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Symbols and abbreviations

The following notations and abbreviations are used in this work:
AES - Auger-Electron Spectroscopy

BEM - Boundary Element Method

CM - Cylindrical mirror

CMA - Cylindrical mirror analyzer

ES - Electron Spectroscopy

FDM - Finite Difference Method

FEM - Finite Element Method

HCP - Hexapole-cylindrical field

HM - Hyperbolic mirror

MCF - Multipole-cylindrical field

OCF - Octupole-cylindrical field

PCMA - Parallel cylindrical mirror analyzer

SM - Spherical mirror

TCCMA — Two-cascade cylindrical mirror analyzer



Introduction

Surface physics deals with the investigation of the elemental
composition and atomic arrangement on the surfaces of solids.
Theoretical and experimental studies of the mechanical, chemical and
other properties of surfaces are also conducted. Like in the study of
bulk solids, the main objective is to establish the relationship between
the properties, composition and structure of surfaces. Hence, an
accurate determination of the elemental composition of a surface or a
surface layer with a certain thickness is crucial for the correct
interpretation of experiments in surface physics [1].

There is a vast and continuously expanding range of methods
available for investigating surfaces. Currently, there are over seventy
techniques specifically designed for surface analysis, many of which
have multiple variations with different capabilities. These methods are
based on the interaction between charged particle beams and solid
surfaces, and therefore require a high vacuum during experimentation.
Surface analysis techniques provide data on the type of particles
emitted from the surface of a material, their spatial and energy
distribution, as well as their quantity. This information can be used to
understand the surface properties and dynamics during measurement.

Modern technologies, particularly nanotechnologies, are heavily
influenced by surface phenomena. With the growing interest in
nanomaterials and nanoscale structures, surface properties have
become increasingly important. The study of solid state surfaces is a
rapidly developing field of knowledge that is of great significance for
the physics of nanoscale and molecular structures, modern material
science, nano- and microelectronics, nanotechnology, condensed
matter and thin film physics, chemistry, and other related areas.

Most surface analysis methods share common properties,
including high surface sensitivity. This is due to the fact that electrons
with energies in the range of 5-2000 eV have a high probability of
undergoing inelastic scattering. Therefore, if the energy of the
detected electrons does not change during their interaction with the
surface of a solid body, it can be assumed that the electrons only
passed through a very thin surface layer, making the method surface-
sensitive. In addition, since most of these methods rely on measuring
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electron energy, energy analyzers are required in the experimental
setup of most methods [2].

In the field of nanoelectronics, there is a growing need for
research methods that can accurately determine the structure and
composition of nanosystems and nanomaterials. Electron spectroscopy
(ES) methods offer promising solutions for this type of diagnostic
work, as they are capable of providing nanometer-scale resolution in
the depth of a solid body. ES methods typically allow for analysis of a
surface layer with a depth ranging from 0.5 to 2 nanometers.

The method of electron spectroscopy is one of the widely used
and actively developed methods for studying the physicochemical
properties of solids in the near-surface region. This method was
developed on the basis of the works of K. Siegban [3] and is currently
a powerful tool for determining the composition and electronic
structure of solids. ES-methods are based on the analysis of energy of
electrons emitted by the surface of the studied substance under the
influence of external radiation. The electron spectrometer isolates
from the incoming particles the particles whose energies are in a
certain narrow region, and the main analyzing element of the
spectrometer is the energy analyzer.

Axially symmetric energy analyzers are well-suited for surface
Auger spectroscopy due to their high luminosity and resolving power,
making them one of the most effective physical methods for insitu
analysis of the formation processes of micro- and nanostructures.

Most electron and ion optics use focusing elements that create
axially symmetric electrostatic and/or magnetic fields which can be
described by scalar potentials [4]. The main challenge in electronic
devices is the formation, focusing, and deflection of electron beams by
electric and magnetic fields. This problem is tackled by corpuscular
optics which deals with families of trajectories and their properties
[5]. The principles of corpuscular optics underpin the field of physical
electronics and its subfields such as electron spectroscopy, mass
analysis, and nanotechnology.

An analysis of existing devices revealed that the cylindrical
mirror developed by Professor V.V. Zashkvara was the best analyzer
in terms of resolution and sensitivity. This was particularly true when
the cylindrical mirror was used in the second-order focusing mode
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with the sample and detector positioned on the symmetry axis at the
meridional angle 0 [6]. Even today, the use of cylindrical mirrors
remains relevant.

The advancement of modern technology and nanotechnology
heavily relies on the state of diagnostic tools available. Therefore,
further progress in energy analysis of charged particle beams requires
continued development and improvement of existing corpuscular-
optical systems, as well as the development of new systems through
theoretical advancements.



1 Energy Analyzers for Charged Particle Beams
1.1 Overview of Charged Particle Beam Energy Analyzers

The task of surface analysis is to determine the qualitative as
well as quantitative composition of the surface or surface layer of a
certain thickness. As a rule, surface is understood as a part of a
material volume with thickness of ~ 1-10 atomic layers [1, p.6].

Particular attention to the thin near-surface layer of solids is one
of the characteristic features of modern materials science. This is
because the surface composition and structure determine many
physical and chemical properties of solids and play a major role in
many processes and phenomena, often of great technological
importance. In addition, our time is often referred to as the beginning
of the nanotechnology revolution. One of the characteristic features of
nanoscopic objects as compared to ordinary macroscopic bodies is the
sharp increase in the relative proportion of atoms lying on the surface
as compared to the total number of atoms in the system [7].

The energy analyzer is a critical component of the experimental
scheme, as it enables the determination of the current density of
charged particles within a specific energy range from E to E+4E. By
examining the energy distribution of the charged particles in the flux,
the energy analyzer provides valuable insight into their behavior [8].
Principle scheme is presented in Fig. 1.1.

There are now many methods available for surface analysis. New
techniques and instruments are constantly being created to meet the
technological needs. Electrostatic devices with the field geometry
outlined below are utilized for energy analysis:

- spherical field;

- cylindrical field,

- hyperbolic field,

- uniform field, etc. [9].



Energy analyzer

Electron gun

Detector
sample

Fig. 1.1. Experimental scheme with the energy analyzer

The energy analyzer with a uniform field, i.e. a plane mirror, performs
focusing in one direction. The main reason for its wide use in energy analysis
of charged particle fluxes is the simplicity of its design. The energy analyzer
operates on the principle of utilizing the dispersion properties of a uniform
electric field.

