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On nonclassical boundary conditions for the contact of thin interlayers with different
physical and mechanical properties on wave propagation in anisotropic media

Wave processes are intensively studied in various fields of physics: electrodynamics, plasmagphysics,
radiophysics, acoustics, hydrodynamics, etc. Along with the study of electromagnetic and elaStiefwavelpro-
cesses, the research of patterns of wave propagation of various physical nature in the presence“of mutual
transformation are of particular relevance. Wave processes in coupled fields reflect the mutualjinfluenée of
elastic, electromagnetic and thermal fields. The coupling of electromagnetic fields to the deformation field
takes place in a medium with piezoelectric, piezomagnetic and magnetostrictive properti€s. In the paper,
based on the matrix method, the propagation of coupled elastic and electromagneticywaves in media with dif-
ferent physical and mechanical properties is studied. The paper proposes a generalization of non-classical
contact conditions for studying the effect of thin layers with different physical’and mechanical properties on
wave processes. A system of differential equations of the 1st order with variablé cogfficients is constructed,
which describe the propagation of electroelastic waves in anisotropic mediaiof aghombic system of class 222.
The conditions for nonrigid contact for a thin layer with piezoelectrigyproperties are derived. The possibility
of studying layers with &-shaped properties (3 is the Dirac function)iis proved.

Keywords: Maxwell’s equations, anisotropic medium, waves, pon=rigid‘€entact, matricant method.

Introduction

Scientific interest in interrelated elastic and electremagnetic wave processes in media with piezoelec-
tric, piezomagnetic, and thermopiezoelectric properties has recently been associated with the prospect of ap-
plication in various fields of science and teehnolegy, such as instrumentation, micro and nanoelectronics, and
information technology. It is possiblgsteyallocate applications in high-frequency electronics; the use of
multiferroic structures in various kinds of legical elements, memory elements and information processing
devices; autonomous wireless energy Saurees; sensors of variable and constant fields; creation of new com-
posite materials [1-4].

In [5-11], a theoretical modelgvas proposed that describes the properties of composite layered compo-
sites based on magnetostrictive.and'piezoelectric materials in the low-frequency range and the region of elec-
tromechanical resonance, [he.theory is presented and the magnetoelectric effect in multilayer composite ma-
terials based on ferrite-piezoelectrics for samples of various shapes and in a two-layer magnetostrictive-
piezoelectric strugture iShexperimentally investigated. Theoretical research is conducted not only by Russian
scientistsgbut also by, representatives of other countries. For example, in the article [12], the magnetoelectric
effect is'studied in'magnetostrictive layers. Various experimental methods for measuring the magnetoelectric
effect are considered in [13-15] and an energy source based on magnetostrictive piezoelectric composites
has been designed.

Along with the study of electromagnetic and elastic (acoustic) wave processes, studies of the patterns of
propagation of waves of various physical natures in the presence of mutual transformation are of particular
relevance. Wave processes in coupled fields reflect the mutual influence of elastic, electromagnetic, and
thermal fields. The connection of electromagnetic fields with the deformation field takes place in a medium
with piezoelectric, piezomagnetic, and magnetostrictive properties.

Studies of new physical phenomena and the creation of devices and devices for solid-state electronics
are largely associated with the synthesis of materials with new specified properties, the manufacture of mul-
tifunctional composite materials consisting of two or more separate phases [16-20].

68 BecTHuk KaparaHguHckoro yHnsepcuteTta



On nonclassical boundary conditions...

Research method

Based on the matricant method [21], we study the propagation of coupled elastic and electromagnetic
waves in media with different physical and mechanical properties and the use of these features for practical
purposes; as well as the development of a method for determining the averaged physical and mechanical pa-
rameters of heterostructures in the presence of coupled fields.

Wave processes in elastic anisotropic media, in anisotropic dielectric media, waves in anisotropic
plates, electromagnetic waves in media with a magnetoelectric effect [22—26], waves in liquid crystals [27],
wave propagation in thermoelastic media [28-30], related wave processes in media with piezoelectric and
piezomagnetic effects [31]. On its basis, a unified description of Rayleigh-type surface waves, Lamb-type
waves in elastic, piezoelectric, piezomagnetic media and media with a magnetoelectric effect was obtained
[32-34].

