0 Panes. Pe3ynbTaTbl UCCNEA0BAHUS MPOUIOCTPUPOBAHbBIHA MPYMepe ABMXKEHUS CUMMETPUYHOTO
CNYTHMKA MO KPYroBoii op6uTe B NPeanonoXeHNM M3MEHEHUSINTaHraXa nog AelicTBUEM a3apoauHaMUYECKUX
CUN U TATOTEHMS.

KntoueBble c/loBa: cToxacTuyeckoe AnddpepeHUManBHoe ypaBHeHMe, CTOXacTUYecKoe ypaBHeH e JlarpaHxa,
CTOXacTUYECKMe YPaBHEHUS C HeMoTeHUManbHbIMU CUflaMi, 3KBMBAaNIEHTHOCTb MOYTU HaBEpHOE.
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