A new modification of the analyzer with second-order focusing
in a planar configuration for an arbitrary input angle was developed in
work [10]. The proposed analyzer with a small input angle has an
advantage at low voltage values. The analyzer is very useful for
energy analysis in the MeV range. In works [11,12] a 45° plane
electrostatic energy analyzer designed specifically for low-energy
electron spectroscopy was proposed (Fig. 1.2).

A unique device, a two-cascade plane mirror that simultaneously
measures different energies and angles of charged particles formed in
the same beam, was described in work [13]. The ability to isolate and
register particles with opposite polarity allows one to measure them
simultaneously. Equations for the particle trajectories were derived
and discussed in detail. Expressions for the corresponding particle
detection resolution were presented.

An electrostatic system designed to produce a monoenergetic
electron beam was proposed by Fishkova T.Ya. [14]. The system
comprises a primary energy filter designed in the form of a planar
mirror with enclosed ends and the additional plane capacitor
compensating the initial energy dispersion. The analytical formula for
the relation between the intensities of these fields was obtained.
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Fig. 1.2. Schematic diagram of the 45° plane electrostatic energy
analyzer

The cylindrical mirror (CM) type analyzer is widely used. The
analyzer has high electron-optical characteristics and is relatively
simple in design.

In work [15] parameters of CM with end electrodes, when
scanning the sample surface by a thin primary beam, were determined.
The problem was solved numerically by using programs for
calculating two-dimensional problems of electron optics.

In [16], Trubitsyn A.A. introduced the electron-optical scheme of
the energy analyzer, which is a combination of the simplest (and
technological) figures - cylinders and rings. The analyzer provides
second-order angular focusing at 0g=90°. This focusing angle makes it
possible to build an effective diagram of angular measurements, and
the second-order focusing means a significant reduction in
controversy contained in the requirement of simultaneously high
values of luminosity and resolution, compared with the case of the
first order focusing.

The design of a cylindrical mirror analyzer (CMA), which has
two modes of angular focusing, was calculated in work [17] for Auger
spectroscopy. Due to this, two methods can be applied in Auger-
analysis of the sample surface in the study.
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The focus of [18] was on creating a small-sized cylindrical
reflecting mirror analyzer for low-energy ion scattering spectrometer
used in vacuum deposition systems of thin film. The energy analyzer's
configuration: an electrostatic reflecting mirror of cylindrical sector
type with an average curvature radius of 4.0 cm and a sector angle of
70°, a high energy filter and two slits.

The article [19] describes the design of a parallel cylindrical
mirror analyzer (PCMA) with an axis-axis configuration. The analyzer
covers a wide range of energies in the parallel collection mode. A
second-order focusing mode exists in the region of a limited range of
energies with high energy resolution. The PCMA operates between
the parallel collection and second-order focusing modes.

The objective of [20] was to create a compact energy analyzer
that utilizes a high-resolution reflecting field for measuring the energy
spread of electron beams with a volumetric charge. The energy
analyzer were evaluated using electron beams with an energy of 2.5
kiloelectronvolts and a current of 60 milliamperes. The authors
compared the measured energy spread of the electron beams analyzed
by the energy analyzer with the results of theoretical calculations that
considered the two main sources of energy spread namely the Bersh
effect and longitudinal attenuation.

The calculation of the electron-optical properties of the modified
CMA was presented in work [21]. The analyzer consists of two
concentric cylinders with conical ends whose incomplete angles are
between 30° and 90°. It was shown that the CMA with conical ends
has second-order focusing properties with high dispersion. The
analyzer expands the applications of cylindrical mirrors in atomic
physics and surface physics because the conical ends provide more
favorable geometric conditions for sample irradiation as well as for
electron detection.

In [22], a device that filters charged particle beams by energy
was proposed and theoretically investigated. The device is composed
of cylindrical electrodes, with a plane grounded electrode located in
the meridional plane, and grounded diaphragms located at the ends,
serving as the input and output of the beam. Parameters were
calculated for two cases, namely double focusing of the beam on the
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flat electrode and parallel beam transfer, over a wide range of changes
in the system geometry.

The study of the properties of the 127° CMA by using the
SIMION 3D program version 6.0 was carried out in [23]. The
analyzer is intended for use in low-energy ion scattering experiments.
The optical properties of the analyzer can be fully described by the
dependence of the obtaining solid angle Q on the relative particle
energy € and the coordinates (x,y) on the target plane.

An ion energy loss spectrometer was designed in work [24]. The
energy analyzer consists of 180°cylinder capacitor equipped with
Matsuda plates. Its advantage is that focusing can be achieved by
changing the electrical potential on the Matsuda plates which are
located at both ends of the cylindrical capacitor. With this method, the
energy analyzer becomes equivalent to an ordinary spherical
capacitor, and eliminates the edge field.

In work [25], it was confirmed experimentally that the 210°
drift-space CMA provides second-order focusing. The properties of
the analyzer strongly depend on the edge field near the entrance and
exit of the cylinders.

In order to avoid rotation of large electron sources and detectors
in experiments on quantum particle scattering in work [26] was
developed a device in which the rotation of the electron beam was
achieved by combining three small CMA in a sequence. The first
analyzer is stationary, while the other two rotate together around the
output axis of the first cylinder.

The features of the cylindrical type electrostatic energy analyzer
were described in order to measure the finite ion losses [27]. The
analyzer provides information on the density of ion distribution in the
cone region of the velocity space.

Work [28] is devoted to the description of the electrostatic
energy analyzer scheme which allows simultaneously register the
energy spectrum of charged particles in a wide energy range and in the
whole range of azimuthal directions. The analyzer is similar to the
CMA with the exception that linear changes in the potential are
applied in the axial direction of the outer cylinder. The analyzer can be
used in second-order focusing mode to analyze a narrow range of
energies with high energy resolution.
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Work [29] describes the development of a cylindrical sector
energy analyzer that can operate with electrons having kinetic energies
of up to 15 keV and high voltage.

Many multi-cascade energy analyzers have been developed
based on CM, whose corpuscular-optical parameters exceed single
CM. Work [30] presents an electrostatic electron spectrometer that
allows for simultaneous measurements of energy and angular
distributions of electrons over the full range of scattering angles (0°-
180°), while maintaining high energy resolution. The first and second
stages of the analyzer consist of three parts with cylindrical symmetry.
The analyzer body and inner cylinder are under ground potential, the
outer cylinder with conical ends under negative potential. The first
stage of the electron spectrometer focuses electrons emitted near 90°
from a point source on the axis to the point of focus. Such an entrance
angle is not feasible in a conventional CMA. Electrons then pass
through a second stage, focusing into a ring. Fig. 1.3 shows a
schematic of the longitudinal section of a two-stage electrostatic
analyzer.