Basic Equations and Relations

In this paper, we discuss the possibility of applying the matricant method to the studyrofwave propaga-
tion in multilayer heterostructures.

In the presence of layers that satisfy the condition 2 >>1. ( 4 is the wavelength, Tis the thickness of

the i-th layer), the construction of wave field solutions and their analysis can be Sigatficantly simplified. In
this case, the influence of thin layers is considered by special (non-classical) b@undaryseonditions.

Considering the influence of thin layers by means of boundary conditiens makes it possible to exclude
the construction of solutions to the equations of motion in these layers, whieh naturally significantly reduces
the number of calculations and facilitates the analysis of the obtained selutionss

For the first time, the boundary conditions of a non-figidagontact were proposed in the work of
Podyapolsky G.S. [35]. The main purpose of their introduction was to censider the contact conditions occu-
pying an intermediate position between hard contact:

- =
Wi |z=0 :WZ | (1)
and free surface based on the introduction of thin viseeel@stic layers. The substantiation of the introduction
of nonrigid contact conditions, as well as thé)derivation of these conditions, had a number of limitations.
Disadvantages were discussed in [36]. In this work, the application of the boundary conditions of non-rigid
contact received a deeper physical justifieation*and content. In addition, in the same article, a general algo-
rithm for deriving the boundary conditions'@f a nonrigid contact was proposed, considering the rheological
properties of the interlayer and inertial‘effeets following from the corresponding equations of motion. A wide
class of models of continuousmedia‘and motion was considered. A wide class of models of continuous me-
dia was considered and the/boundary conditions of nonrigid contact were obtained, which describe the
boundary conditions¢of n@nrigid_contact, which describe the influence of the corresponding thin layers on
wave processes.

A generalizatiomgf the original version of the boundary conditions of a nonrigid contact was carried out
in [37]. Some applied 1ssues of hard contact are given in [37]. Boundary conditions for non-rigid contact are
considered'in the manograph by L.A. Molotkov [38].

In the works'noted above and in other scientific publications, the application of the boundary conditions
of nonrigidcontact was limited to various models of solid mechanics media. At the same time, the area of
constructive application of the boundary conditions of nonrigid contact is very extensive.

The derivation of boundary non-rigid contact for elastic anisotropic media with various physical and
mechanical phenomena is simple and understandable on the basis of the matricant method. In the case of a
piezoelectric elastic medium, the equations of motion:

doy o
ox; X

2=0

)

and Maxwell’s equations in differential form:
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rotE = -8
ot

rotri =22 ©)
ot

divB =0

divD=0

connected by defining relations:

Sij = Gijka & ~ %l Bk

Di =Cij®i * ik Ei (4)

B = kot Hj

where Cy, — elastic stiffness, p— medium density, ¢, =§(u,,k +U,,) — strain tensokme,, |Piezoelectric con-

stants relating the electric field to mechanical stresses; », — components of the permittivity tensor.

Construction of a system of differential equations of the 1st ordef. Amalysis of coefficient matrices

Consider a rhombic system of class 222.

The rhombic system of class 222 is a system with three mutually ‘perpendicular axes, which are double
axes of symmetry. Such a system must correspond to two clasgy2 menoclinic systems: one with a twofold
symmetry axis parallel to the Y axis and the other with a twefeoldsymmetry axis parallel to the Z axis. The
material constants must be determined by both monoclinicesystems. This condition leads to a decrease in the
number of constants. The coefficient matrices for the class 222 rhombic system are [39]:

Chb C, €3 0O 0 O 0 0 O

C,b €, C3 0 0 ¢O0 0 0 O

s C G 0 400 0 0 0 u 000
Coy = 13 23 33 6 = 9:.=| 0 9, O (5)
' 0 0 0 cgf ™9 © " le, 0O O

0 0 oy
0 0 Q0 cs O 0 e O
0 00 N0, 0 ¢4 0 0 ey

Here we have 94ndependentscoefficients Cy, , 3 coefficients €, and 3 coefficients ;.

