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Representing a second-order Ito equation 
as an equation with a given force structure

The problem of constructing equivalent equations with a given structure of forces by the given system of 
stochastic equations is considered. The equivalence of equations in the sense of almost surely is investigated.
The paper determines the conditions under which a given system of second-order Ito stochastic differential 
equations is represented in the form of stochastic Lagrange equations with non-potential forces of a certain 
structure. Necessary and sufficient conditions for the representability of stochastic equations in the form of 
stochastic equations with non-potential forces admitting the Rayleigh function are obtained. The obtained 
results are illustrated by an example of motion of a symmetric satellite in a circular orbit, assuming a 
change in pitch under the action of gravitational and aerodynamic forces.

Keywords: Stochastic differential equation, stochastic Lagrange equation, stochastic equations with non­
potential forces, equivalence almost surely.

Introduction. Problem statement

In [1], Yerugin constructed a set of ordinary differential equations (ODEs) possessing a given integral 
curve. This work became seminal in the theory of inverse problems of dynamics. At present, this theory 
is quite fully developed in the class of ODEs (see for instance [2-10]). In [2,3], Galiullin presented a 
classification of the main types of inverse problems of dynamics and developed general methods for their 
solution in the class of ODEs. Inverse problems of dynamics for Ito stochastic differential equations 
were studied in [11-18].

In recent decades, the increased interest in the Helmholtz problem [19] has given a new impetus to 
the study of inverse problems for differential systems (for a literature review, see [20]). The solution 
of the Helmholtz problem in a wider class of differential equations makes it possible to extend the 
well-developed mathematical methods of classical mechanics to this class of equations. A special place, 
in terms of the variety of aspects in the study of the Helmholtz problem, is occupied by the works of 
Santilli [21,22], which are devoted to the problem of representing second-order ODEs in the form of the 
Lagrange, Hamilton, and Birkhoff equations. In [23-26], methods for solving the Helmholtz problem 
are extended to the class of partial differential equations (PD Es). The Helmholtz problem is considered 
in [27-29] in a probabilistic formulation. We also note the works [21,22,26], which, in addition to the 
authors’ own research, mainly in the class of ODEs and PDEs, present a historical review of literature 
on the development and generalization of the Helmholtz problem.

Given the second-order stochastic equation

d x v =  F v(x ,x ,t )d t  +  a Uj ( x ,x ,t ) d o ( j , v =  1 ,n ,  j  =  1 ,m , (1)
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it is required to construct the equivalent equations of the form

( д £  \ dL  ! ■ ___
- —  I — —— dt =  Qk( x ,x ,t )d t  +  a k,• ( x ,x ,t ) d 0£j , к =  1 ,n ,  (2)
d x  k j  dxk j

with the given structure of the forces Qk.
We assume that the functions included in the above equations have the smoothness necessary for 

further reasoning and satisfy the existence and uniqueness theorem for solutions of the Cauchy problems 
in the class of Ito stochastic differential equations [30]. In particular, we suppose the following holds 
for the vector function F (z ,t )  and the matrix a (z ,t )  (herez =  (x T ,X T )T ):

(i) F ( z ,t )  and a (z ,t )  are continuous in t and satisfy the Lipschitz condition in z, i.e.

\\o(z', t) — a (z '', t)||2 +  ||F(z ',t )  — F (z '', t) ||2 <  L(1 +  |z; — z''|2 for all z ', z '' G R 2n;

(ii) the linear growth condition

\\a(z,t)\\2 +  | F (z,t)\\2 <  L(1 +  |z|2)

is met for all z G R 2n.
Let (Q ,U ,F )  be a probability space with a flow {U t}. Here { ( 1( t ) , ( 2(t), . . . , ( m (t )}  is a system of 

Wiener processes with the unit matrix of local variances. The equivalence of solutions of equations (1) 
and (2) is understood in the sense of the following definition.