An article [31] describes the design of a two-cascade CMA. This
electron energy analyzer with a diameter of less than 1.5 inches (30
mm) outperforms a single-cascade CMA with a similar diameter.

Two-stage CMA for spin-polarized Auger-electron spectroscopy
was presented in [32]. The analyzer has high transmission, small
angular emission of electrons, and a large focal length. The
combination of the analyzer with the compact classical Mott detector
provides the Auger spectrometer with a very high efficiency.

Work [33] focuses on the development of a miniature two-
cascade cylindrical mirror electronic energy analyzer (TCCMA) with
an outer diameter of 26 mm. TCCMA consists of a screen for the
electric field, inner and outer cylinders, two micro holes with
diameters of 2.0 mm, and an electron multiplier. TCCMA is
assembled into an axially - symmetric mirror electron analyzer
designed for Auger-Photoelectron coincidence spectroscopy analysis.
The electron-energy resolution of the TCCMA is E/AE=20. This value
is higher than that of the miniature single-cascade CMA (E/AE=12),
which was used in the previous Auger-photoelectron coincidence
spectroscopy analyzer.
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Fig. 1.3. Schematic of the longitudinal section of a two-cascade CMA
with several electron trajectories near the 90° entrance angle

A new type of electron energy analyzer for Auger-Electron
Spectroscopy (AES) was described in work [34]. It consists of three
coaxial cylindrical electrodes to separate secondary electrons emitted
from an excited substrate. The basics were briefly described, including
the electron trajectories inside the analyzer, and details of the
calculations of the geometric parameters of the design were presented.
The sample-to-image distance is 200 mm, the analyzer constant is 2,
the theoretical energy resolution is 0.03%, and the analyzer entrance
angle is 33°55'+t6°. Using the constructed analyzer combined with a
scanning electron gun with a sliding slope of 15°, the C-272 eV
carbon Auger peak for the chemically etched Si (1 1 1) substrate was
recorded in E from N(E) mode and then numerically differentiated
EAN(E)/deE to test the possibility of constructing an Auger
spectrometer.

The scheme and design of an electron energy analyzer for
studying electron processes in atoms and molecules of solids were
described in work [35]. The analyzer consists of an 180°
hemispherical deflector and five input optical elements. The focusing
characteristics of the analyzer were investigated by means of the
"SIMION" electron trajectory simulation program. The input lens
system into the hemispherical deflector was designed to provide a
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high collecting capacity for low-energy electrons. The lens system
consists of three lenses, an accelerating or decelerating lens, an
entrance and an exit slits. The entrance and exit slits of the lens
system have fixed diameters of 2 mm to reduce aberrations in the
field.

The spherical mirror (SM) refers to corpuscular-optical systems
providing focusing in two directions. Due to its high parameters this
type of analyzer has been widely used in various fields of research. A
number of companies produce electron spectrometers in which the
analyzer is a SM.

The time-of-flight characteristics of the electrostatic SM-type
energy analyzer for charged particle fluxes of the under the conditions
of ideal angular spatial focusing for a point source located on the
symmetry axis of the spectrometer were studied in work [36]. It has
been shown that the time of motion of the particle from the source to
the ideal focus, also located on the axis, in the first approximation
does not depend on the direction of flight near the normal to the axis.
Thus, the time-of-flight focusing mode will make it possible to
effectively use SM in electron spectroscopy methods (ESM) in which
each act of emission is registered separately.

A new type of hemispherical electron energy analyzer for
angular and spin-resolving photoelectron spectroscopy was developed
in work [37]. The analyzer allows obtaining spectra with angular
resolution by recording with a two-dimensional detector, and in
parallel using a mini Mott polarimeter determining the particle spin.
General scheme considerations and technical solutions were
discussed. The results of tests from the Au surface were presented.

The article [38] presents a scheme of an original device for X-ray
photoelectron diffraction and X-ray photoelectron holography
measurements. The compact electron spectrometer is characterized by
high sensitivity, high energy and spatial resolutions. The design is
based on a combination of an axially-symmetric 90°-sector spherical
deflector with second-order spatial focusing and a hollow conical
moderating immersion lens. The energy range of photoelectrons varies
from 0 to several thousand electron-volts, thus the analyzer can be
used for studies of valence and ground electron levels. Fig. 1.4
presents scheme of the energy analyzer based on a combination of an
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axially-symmetric 90°-sector spherical deflector with second-order
spatial focusing and a hollow immersion retarding conical lens. The
energy resolution of the analyzer is % =10"*. This resolution can be
achieved in experiments with an angular resolution of 0.25° for
electrons emitted from an extended sample area up to 4 mm? or more,
over a range of initial polar or azimuth angles up to 60°. In addition,
resolution can be achieved in spectromicroscopic mode with a solid
angle of 0.5 steradian.

V1, V, are potentials of the spherical deflector, Vs, V,, V3 are potentials of the
retarding system
Fig.1.4. The energy analyzer scheme based on a combination of an axially-
symmetric 90° sector spherical deflector with spatial second-order focusing
and a hollow immersion decelerating conic lens

The characteristics of an analyzer consisting of two 180°
hemispherical deflecting analyzers arranged in series and equipped
with a multichannel detector were investigated in work [39]. The
energy resolution and pass times for nonrelativistic electrons were
calculated by using numerical methods. The optimal size and shape of
the entrance slit with respect to the multichannel detector were
calculated. The electron energy spectra were simulated with a
multidetector with 100 discrete channels to show the possibility of a
"fast counting™ of an analyzer. Fig. 1.5 shows a scheme of the two-
cascade analyzer. Here V; and V; are the potentials of the inner and
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outer hemispheres, respectively, with an average radius Ro. Regions |
and IV are free fields, while in regions 11 and Il the 1/r? field is
supported by potentials. The electrons enter through the entrance slit
with width W and are collected by the detector after deflection
through the hemispherical sectors.

(]

Multichannel Defecior
v

AR

I

Fig. 1.5. Scheme of a two-cascade hemispherical analyzer

Hyperbolic mirror (HM) also belongs to the number of
electrostatic mirrors with high luminousity, the focusing schemes of
which were considered by Zashkvara V.V. et al. in work [40].