In abbreviated matrix notation, relations (4) are written as follows:
o,=T,=c¢,S,—¢,E,
=e,S,, + 9, E;
where i, k =1243; p,q=1,2,3,4,5,6
S,=¢,i=]

26, =8 ,i# ]

(6)
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We write the constitutive relations (4) in the matrix form:

T, ¢, ¢, ¢ 0 0 O S, 0O 0 O
T, C, Cp G5 0 0 O S, 0O 0 O E
T, | _|en e ey 00 0 18| |0 0 o*E: @
Ty 0 0 0 ey 0 0[S e, 0 0|
T, | |0 0 0 0 ¢ O] |S| |0 e, O 7
Ts ] |0 0 0 0 0 cu| |Se] [0 0 e
5]
S,
D1000e1400S31100E1
D,[=[0 0 0 0 e 0% ]+ 0 3220*E2’\ (8)
Dl 1000 0 0 eg| | | |0 0 o, |E \
SS
Q
where
I =0T, =0,,T, =033,;T, =0,,,Ts =03, Iy, =6, S, = D = €5 T Uy, )
Sy =853 = Uy 308y =28, = Uy Uy, S5 =28y, = ”3,1* 3 28, =u, +u,,.
From relation (7) follow the expressions for the compo he stress tensor:
ou,
On =C— TCu——
oy
ou
G, =Cp—+a (10)
cszz cl3 - c]3
1%}
Ou, ou,
O, 44§+c44_z_614Ey
ou, ou
xy ZCG6E+066_y_e36Ez
Fr (8) follow the components of electric induction:
ou 0
D, = 614_y+614&+311Ex
0z oy
ou, u
D, =€14—+€14E+311Ey (11)
ou
D, = e36£+e36_y+333Ez
ox
Given that
of df o 0 0
G A S 2
0z dz Ox oy ot
Cepus «dusukay. Ne 3(107)/2022 71



N.A. Ispulov, Abdul Qadir et al.

Fulfilling conditions (12), the expressions for the voltage components and electric induction (10) and
(12) will take the form:

ou
. . s
o, =—ik.cu, —ikcu, + 013—2
ou
. . .
G, =—ik.cu, —ik,cu, +c,—= (13)
ou
= —i ==
G =-ik cu, zkyc13uy + ¢y,

8u

G, =Cy———tk,cpu. —eyE,
Oz

ou,
6 =—ik cyu, +c,,— . —e,E

y
) 4
G, =ik cou, —ik cou, —esE, \

ou,
D =e,— > —ik e u, +9,E, K
. ou,
D, =—ik.eu, +e,— . +9,E, @
D, =—ik esqu, —ik eyu, +95,Fp A
Since the inhomogeneity is assumed along the z axis, itsi %sary to extract the derivatives with re-

spect to z.
Equations of motion (2), considering conditions (

write in the following form:

. _ 2
—ik o — =—pou,

oc
_ikwkycw + azyz =—po’u, (14)
O
ik, o, + O —po’u,
Oz
Electromagnetic fields in ar& edia in the absence of charges and currents are described by the

first pair of Maxwell’s equati@ se equations in component-wise form are written as follows:
OE. OE,

— =—io H
oy Py Ao L
oE OF .
= =—i, H ,
oz ox Hokt
OE, OF
L =i
ax 8)} /’10 ILLHZ
oH. ©OH (15)
- —2 =iwD,
oy Oz
OH_ OH
=~ — ~— =iwD
Oz Ox g
OH
» _OH. _ iwD.
ox oy
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Considering the initial provisions stated above, the representation of wave fields is considered in the
form:

IE — lf((D, z)eiu)tiikxxirikyy (16)
Using the representation of solutions for vectors E and H in the form (16), we obtain:
E(o,7) = E(0,2)e" "™

B I (17)
H(w,F) = H(w,z)e" "

and substituting relations (13) and (17) into (15), as well as excluding the components that are not
included in the boundary conditions, we obtain a system of ten first-order differential equations relating the
components of stresses , strains and electric and magnetic fields:

dUZ :iczz + IkXC13 UX + ! YC13 Uy;
dz C33 C33 C33 ’\

dczz ) . .
? =—p0;)2UZ +ik.o,, + IkycsyZ ; @
W, L kU, + B !Q
dz ¢, Css .
e K, k C
dd L 13 —0, +( p(,l) + k <Ci1— XC13 +k C66 2 Xyclz 13023 kxkyCGG +
yA
k k e36 )Uy ~ |kye36 H |kxkye36 H,.
933 (0953 (0333
du .
y =io'yZ +IkyUZ +&EX; A
dz ¢, Cas O
do k k. e?
in B TR .