Definition 1. The equations

dy =  Y i(y ,y  ,t)d t  +  Y2(y ,y  ,t)d £  (a)

and

dz =  Z 1(z, z , t)dt +  Z 2(z, z , t)d£ (b)

are said to be equivalent almost surely (a. s.) if y(t0) =  z(t0), y(t0) =  z(t0) a.s. imply y(t,to ,yo ,yo) =  
z(t,to ,zo ,zo ), y (t,to ,yo ,y o) =  z (t,to ,zo ,zo )  a. s., for all t >  to.

The problem of construction of equation (2) by the given equation (1) was considered in [31] in 
the case of the absence of random perturbations a v,  =  a v,  =  0. The case of the presence of random 
perturbations and Qk =  0 was studied in [32] by the method of additional variables.

Hereinafter, summation is assumed for the repeated indices of the factors. The indices i, k, and v 
run from 1 to n, and the index j  runs from 1 to m .

In other words, the problem is stated as follows: for given F v,a vj it is required to determine the 
conditions on the functions L  and a  •, under which equation (2) is equivalent to equation (1) with the 
given structure of forces Q k.

Case A. Let Qk be arbitrary non-potential forces.
Theorem 1. Equation (1) is represented in the form of equation (2) with arbitrary non-potential 

forces if and only if
d 2L  ™ i ™ / 1 ,v  =  к

д к ж ,  =  h ' where 4  =  \ 0 ,v  =  к '

and
а к,  ( x ,x  ,t )  =  a vj ( x ,x  ,t ) .

(3)

(4)

Proof. By the Ito ’s rule of stochastic differentiation, we obtain

dL
d x  k

d 2L
+

d 2L
d x k dt d x kd x v

x  v +
d 2L

d x  k d x i
-Fv +  1

d 3L
2 d x kd x id x v

d 2L
d x  k d x i~a vjdo£,.d
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Since F vdt +  a vjd o (j =  d x v, we have

Г d 2L  d 2L  . 1 d 3L  1 ,
+  •''i V +  7\ "cT- o""- o"~- a ij a  vj dt. (5)

6 L \  d 2L
d TTT- =  n . n . dasv +

dx k/ d;x fc d x  „ d x kdt d x kd x v 2 d x kdocidoc 

Hence, in view of (5), equation (2) takes the form

/  d L  \ d L  i •
4 e x J  — s x k dt —a kj ( x -x -t)d^ j s

d 2L
я .  я .  doc v +  
d x  k dX v

d 2L  d 2 L  . 1 d 3L  d L  ^
+  w~-—о— x v +  —„ . „ . @ijauj — —-------Qk

dokdt dok d x v 2 dock dx;idx;v d x k
dt — a kj(x , x , t)d0^j . (6)

Then, taking into account (6) and the original equation (1), we have

d 2L  d 2 L 1 d 3L  d Ld 2L -doo v +
die k do v dokdt d o k d xv 2 d o kd x ^ x v d x k

dt

—&kj ( x ,x  ,t )d 0 =  do k — F k( x ,x  ,t)d t — a kj ( x ,x  ,t )d 0( j . (7)

The above equation implies the fulfillment of condition (3) of Theorem, which in turn implies

d ‘ L  .  o. (8)
do k do j,di v

Equating the coefficients of dt and d (j in (7), on the basis of (8) we obtain the fulfillment of condition (4) 
of Theorem and the following expression

d 2L  d 2L  dL
Qk =  o. +  —  osv — - ------+ F k ( x ,x ,t ) .  (9)

d x k dt d x k d x v d x k

Expression (9) determines the non-potential force Q k. If instead of (2) we consider the equation

d L  d L
d (^ — ) — ^— dt =  Qk ( x ,x  ,t)d t +  akj ( x ,x  , t ) d o , ( 2 )

d x  k dxk k

we obtain the following corollary of Theorem 1.
Corollary 1. Equation (1) is represented in the form of equation (2 ) with arbitrary non-potential 

forces if and only if condition (3) is met.
In particular, for x  e  R l , i  E R 1, conditions (3) and (4) for the transition from (1) to (2) take the 

form
d 2L  i
d x 2 1, °  a  

and an arbitrary non-potential force is determined as

_  d2 ^  d 2L  . d L
d x  dt +  d x  d x X d x  +  '