A hyperboloidal mass spectrometer with an analyzer on a three-
dimensional ion trap bounded by the z=0 plane was proposed in [41].
Based on the numerical simulation of the electric field and the process
of sorting of charged particles the mass peaks for different regimes of
operation of the mass-spectrometer were plotted. The results are the
basis for the creation of a hyperboloidal mass spectrometer with a
simple electrode system and high resolution capability.

A new type of electrostatic charged particle analyzer, capable of
parallel detection of a large range of Kinetic energies, was described in
work [42]. The main purpose was the simultaneous detection of
electrons scattered from the surface and having energies from several
tens of eV to 2000 eV. A prototype approximating a hyperbolic
reflecting field was constructed. The energy resolution is a few eV and
the collection efficiency was 0.05 % of 2n steradian. Significant
improvements in the time of spectra acquisition give many
possibilities for Auger and photoelectron spectroscopy.
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Second-order focusing is a property of a dispersive-type electron
energy analyzer, since it has a large angular acceptance or, on the
contrary, a high energy resolution [43]. Second-order focusing
conditions were obtained for the hyperbolic analyzer, which allows
collecting a large range of energies in parallel, making it suitable for
surface analysis, for example, in Auger spectroscopy.

A comparatively new type of electrostatic energy analyzers with
angular resolution forms an analyzer consisting of a conical
electrostatic prism and a position-sensitive detector for photoelectron
spectroscopy [44]. The analyzer performance was validated by
measuring the Ar photoelectron spectra using a helium discharge
lamp. The analyzer was able to achieve an angular resolution of 3
degrees at an energy of 5.6 electron volts. The best energy resolution
was equal to AE/E=0.043 atE =14 eV.

A scheme of a parallel electromagnetic box analyzer in which the
detection energy varies from 50 eV to 2500 eV was presented in work
[45]. The analyzer has a second-order (or higher) focusing. The
analyzer is small enough to function as an adjunct inside the sample
chamber of scanning Auger-electron and electron microscopes. The
dimensions of the analyzer circuit are 90 mm in length and 40 mm in
height.

The article [46] describes the scheme of an original electrostatic
"double toroidal” electron energy analyzer with high transmission.
With the double toroidal analyzer, it is possible to measure both the
kinetic energy and angular distribution of electrons at the same time
with high resolution and high luminosity by means of a two-
dimensional position-sensitive detector. The exact shape of the
electrodes is derived analytically as well as by numerical calculations
of electron trajectories.

The toroidal electrostatic analyzer described in work [47] has
been designed for the scattering of medium-energy ions for structural
analysis of surfaces. This analyzer has a wide interelectrode distance
of 16 mm and an energy range of 10% of the transmission energy at a
constant voltage value. The analyzer is mounted horizontally on a
turntable and accepts ions scattered at well-defined angles. To obtain
good energy resolution, a photon counting system (PIAS, Hamamatsu
Photonics) with a spatial resolution of 40-50 mm, combined with a
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three-stage microchannel plate, is used. The electric fields in the
toroidal spectrometer, and including the scattered field, were
calculated by the finite element method. The electron trajectories
through the analyzer were calculated by using the Monte Carlo
method. Thus, the optimal conditions for the geometry and
dimensions of the entrance and exit slits were determined.

A new mirror axially symmetric electrostatic energy analyzer
with an outer toroidal electrode was proposed in work [48]. Due to its
toroidal geometry, this analyzer has excellent focusing properties,
allowing for high angular reception and high energy resolution to be
achieved simultaneously. Fig. 1.6 shows the second-order focusing of
the axis-axis and axis-ring type in the toroidal mirror analyzer.

Fig. 1.6. Second-order focusing of the axis-axis and axis-ring type in a
toroidal mirror analyzer

The toroidal energy-angle photoemission spectrometer was
described in work [49]. The device has multi-detection by energy and
angle, facilitating rapid measurement of photoemission over the entire
hemisphere. The device is ideally suited for studies of the band
structure and Fermi surface mapping by using photoemission
spectroscopy with angular resolution.

Designs and simulations of ion-optical systems with intermediate
focusing and parallel ion flux output intended for joint use with a
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quadrupole mass filter to improve its analytical characteristics were
proposed in [50].

An electrostatic lens has found application in electron optics, any
combination of electrodes which forms an electrostatic field with
rotational symmetry and thus allows charged particles to move in the
field along the symmetry axis.

Taking into account the integration into a double toroidal
electron energy analyzer for Auger-electron and ion coincidence
measurements, a four-element conical electron lens was developed in
work [51]. Calculation of the lens design by using numerical
simulation of electron trajectories was fully conducted in terms of
high-resolution electron analysis in the multi-coincidence mode. The
design, construction and experimental characterization steps of this
electron-optical system were described. Particular attention was paid
to the importance of third-generation synchrotron radiation sources in
such multicollision experiments.

In [52], computer simulations of energy-analyzing systems were
presented, which combined hollow electrostatic lenses with various
configurations of axially symmetric sector spherical deflectors. The
deflectors had spatial second order focusing and formed systems of
"axis-axis," "axis-ring," "ring-axis," and "ring-ring" forms. On the
basis of the investigated systems it is possible to build compact high-
luminosity spectrometers with energy resolving power in the range
from several hundred to tens of thousands of eV.

In order to increase the intensity of the charged particle beam, an
electrostatic lens of three coaxial cylinders, which focuses the near-
axis beams (due to the axially-symmetric lens) as well as the beams
away from the axis (due to the coaxial cylindrical lens) at one point,
was theoretically studied [53]. The parameters of such a combined
lens were calculated numerically. The gain in beam intensity over the
commonly used single axially-symmetric lens was determined.

Work [54] concerns the calculation of the time-of-flight
characteristics of a system composed of mirrors with two-dimensional
electrostatic fields arranged sequentially and sharing a common
symmetry plane. The time-of-flight focusing conditions for the
divergence angle of the charged particle beam and the energy spread
are found.
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Paper presents a new time-of-flight photoelectron energy
analyzer which uses an electrostatic field to reflect and focus
electrons. Using a high-quality ellipsoidal grid, photoelectrons can be
collected with high efficiency and focused on the detector. The
problems of spatial charge and extended electron sources in an
ellipsoidal mirror analyzer have been discussed. The proposed
spectrometer analyzes single- and multiphoton ionization processes
and operates in a wide range of energies. Experimental data indicate a
high collection efficiency. Spectra were obtained at vacuum less than
107 Torr.