ik,c
2B 4 (-p Ce c
dz Cs3 Cs3 933 933
k. k.c,.C i ik k e
_xy1323)U _ xy36H_

X

Cs3 933
d k ik? ke k ke
Q‘ , . y . )HX+ y36UX+ xy36Uy;
dz @ 0333 933 933
ik k ik? . k.k.e 2
ddExz_ x yHX+(IkX —iouu)H, +— y36Ux+kxe36Uy;
z (D933 (D33 933 933
i 2 2 ik k
dH, =1y +(|a)e—+|axa22 ik, JE, +—LE,;
dz Css Css o) /)
dH 2 ik2 ik k
Y = |a)e14o_ +(- Ia)el——la)ell )E,-——E,.
dz on Ca Wp Ly Wp
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This system of differential equations in matrix form has the form:

ddﬂ: BW,W :(UZ’GZZ’UX’O-XZ,
Z

where u,,0,, — displacement vector and stress tensor components; £ ,H ,H ,E - components of electric

U,,0,.E, H,H,E) (18)

yz?

and magnetic fields; k k, — respectively x and y are the components of the wave vector;

B= B[Cijkl (2),€,;(2),9;(2),k,, ky] — matrix of coefficients, the elements of this matrix contain the parame-
ters of the medium in which the electroelastic waves propagate.

A

The matrix B in the case of propagation of electroelastic waves along the Z axis has the following
structure:

0 b, 0 0 0 0 0 0 0 0 "
b, 0 0 0 0 0 0 0 0 0 .
0 0 0 b, b, 0 0 0 0 0 U
0O 0 b, 0 0 0 0 0 0 0 o
L [0 0 0 0 0 b 0 0 050, | _| £, )
0 0 0 iwb, b, 0 0 0 o Jo H,
o 0 0 0 0 0 o0 B 0 b, Y,
0 0 0 0 0 0 b, £ 0 0 i[
0 0 0 0 0 0 ON-Nb, 0 b, E
0 0 0 0 0 O0NO DO -5, 0

Based on the structure of the matrix of cogfficients, it follows that in this case in the piezocrystal there
is not one, but several types of waves, theginteraction between which is determined by the coefficients

e e
bss =2 b710 =

Css  and Cas These'eoefficients reflect the relationship between the piezoelectric moduli and
the elastic constants of the meditim, inwhich the waves propagate. An elastic longitudinal wave, described by

the coefficients b,, and byg propagates independently of other types of waves. The coefficient b5 determines
the interaction betweemythe,elastic transverse x-polarization wave and the electromagnetic TE-wave, and the

coefficient b710determines the interaction between the elastic transverse wave of the y-polarization and the
electromagmetic TNA-wave.

The coefficients that determine the relationship between different types of waves provide a constant
transition afithe energy of elastic waves into the energy of electromagnetic waves and vice versa.

Boundary conditions for non-rigid contact

If in an elastic dielectric medium there is a thin layer of thickness h and 4 >>h (A is the wavelength,
h is the inhomogeneity period), then the system of equations (18) can be represented in the finite difference
form:

— = =BW;AW =W, -W, (20)

W, =[E + BhW.. (21)
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Writing (21) in the form:

W, =GW,;G = E +Bh; (22)
we obtain the boundary conditions describing the effect of a thin layer with piezoelectric properties.

The condition A >>h makes it possible to exclude the construction of a wave field inside a thin layer, in
view of the quasi-static nature of the loaded state. Boundary conditions (22) are the desired conditions for
non-rigid contact. For h —, from (22) the hard contact condition (1) follows. The influence of the physical
and mechanical properties of a thin layer is taken into account by the elements of matrix B. Similarly to

condition (8), the influences of other thin layers can be taken into account. As follows from (21), for this it is
necessary and sufficient to know the matrix B (19) or the system of equations (18).

If in the domain z [0, H]the left boundary of the thin layer is at Z = Z,, then the layer matrix has the
form:
T(O,H)=T,GT; (23)
T,— layer matrix [0;z,], T, - layer matrix [z, H].
If there are N thin layers inside some layer, the matrix of the total layer is written as:

T=T,,G,T,Gy,--L,GT,. (24)

At present, the matricant method has been developed and equations ofsthe type (18) have been obtained
for piezoelectric and piezomagnetic media, considering the magnetoelectiC effect, elastic, thermoelastic,
liquid crystal media. Based on the boundary conditions in the system(18),for'these media, it is possible to
design various artificial heterostructures by introducing thin dayers,with different physical and mechanical
properties.