Case B. Let Qk admit the generalized Rayleigh function R (x ,x ) ,  that is,

d R
Qk ( x ,x )  =  — d R .  (10)

dxk

Then equation (2) is represented in the form

, d L  d L  d R  i . . . • , .
d( m  ] — d x k dt =  — d xk  +  a kj { x -x  ' m e . (11)

v
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Theorem 2. Equation (1) is represented in the form of equation (11) with non-potential forces 
admitting the Rayleigh function if and only if conditions (3), (4) and

d R  d L  d 2L  d 2L
xv -  F k (x ,x ,t )  (12)

d x k dxk dXk dt dXk dx, v 

are met.
This theorem is proved in the same way as Theorem 1.
Theorem 2 implies the following statement for the equation

u d L  d L  d R  . • ,
d( 0 i k ] -  axrk dt =  -  axrk +  n ' j x ' ' ( l l )

Corollary 2. Equation (1) is represented in the form of equation (1 1 )  with non-potential forces 
admitting the Rayleigh function if and only if conditions (3) and (12) are met.

In particular, for x  e  R 1, (  e  R 1, conditions (3), (4) and (12) for the transition from (1) to (11) 
take the forms

d 2L  _  , _  d R  _  d L  d 2L  d 2L  . 
d x 2 ^, a  d x  d x  d x  dt d x  d x x  ,

respectively.
We now extend the definition introduced by R.M . Santilli [21] to the class of Ito stochastic 

differential equations.
Definition 2. We say that equation

A vi(x , x , t)d x i +  B v(x, x , t)dt =  a vj (x , x , t)d0£j (1 )

admits the analytic representation in the form of the Lagrange stochastic equation with a given 
structure of forces, if there exist n 2 functions h vk( x ,x ,t ) ,  d et(h vk) =  0, such that the following identity 
holds:

d L  d L  i
d(~dxT) -  ~dc^dt -  Qkdt -  a kj (x , x , t)do^j =  h vk(Avidxi +  B vdt -  a Vj do{j ). (13)

Let us consider the problem of analytic representation in the sense of Definition 2. In other words, 
given the functions A v,j ,B v,a v,j and the forces Q k in equation (2 ), it is required to determine the 
conditions on the functions h vk, L , a Vj , under which the relation (13) holds.

Теорема 3. For the indirect representation of the equation with arbitrary non-potential forces Q k, 
the necessary and sufficient conditions are

d 2 L  _
d x k d x  hk Avi

=  hk A Vi, (14)

a kj =  h k a uj . (15)

Proof. We set F *  =  - A -i1B i , a*j =  A -i1aij . Then, we have

d 2Lm 9 L \ _
dxk

d 2L  d 2L  . d 2L  1 d 3L
+  tt :—^—  x v +  тт:— F v +   ̂  ̂. a*i&*d x  k dt ' d x  k d x  v "JV die k d x v v 2 d x  k d x  f i x  v ij vj 

Since F *d t +  a*jd0( j =  d xv, we obtain

d 2L  d  2L  1 d 3L

dt +  я . o**jdoij . d x k d x v J

d L \  d 2L  . 
d TTT- =  n . dx v +  

d x k j  dxkdxv
* *

d x  k dt d x  k d x  v 2 d x  k d x  f i x  v G%j Gvj
dt. (16)
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Representing a second-order Ito  equation

Hence, in view of (16), relation (13) takes the form

d 2L  d 2L  . 1 d 3L  4 4 d Ld 2L
я . я . dxv +
dxkdxv d x kdt d x kd x v 2 d x kdx,,dxv ij vj d x k

dt

—a kjd 0( j =  hk (A vi(x, x , t)d x i +  B v(x , x , t)dt — a vj (x , x , t)d0( j ) .

Equating the coefficients of dxi and d (0 , we obtain relations (14) and (15) of Theorem 3. The coefficients 
of dt on the right- and left-hand sides of the equation are equal due to an arbitrary non-potential force 
Qk of the form

Q =  d 2L  d 2L  x 1 d 3L * * _  dL
k d x kdt +  d x kd x vxv +  2 d x kd x id x v a ij° vj d x k k v'

The following statement holds in the case when non-potential forces admit the generalized Rayleigh 
function (10).