Designs of time-of-flight mass spectrometers for studying the
elemental composition of gas flows, dust particles, and
micrometeoroids are described were work [56]. Calculation of the
mass spectrometer parameters is based on determining the law of
potential distribution on the electrodes forming the electric field.

A tandem of two time-of-flight analyzers in a new "nested time"
mode was proposed in [57]. The tandem allows parallel analysis of
fragment spectra for ions within one separation cycle in the first
"slow" analyzer. a new type of "slow" time-of-flight analyzer was
proposed, which combines transverse confinement of the low-energy
ion beam in periodic lenses with multiple ion reflections between
planar mirrors without a grating.

For increase the rate and sensitivity of tandem mass
spectrometric analysis, [57] proposed using a tandem of two time-of-
flight analyzers in a fundamentally new mode of "nested times,"
allowing parallel analysis of fragment spectra for ions within one
cycle of separation in the first "slow" analyzer. A new type of "slow"
time-of-flight analyzer combining transverse confinement of a low-
energy ion beam in periodic lenses with multiple ion reflection
between planar gridless mirrors was proposed to implement the
method.

A time-of-flight electron energy analyzer operating at a repetition
rate of 80 MHz was proposed in work [58]. The analyzer has an
energy resolution of 40 meV for electrons with an energy of 3 eV. The
energy resolution limit depends on the detector response time or time
resolution. Currently, a detector with 100 ps temporal resolution has
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an energy resolution of less than 1 MeV for 200 MeV electrons. It
provides a high repetition rate of the time-of-flight energy analyzer.

In work [59], the model of an electrostatic spectrograph for
energetic analysis of charged particles is proposed. The basic element
of device is a five-cascade cylindrical mirror analyzer. The obtained
test results agree with the electron-optical parameters of the
spectrograph calculated earlier.

An optimal mode of operation of a plane magnetic mirror with a
uniform field was found in work [60] in which the luminosity of the
device increases due to second-order focusing. In this case, in contrast
to the known mass spectrometer with semicircular focusing, the
source and receiver are outside the field.

In [60] an optimal mode of operation of a plane magnetic mirror
with a uniform field was found. The luminosity of the analyzer
increases due to focusing of the second - order. In this case the source
and receiver are outside the field. To work in the spectrograph mode,
the coordinates of the focus line where the detectors should be placed,
are determined.

Second-order focusing conditions in conic systems were
investigated numerically in work [61]. Second-order angular focusing
as a dependence of the position of the point source on the symmetry
axis on the half angle of the cone for systems with parallel formations
was presented. The possibility of achieving second-order focusing in
finite-dimensional cone systems is discussed. Electron-optical
schemes for these devices were given.

Work [62] is devoted to the calculation of an electrostatic
spectrograph based on a truncated cylinder-type energy analyzer in a
wide range of changes in its parameters. The position of the focus line
was found for energy dispersion in the beam that differs by an order of
magnitude. Linear and specific energy dispersions were determined. A
comparison was made with a widely used spectrograph of two plane
electrodes.

Work [63] presents a new scheme for an electrostatic electron
analyzer that has high energy resolution and can efficiently collect
photoelectrons from submicron regions. The analyzer described in
[63] uses a unique electrostatic mirror that has a low aberration value
to efficiently collect photoelectrons from submicron regions. In
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addition, it incorporates retarded hollow cylindrical lenses and a
hemispherical energy analyzer to achieve high energy resolution.
Possible modifications of the analyzer have been discussed. The
energy analyzer scheme is presented in Fig. 1.7. The beam exits the
deflector along the forming surface of the cylinder, then it is retarded
by four electrodes of a hollow lens consisting of conical and
cylindrical coaxial electrodes, between which a retarded longitudinal
electrostatic field is created. This lens performs two actions. First, it
retards the beam so that the transmission energy in the hemispherical
analyzer remains small, its energy resolution high. Second, it reduces
the angular spread in the beam. Indeed, the deflector assembly is
reduced to some degree of angular spread in the beam in the polar
direction (from 22° at the entrance, 13° at the exit). This spread is still
too large for a hemispherical deflector to achieve high energy
resolution. The immersion lens further reduces this spread by 8°,
resulting in a reduction of up to 80 times the kinetic energy of the
electrons. The inevitable consequence of these two actions is a linear
increase of up to ten times the image at the lens exit. However, this
increase is irrelevant because the width of the ring image at the lens
entrance is small compared to the focusing properties of the deflector.
In this case, the radial width of the image at the lens exit is determined
by the angular aberration of the lens.

U=0

hemispherical
analyzer

\ immersion

lens
collecting deflector

Fig. 1.7. Configuration of the high-transmission energy analyzer consisting
of hollow coaxial cylindrical lenses and a hemispherical deflector
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However, this magnification is irrelevant because the width of
the ring image at the lens entrance is small compared to the focusing
properties of the deflector. In this case, the radial image width at the
lens exit is determined by the angular aberration of the lens.

In applications not requiring very high energy resolution, the
basic hemispherical deflector can be replaced by the simpler mirror
analyzer shown in Fig. 1.8 [63, p.1654].

Analyzers operating in multichannel particle registration mode
are attractive because of their ability to use energy much more
efficiently than analyzers with sequential (in time) dispersion. They
operate on the principle of simultaneous measurement of several
spectra, which allows them to be used for express simultaneous multi-
element analysis.

|
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Fig. 1.8. The high-transmission energy analyzer consisting of hollow coaxial
cylindrical lenses and a main conical mirror analyzer

A new parallel charged particle analyzer with multichannel
energy and angle detection was described in work [64]. Simultaneous
multichannel detection of both of these variables was achieved by
using a two-dimensional position-sensitive detector. The device was
arranged so that the angle information was derived from the azimuthal
coordinate and the energy from the radial coordinate of each particle
being detected. The device was based on the original circuit "Bessel
box" developed by Allen and her colleagues.
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The design, modeling and testing results of a new dispersive
multichannel analyzer for secondary electrons were presented in work
[65]. Due to the experimental resolution of 50 mV and the
spectrometer constant, this analyzer is very suitable for voltage
measurements in integrated circuits. The analyzer can also be used for
complete separation of secondary and reflected electrons in image
mode. Parallel detection of the 20 eV wide secondary electron
spectrum band can be used in the future to obtain material
characterization data at low energies <2 keV of the primary electrons.

A multichannel cylindrical reflecting electron energy analyzer
designed to measure weak characteristic signals from electron energy
loss spectra was described in work [66]. The analyzer's edge field was
nearly ideal. The dependence of the radial coordinate of the particles
at the detector on the coordinate of entrance, angle and energy was
determined numerically and can be approximated by second-order
polynomials.