An important aspect of the application of boundary conditions‘ef the type (22) is considering the influ-
ence of deformation and distortion of crystalline mediayin contact'with different lattice periods, as well as the
study of contact distortions and their influence on physicahandymechanical parameters.

One of the design features of the matricantymethod\is the possibility, within the framework of this

method, to investigate the & - shaped properties of theymedium. These properties simulate the case of a sig-
nificant difference between the propertiesCof a thin layer and the properties of the environment.
Mathematically, this is written as follows:

Llﬂg Bh=G; Ihlggbijh =0;

Conclusions

In this article, based on the amalytical method of the matricant, the regularities of the propagation of elec-
tro-elastic waves in piezorystals of the rhombic syngony of class 222 are studied. The complete system of
Maxwell’s equations and equations of motion are obtained and solved. A generalization of non-classical con-
tact conditions for studymg the effect of thin interlayers with different physical and mechanical properties on
wave processes is,givenyThe derivation of these conditions for a thin layer with piezoelectric properties is giv-

en. The passibility ofistudying layers with & - shaped properties (- Dirac function) is proved.
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H.A. Ucnynos, A6ayn Kagsip, A. K. XKymabekos, A.A. Kypmanos, K.P. Hecymbexos

AHHU30TPONTHI OPTAAA TOJKbIHAAPABIH TapaTybLKe3iH/1e
(pusnka-MmexaHUKAJBIK KACHETTEePI IPTYPJIi xKYKAa KadaTTapabIH
KJIACCHKAJIBIK eMeC MIeKapaJbIK 0ailyiaHbIC IIAPTIapsl TYpPasibl

TonkpIHABIK TpouecTep (HU3MKAaHBIH OPTYPIl cajanapblHAA KapKBIHIBI\3EepTTCIei: 3ICKTPOANHAMUKA,
wia3Ma (U3UKAChl, paquo(U3KKa, aKyCTHKA, THIPOJAMHAMHKA JKOHE T.OMDIEKTPOMArHUTTIK XKOHE CepImiMIi
TOJIKBIHABIK TIPOLECTEpl 3epTTEyMEH KaTap, e3apa TpaHchopMmalisi OOJFaH Ke3le OpTYpPJi (H3HKAJIBIK
CHIATTaFbI TOJIKBIHAAPABIH Tapally 3aHJIbUIBIKTApbIH 3epTTey EPCKIlic 63€KTi 60bIin TabbuIansl. baiinaHbickaH
epicTep/ieri TOJKBIHABIK IPOIECTEep CeprimIi, IeKTPOMATHHTTIK JKOHE KBUIy OpICTepiHiH e3apa acepiH
KepceTedi. DICKTPOMArHUTTIK  OpicTepaiH  JchopManus ) epiciMeH  OaiijlaHBICBI  MBE303JEKTPIIIK,
IbE30MAarHUTTIK JKOHE MarHUTOCTPHKISIBIK KdeyerTepi 0ap opTana sxypeni. Makanana MaTpHIAIBIK 9JIiC
Heri3iHAe (U3MKa-MEXaHMKAIBIK KacHeTTepl «@pTypii ) opramapia OalilaHbICKaH —CepHiMIl  JKOHE
SNEKTPOMATHUTTIK TOJKBIHAAPABIH Tapalybl 3epTTedared. ABTOpiap TOJKBIH IpoLecTepine Qusnka-
MEXaHHUKAIbIK KaCHeTTepi dPTYpIi XKyka Ka@aTTapAblH OCEpiH 3epTTey YIIH KIACCHUKAIbIK eMec OaiinaHbIC
JKaFIalapblH JKaNbUIayabl YChIHFaH. 222 \KIachIHIAFBI POMOTHIK JKYHEHIH aHHU30TPONTHI OpTajapbIHIA
SEKTPIIK CEPIiMII TOJNKBIHIAAPABIH TapallybIH \CUTIATTAWTHIH aifHBIMABl Kod(duuuenTTepi Oap 1-mi perri
i depeHIMaNABIK TeHASYIep KYHECIKypbLIABL. [1be303IeKTpiik KacueTTepi 6ap *Kyka Kabar YIIiH KaTThl
emec OaiiaHbIC JKarJaillappIHbIH| HOTIKEEI KenTipinreH. § — Topi3ai Kacuerrepi 6ap Kabarrapisl 3epTTey
MyMKiHAIr gorengaenai (§ — Auparyd yHKIHsCH).