Theorem 4 . Equation (2 ) has an indirect representation in the form of the Lagrange equation with 
non-potential forces admitting the generalized Rayleigh function (10) if and only if conditions (14), 
(15) and

d R  d L  d 2l  d 2L  . 1 d 3L  _* _* ,
xv о a ija i j +  hkBv,d x k d x k d x kdt d x kd x v 2 d x kd x f l x

with a ij =  A - -1 a ij , hold.

Proof. Let us apply Ito ’s rule of stochastic differentiation to the expression d (щ -) and plug it into 
(13). Then (13) takes the following form:

d 2L  ,
-dx v +

d 2L  d  2L  1 d 3L  d L  dR  
_______ I_________x +______________ a ■ a  ■________I_____
d x kdt d x kd x v v 2 d x kd x ^ x v 4  vj d x k d x k

dt

—a'kjd 0( j =  h vk (A vi(x, x , t)d x i +  B v(x , x , t)dt — a vj (x , x , t)d0( j ) . (17)

Equating the coefficients on the left- and right-hand sides, we obtain the fulfillment of conditions (14), 
(15) and (17) of Theorem 4.

In particular, for x  G R 1, a  G R 1, conditions (14), (15) and (17) take the forms

c ^ L - h A  ' - h  d R  _  d L  d 2L  d 2L  . _ l d 3L  2 hR  
d x 2 , a  d x  d x  d x  dt d x  d x X 2 d x 3 °  +  ‘

If the desired Lagrangian is sought, following R.M . Santilli [21], in the form

L  =  K ( x ,  x , t) +  D ^ (x, t)x^ +  C (x , t), (18)

then we obtain the following statement in terms of functions K , D^ and C.
Theorem 5. Equation (2 ) has an indirect representation in the form of the Lagrange equation with 

non-potential forces, admitting the generalized Rayleigh function (10), and the Lagrangian of the form 
(18) if and only if conditions (15) and

d 2K  =  d R  =  (  d K  +  d C _ \ _  dDk
d x k d x i k v%, d x k \ d x k d x k j  dt

d 2K  d 2K  . 1 d 3K  + +
-xv — — —„ . „ .—aijâ A +  h kВ р

d x kdt d x kd x v v 2 d x kdx;idx;v ij vj k B 

are fulfilled.

V
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Proof follows from Theorem 4 and the relations

d 2L  d  2K  d 2L  d  2K  d D k
d x upxi dock dxci d x k dt d x k dt +  dt ’ 

d 2L  d 2K  d D k d  3L d 3K
d x k d x v d x k d x v d x v d x k dx;idx;v d x k dx;idx;v
d L  d K  dD „ d C  ___ = ______ I____ 1 x  +_____
dxk dxk dxk 1 d x k '

Example

Let us consider the planar motion of a symmetric satellite in a circular orbit, assuming a change 
in pitch under the action of gravitational and aerodynamic forces [33]

0 =  f  ( 0 ,0 ) +  a (0 ,( ) ) io, (19)

where 0 is the pitch angle and

f  =  M l  sin20 — M [g (0 ) +  r/0],a =  M 5[g(0) +  ц0]. (20)

Case A. Let Q be arbitrary non-potential forces.

A(i). Assume that the Lagrange function is of the form L  =  - 02. Then equation (2) takes the form

0 =  Q +  a '£o. Hence, by Theorem 1, condition (19) for the representation in the form (2) with the 
given L  is written as a i =  a  for Q =  f .

A(ii). Let L  =  1 02 +  a ( 0 ) 0 ) +  в (0 ) . Then equation (2) takes the form 0 — в в =  Q +  a '£ 0. Taking into

account the form (20) of the function f , we determine вв =  M l sin 20 — M g (0 ), or в  =  — -  M l  cos 20 — 

M G (0 ), where G =  f  g(0 )d 0 . Let us now assume a ' =  a =  M 5[g(0) +  ц0]. Then, by Theorem 1, we 

conclude that the Lagrangian L  =  - 02 — M [ - 1 cos 2 0 +G(0)\  for Q =  —M g 0  provides the representation 

of equation (19) in the form (2).
Case B . Let Q admit the generalized Rayleigh function R  (10).