In [67], an electrostatic multichannel deflector with energy
filtering of charged particles was proposed. The deflector was formed
by a cylinder with closed ends, and a filament electrode is placed
along its longitudinal axis. The potential distribution of such a system
in analytical form was found. The parameters of the system at the
entrance and exit of the beam through its grounded ends were
calculated.

The article [68] describes an energy analyzer with a cylindrical
symmetric electrostatic field, for Auger analysis. The device was
designed and manufactured. The optimal parameters of the analyzer
were estimated and then experimentally verified.

A new type of electron energy analyzer for fast obtaining X-ray
photoelectron spectroscopy spectra and designed for operation at a
pressure of 10®° Torr was proposed in work [69]. The proposed
analyzer uses spherical retarding grids combined with a post-
monochromator to achieve bandgap transmittance while maintaining
the high transmission of the retarding grid of a conventional analyzer.
The purpose of the simulation was to study the interaction between the
retarding grids and the post-monochromator. It was determined that
the key factors in the performance of the analyzer are the scattering of
electrons on the retarding grid and on the edge electric fields. Based
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on the simulation results, an electron energy analyzer was constructed
and tested using gold samples and polystyrene thin films. A 20-eV
width scan over 100-200 with a resolution of 1.0 eV was carried out.

Usually the use of physical limiters (e.g., slits and apertures) on
the entrance and exit planes of the deflector type electrostatic electron
energy analyzer often introduces undesirable distortions in the "ideal”
equipotential distribution and reduces the deflection angle. The effect
of physical limiters and losta plates on the scattered field in a standard
hemispherical energy analyzer by program "SIMION" for electron
beam trajectories has been investigated in work [70]. On balancing the
edge field effect due to physical confineers with the losta plates, the
correction of the scheme proposed earlier by losta has been continued.
This correction scheme has the advantages of simplicity in design.

Work [71] proposed an electron energy analyzer capable of
analyzing a broad range of energies simultaneously. In this analyzer,
the electrons are introduced through a highly transmissive slit into a
magnetic field with relatively uniform strength, causing them to
follow helical trajectories. They are subsequently directed through a
second slit and focused on the detector. The energies of the electrons
are correlated with their azimuthal rotation in the magnetic field,
which can be detected by the detector. This example demonstrates that
a wide range of energies, varying by a factor of 20, can be analyzed
simultaneously with an energy resolution of approximately 1% of the
initial energy. Another example showed that the scheme was capable
of collecting electrons with energies of 500 eV from small sources and
resolving them to 0.6 eV.

An electron energy analyzer with angular resolution and a newly
designed entrance lens system was developed in work [72]. In this
lens system, angular resolution was achieved by using a plane
diffraction slit. Using this system, high angular resolution and high
transmission in measurements for photoelectron diffraction were
easily achieved. In addition, the angular resolution was easily
determined by the size of the planar diffraction slit. In order to
evaluate this analyzer, X-ray photoelectron diffraction patterns with
MgO (001) and CAF2 (111) were measured.

In work [73], it has been conducted a theoretical investigation on
an electrostatic analyzer that includes two electrodes: one is inclined,
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and the other is straight with respect to the beam axis. This type of
analyzer can be used to study the charge distribution in the beam, with
a resolution better than the conventional parallel plate geometry.

The article [74] describes a universal setup for measuring static
parameters of high-intensity electron beams. The setup is based on the
registration of transient radiation that arises when ribbon and axially
symmetric beams fall on a metal target. The principle of operation has
been explained in detail in the article. The radiation registration
schemes are presented, the peculiarities of the measurement methods
depending on the beam configuration are described, and for the first
time, the design of a ribbon beam electron analyzer is presented in the
work. The effectiveness of the setup is validated through both
experimental data and computational simulations.

In [75], a new electrostatic analyzer was introduced for detecting
low-energy charged particles known as a segmentoidal analyzer. The
paper discussed the determination of the field strength between the
plates and analyzed the fundamental features of a spectrometric
module built using the segmentoidal analyzer and a VEU-7 secondary
electron multiplier detector. Transmission curves for energy and
entrance angles, as well as the energy geometric coefficient, were
among the key characteristics evaluated in the study. The
experimentally obtained value of the energy-geometric coefficient
during calibration agreed well with the calculated value of the module.

1.2 Computational Approaches for Energy Analysis Systems
in Charged Particle Beams

The improvement of the characteristics of modern electron
spectrometers is limited by the limiting parameters of the corpuscular-
optical systems used in them. The improvement of the latter is
possible by upgrading existing corpuscular-optical systems with
additional elements of corpuscular optics; development of new
systems with improved electron-optical characteristics, etc.

The most effective approach for the synthesis of corpuscular-
optical systems is the approach that implements the formulation and
solution of inverse problems of corpuscular optics. This approach
requires the use of analytical or semi-analytical methods for
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calculating corpuscular-optical systems, including the method of
optimal matching of elements. In [76, 77] it was possible to solve the
inverse problem of optics: to describe the fields forming this beam
using the given electron-optical parameters of a beam of charged
particles.

The continuously growing requirements of modern experiments
to devices and means of energy analysis stimulate the creation and
development of calculation methods, parameter studies, and proposals
for new classes of corpuscular-optical systems for application in
practice.

In a number of studies led by V.V. Zashkvara, electrostatic
axially symmetric multipoles were applied to solve the problem of
synthesizing an analyzer with a deflecting field [78-80]. New schemes
of analyzers with improved characteristics were proposed. The shapes
of deflecting electrodes were calculated. The operator separation
method for solving the wave equation was applied in works [81-83].
Solutions describing the evolution of fields with a circular multipole
structure in a cylindrical coordinate system were obtained. In work
[84] a non-Laplace circular multipole was constructed and the
principal possibility of its correcting effect on the angular focusing of
the deflector type electrostatic analyzer was considered. In [85], an
external boundary Dirichlet problem based on circular multipoles in
cylindrical coordinates was solved. A number of multipole-cylindrical
fields have been calculated. A method for calculating multipole-
cylindrical fields based on the solution of the Dirichlet problem in a
cylindrical coordinate system was proposed in [86].

A method using potential decomposition by irreducible
representations of the symmetry group of the system's field elements
was proposed in [87]. The boundary problem for multipole systems
with plane plate electrodes for the case of the C,, symmetry group was
solved. A quadrature expression for the field potential of such systems
was obtained. The conditions imposed on the potentials of the
electrodes, under which such a solution was possible, were found. The
results of the calculation of the potential distribution in some specific
systems were given.