Kinm co30ep: Makcsen JeHIey 16pi, @HU30TPOITH OPTa, TOJIKBIHAAP, KATTHI eMec OaiiylaHbIC, MAaTPHUIAHT SiCi.

H.A. Ucnynos, A6xymKansip, A. K. XKymabekos, A.A. Kypmanos, K.P. [locymbexkoB

O HekJIaCEHIeCKHX IPAHMYHBIX YCJIOBHAX KOHTAKTA TOHKHMX MPOCJI0CK
¢ pa3lIM4YHBIMU (PU3MKO-MEXaHUYECKUMHU CBOMCTBAMHU IIPH
pacnpocTpaHeH!H BOJIH B AaHM30TPOIHBIX cpeaax

BonH@BBIe mpoIieccHl MHTEHCHBHO HM3YUYCHBI B PA3NMYHBIX OOIACTAX (DU3UKH: IEKTPOJMHAMUKE, (H3HKE
IJIa3MBbl, paauopu3nKe, akKyCTHKE, TUAPOJUHAMUKE U T.J. Hapsay ¢ n3ydeHneM 31eKTPOMAarHUTHBIX U YIIPY-
TUX BOJIHOBBIX IIPOIIECCOB OCOOYI0 aKTyaJIbHOCTh NPHOOPETAIOT HCCIIEJOBAHUS 3aKOHOMEPHOCTEH pacrpo-
CTpPaHEeHUs] BOJH Da3NUuHOi (U3MYECKON MPUPOIBI NMPH HAIMYUM B3aMMHOW TpaHcdopmanuu. BonHoBbe
IPOLIECCHI B CBS3aHHBIX MOJISIX OTPAXKar0T B3aUMOBJIMSAHUE YIPYIHX, 3JEKTPOMArHUTHBIX U TETIJIOBBIX MOJICH.
CBS13aHHOCTB JICKTPOMATHUTHBIX MOJICH ¢ mojeM AedopMaryii IMeeT MECTO B CpeJie C IMbe303IeKTPHIECKH-
MM, TIb€30MAarHUTHBIMYA ¥ MarHUTOCTPUKIHMOHHBIMU CBOMCTBaMU. B cTaThe, Ha OCHOBE MaTpHYHOIO METOJA,
UCCIIEJOBAaHO PACIPOCTPAHEHHE CBA3aHHBIX YNPYIHX U JIEKTPOMArHUTHBIX BOJH B CPEAax C Pa3IMYHBIMU
(hU3UKO-MEXaHUIECKIMHU CBOWCTBaMH. ABTOpaMH IPEIOKEHO 0000IIeHNe HEeKJIACCHYECKUX YCIOBUH KOH-
TaKTa JJIs UCCIICAOBAHMS BIUSHUS TOHKHX MPOCIOCK C Pa3lUYHBIMU (PU3MKO-MEXaHWYECKMMH CBOWCTBAMH
Ha BOJIHOBBIE mporecchl. [loctpoeHa cucrema auddepeHnanbHbIX ypaBHEHHH |-ro mopsaka ¢ mepeMeHHbI-
MU KOA(HIMEHTaMH, ONUCHIBAIOIIMMI PACIIPOCTPAHEHHE 3JIEKTPOYIPYTHX BOJH B aHH30TPOMHBIX Cperax
pomOuyeckoii cuctemsl kinacca 222. [IpuBeieH BBIBOA YCIOBHIT HEXKECTKOr0 KOHTAKTa JUISl TOHKOTO CJIOSI C
MbE303JIEKTPHIECKIMH CBOMcTBaMH. JloKa3aHa BO3MOXKHOCTB HCCIICIOBAHNUS CIIOEB C -00pa3HBIMU CBOMCTBA-
mu (§-pynkuus Jupaxa).
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