B (i). By Theorem 2, for L  =  1 02 the function R  takes the form R  =  —[N (0)0  +  1 H 0 2], where 

N (0 ) =  M l  sin 20 — M g (0 )  and H  =  —M ^ . Hence, (24) is represented in the form (11').

B (ii). For L  =  - 0 2 +  a (0 )0 ) +  в (0), as in the case A(ii), we determine в  and, by Theorem 2,

conclude that for R  =  1  M n 0 2 and L  =  1 02 — M ^ lc o s 2 0  +  G (0)] equation (19) can be represented in 

the form (11').
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М .Ы . Тш еубергенов1,2, Г.К,. Васи ли на1,3, А .А. А бдрахм анова1,2

1 Математика жэне математикалыц модельдеу институты, Алматы, К,азацстан;
2Эл-Фараби атындаеы К,азац улттыц университетi, Алматы, К^азацстан;

3 Гумарбек Дэукеев атындаеы Алматы энергетика жэне байланыс университетi, Алматы, К,азацстан

Екiншi ретт Ито тецдеуш бершген курылымы бар куштердщ 
тецдеуi туршде куру

Бершген стохастикалык тендеулер жуйесшен бершген к¥рылымы бар куштердщ эквивалента тендеу- 
лердi к¥ру есебi карастырылган. Тендеулердщ эквиваленттшМ шамамен ьщтимал магынада зертте- 
лед^ Екiншi р ета  Ито стохастикалык дифференциалдык тендеулер ж уй еа б е л гм  бiр к¥рылымнын
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потенциалды емес куштерi бар стохастикалык Лагранж тендеулерi ретiнде ¥сынылу шарттары анык- 
талган. Стохастикалык тендеулердiн Рэлей функциясын кабылдайтын потенциалды емес куштерi бар 
стохастикалык тендеулер туршдеп бейнеленуiнiн к а ж ет т  жэне жеткiлiктi шарттары алынды. Зерт- 
теу нэтижелерi ауырлык кушi мен аэродинамикалык куштердiн эсерiнен тангаждык езгерктерге 
¥шыраган денгелек орбитадагы симметриялык жерсержтщ  козгалысынын мысалында керсетiлген.

Кшт свздер: стохастикалык дифференциалдык тендеу, стохастикалык Лагранж тендеу^ потенциал- 
дык емес куштерi бар стохастикалык тендеулер, шамамен ыктимал эквиваленттiлiк.

М .И . Тлеубергенов1,2, Г .К . Васи ли на1,3, А .А . А бдрахм анова1,2

1 Институт математики и математического моделирования, Алматы, Казахстан;
2Казахский национальный университет имени аль-Фараби, Алматы, Казахстан;

3 Алматинский университет энергетики и связи имени Гумарбека Даукеева, Алматы, Казахстан

Представление уравнения Ито второго порядка в виде уравнения 
с заданной структурой сил

Рассмотрена задача построения по заданной системе стохастических уравнений, эквивалентных урав­
нений с заданной структурой сил. Исследована эквивалентность уравнений в смысле почти наверное. 
Определены условия, при которых заданная система стохастических дифференциальных уравнений 
Ито второго порядка представима в виде стохастических уравнений Лагранжа с непотенциальными 
силами определенной структуры. Получены необходимые и достаточные условия представимости сто­
хастических уравнений в виде стохастических уравнений с непотенциальными силами, допускающими 
функцию Рэлея. Результаты исследования проиллюстрированы на примере движения симметричного 
спутника по круговой орбите в предположении изменения тангажа под действием аэродинамических 
сил и тяготения.

Ключевые слова: стохастическое дифференциальное уравнение, стохастическое уравнение Лагранжа, 
стохастические уравнения с непотенциальными силами, эквивалентность почти наверное.
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