Approximate-analytical method for calculation of charged
particles trajectories in an axially-symmetric mirror with a multipole-
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cylindrical field was proposed in [88, 89]. This approach makes it
possible to determine the electron-optical characteristics of the high
resolution mirror analyzers.

A new class of axially-symmetric Laplace potentials with ring
singularity described by elementary functions was proposed in work
[90]. Here the possibilities of application of this class in the problems
of synthesis of energy analyzing systems and lenses were discussed.
Equipotential portraits of electric fields with ring features were
presented. General formulas for the reconstruction of two-dimensional
Laplace fields according to the given characteristics of focusing and
dispersion in the symmetry plane were derived in [91]. The electrode
configuration of an energy analyzer with ideal fan-shaped beam
focusing was determined, and the plane trajectories parameters, their
shape, and energy dispersion were determined.

The synthesis of field structures with conic equipotentials based
on the analytical representation of Donkin was considered in [92]. A
hierarchy of such structures is established, examples of equipotential
portraits were given, and the Cauchy problem for symmetric fields
was solved. The electron-optical properties of several systems have
been studied in [93].

New approach for the determination of optimal electron-optical
scheme for construction the electron (ion) spectrograph can be
effectively implemented has been developed in [94]. It is based on
electrostatic fields with a Laplace potential subject to the Euler
uniformity condition. The principle of operation of spectrographs with
such fields is related to the special property of similarity of
isoenergetic families of trajectories with different energies under the
uniformity condition. A new method of analytical representation has
been proposed for constructing the fields to be sought, in which the
Donkin complex representation apparatus for cone-shaped fields is the
basic one. The developed algorithms allow constructing in the
elementary form the uniform potentials in a wide class in which the
classical ball and spherical functions are only special cases. On this
basis the Cauchy problem for the uniform potentials with the
symmetry plane has been put and solved in the general form in the
closed analytical form. A number of concrete structures of this series
have been given.
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New analytical relations between axially-symmetric and planar
Laplace potentials were considered and on their basis efficient and
compact algorithms for solving the Cauchy problem for axially-
symmetric electric fields in regions containing the symmetry axis
were constructed in [95]. Accuracy estimates of the obtained
approximations were given. A new analytical way of constructing
broad classes of three-dimensional Laplace potentials that admit a
closed representation in elementary functions has been developed in
[96]. These classes are especially useful in problems of synthesis of
electron-optical devices on the basis of inverse problems of particle
dynamics, when there is an incorrect Cauchy problem for the Laplace
equation related to the procedure of analytical continuation of the
potential from the plane into space. New classes of multipole electric
and magnetic field structures, on the basis of which an effective
synthesis of new corpuscular-optical elements is possible, have been
given in [97].

A potential model for describing the electric field of a cylindrical
mirror analyzer with a one-dimensional grid along the aperture cuts
was proposed in [98]. The influence of the boundary field near the
grids on the charged particle trajectories was studied. The formulas for
the transmission and angular aberration were obtained and some
estimates were given. It was shown that the resolution of the analyzer
with one-dimensional grids can be even better than without the the
boundary field effect.

In [99], analytical expressions for the main parameters of a
cylindrical analyzer with planar electrodes and an inner cylinder
potential at its ends were derived. The one- and two-period modes of
operation of a cylindrical analyzer with first-order angle focusing were
calculated. The study found that as the distance between the object
and the front end of the analyzer increases, the luminosity of the
object decreases. The results obtained from numerical calculations
using a two-dimensional charged particle optics program were
compared to those obtained from analytical formulas, and it was found
that the difference between them was not greater than 10%.

In [100] the calculation of focusing conditions and the angle of
slope of the focal line for a beam of charged particles with energy-
angle correlation when it passes through systems with transverse
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dispersion was carried out. Formulas for the image position in a
number of electrostatic and magnetic energy analyzers were given.
The parameters for a cylindrical deflector were calculated in detail. In
[101], the condition for focusing beams with energy-angle correlation
when the source and detector were located on the bottom plate of a
plane capacitor was found. Expressions for the second-order spherical
aberration and dispersion were given.

In [102], an approach for solving corpuscular-optical problems,
such as the correction of geometric aberrations in two cascade systems
of electron spectrometers and temporal aberrations in new systems of
mass spectrometers, was proposed. The proposed class of electrostatic
devices has a high transfer coefficient for transporting fluxes with
large phase volume over a given distance.

The article [103] is devoted to the main aspects of the evolution
of a new class of electrostatic energy analyzers for electron and ion
flows called "quasi-conical” by the authors. It considers the genesis of
the main physical and mathematical ideas, constructs an accurate
mathematical theory for calculating such systems, describes real
designs, presents experimental results, and discusses the prospects for
the development of this direction.

In [104], second-order aberration transfer matrices were
developed for the electron-optical systems of the monochromator and
energy analyzer. Both of these devices have two magnetic circular
lenses and a retarding filter. The filter consists of a deceleration lens, a
Wien filter and an acceleration lens. Optimal excitation of the circular
lenses provides a parallel output of electrons from the accelerating
lens. Excitation in the Wien filter regulates the focus of the beam on
the slit. The calculation results are useful for finding optimal operating
conditions and for explaining the experimental results of the high-
resolution electron energy loss spectrometer.

A new geometrical criterion for optimization of a high-resolution
electron energy loss spectrometer based on spherical 180°- and
cylindrical 127°- deflectors has been proposed in [105]. This criterion
is related to the relative geometric configuration of the electrodes and
its application improves the energy resolution of the tandem
monochromator-analyzer spectrometer used in high-resolution
electron energy loss spectroscopy for surface studies. Calculations of
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electron trajectories for spherical and cylindrical fields have shown
that there is a tandem configuration in which electrons are well
refocused in position and energy at the analyzer exit. The usual
tandem configuration gives a poorly defined image due to optical
aberrations of the deflectors. Correcting for these aberrations is
possible by applying a modification to the conventional configuration.
The new geometry can be achieved by simply rotating both analyzers
and the monochromator 90° with respect to the beam axis, or by
rotating the monochromator 180° from the conventional configuration.
It has been also shown that the adoption of these geometrical
configurations is consistent with the principle of dispersion
compensation if the monochromator output aperture and the analyzer
input aperture are increased, respectively.

In the paper [106] the properties of the time-of-flight focusing in
a two-dimensional electrostatic field with a median plane were
investigated. Simple analytical relations linking the expansion
coefficients of the particle's time-of-flight and its coordinates in series
on small parameters were obtained. Conditions for elimination of
various kinds of time-of-flight aberrations were found.

The problem of numerical analysis of the electrostatic field of
individual elements of complex three-dimensional electron-optical
systems was considered in work [107].

In [108], a method for analyzing the spatial and time-of-flight
characteristics of polar toroidal analyzers for charged particles was
presented. The method involves the calculation of aberration integrals.
The method effectiveness was illustrated by comparing the results of
calculations based on it with the results of numerical simulations and
experimental measurements.

In [109], the amplitudes of spatial field harmonics were
calculated for given displacements of the quadrupole mass filter
electrodes with respect to the optimum position. The cases of radial
and angular displacements of the electrodes, asymmetry of electrode
feeding, and non-identity of the rod diameters have been considered.
The data obtained are necessary for calculating the real shape of the
mass peak and will be useful in the design of the mass filter.

The calculation of the image position depending on the position
of the object (hollow beam) for an electrostatic system in the form of
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two coaxial cylinders and an end diaphragm with an ring slit was
given in [110].

A static mass-based charged particle analyzer with an
nonuniform magnetic field was proposed in [111]. An expression for
the magnetic potential distribution was obtained analytically, on the
basis of which formulas for the main parameters in the dispersion
plane were found in the presence of first-order angular focusing. The
conditions of spatial focusing were also obtained for the source and
receiver to be located outside the magnetic field. Operating modes
were found in which the trajectory had three rotations, i.e. a long path
of charged particles. This led to a significant increase in mass
dispersion.

In [112] the distribution of the electrostatic potential is obtained,
and the basic parameters of the energy analyzer of simple design are
found. The mode of its operation with the maximum possible
dispersion in a wide range of angular sizes of the field charge
electrode was found.

In [113] the rules of electron motion in spherical coordinates
were used to consider irregular, nonspherical boundaries in "Herzog
fields" on output and input planes of hemispherical energy analyzers.
Comparisons and verification for improvements of some classical
schemes, i.e., the sudden reduction of the "ideal field" approximation,
real apertures in the 180° plane, the Herzog correction, the Jost
correction, and reduced spheres, were made. Focusing, maximum
trajectory width, basic resolution, and banana asymmetry for the
circular recommended path were investigated. Design equations were
presented.

In [114] the distribution of the transit times of electrons passing
through a high resolution hemispherical energy analyzer was
determined. A comparison of measurement results with analytical
expressions, showed that the different transit times between electrons
with the same Kinetic energies grow on the Kepler orbit, in which the
electrons move around the hemispheres. To facilitate measurements, a
position-sensitive electron detector capable of triggering a single event
within the spectrometer was installed. This instrument was based on
anode delay lines.

33



Based on the analysis of the charged particle motion in dispersive
analyzers in [115] the equations relating the signal at the analyzer
output and the energy distribution function of the charged particles
falling into it were obtained and solved. The influence of corrections
on the recovery of the energy distribution as compared to the standard
procedure was considered.

An equation connecting the signal at the exit of the electrostatic
dispersion analyzer and the energy distribution function of the charged
particles falling into it, taking into account potential fluctuations at the
deflecting electrodes, was obtained in [116]. Solutions to this equation
were obtained. The effect of noise on the hardware functions of the
analyzers was considered.

Work [117] is devoted to the study of the influence of electron
beam input parameters on the shape of the hardware function of a
cylindrical energy analyzer. It was shown that the choice of the
electron beam entry angles into the energy analyzer can significantly
reduce the "tails" of the peaks.

In [118], an algorithm is introduced to tackle the axis problem
encountered when solving the axial Laplace equation. The approach
involves converting the integral equation into a matrix equation using
the collocation method and the method of analytical substitution.
Analytical integration is then applied to derive an algorithm capable of
calculating the potential and its derivatives on the axis up to the fourth
order.

An algorithm for calculating the hardware function of axial
electrostatic energy analyzers based on the numerical solution of the
equations of motion and the processing of the results of calculations
was presented in [119].

The use of perturbation theory has been discussed in [120] as a
means to solve a range of important problems in computational optics
of charged particles. These include the calculation of electric and
magnetic field perturbations due to minor deviations in electrode or
magnetic pole symmetry, as well as edge effects. The paper also
addresses the general tensor form of aberration analysis for charged
particle beams. Methods of perturbation theory in combination with
other numerical approaches, such as the tau-variation method and the
generalized method of varying initial parameters, prove to be effective
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in the problems of calculating mechanical tolerances, as well as
modeling Coulomb rearrangement and scattering of particles on grids.

In [121], numerical investigations into second-order focusing
conditions in conic systems were carried out. The study focused on
second-order angular focusing. Corresponding dependencies for
different values of the half angle of the inner cone were presented.
Second-order angular focusing as a dependence of the position of a
point source on the symmetry axis on the half angle of the cone for
systems with parallel formations is presented. The electron-optical
schemes for these devices were given.

In [122], a numerical method was proposed to determine the
order of angular focusing, which was one of the crucial parameters in
electron-optical systems. The method was based on determination of
the mutual correlation magnitude of the power function and the angle-
of-flight function of charged particles formed during trajectory
analysis. The method was tested on systems admitting analytical
solutions.

The articles [123,124] present a method for numerical simulation
of electron- and ion-optical systems; algorithms and methods for high
accuracy in calculating the potential distribution function by the
boundary element method were proposed; a method for finding high
order angular and spatial focusing conditions was developed. On the
basis of these methods, software for trajectory analysis of corpuscular
optics systems was created, calculation errors were studied, and
detailed testing on model schemes was carried out.

The mathematical apparatus for solving the Dirichlet planar
external problem was developed and formulas for -calculating
boundary integrals, including those with singular kernels, were
obtained in [125]. On the basis of the proposed apparatus the software
for modeling of electron-optical systems was created, the study of
calculation errors and testing on model schemes were carried out.

A numerical method to estimate one of the most important
parameters of electron-optical systems, the order of spatial focusing,
was proposed in work [126]. The approach relies on evaluating the
mutual correlation between the power function and a specific function
derived from the initial coordinate of a charged particle during the
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trajectory analysis. The effectiveness of the method was verified
through experimentation on systems that possess analytical solutions.

A method for eliminating the defocusing of charged particle
beams in the dispersion plane in the edge fields of a sector deflector
was proposed in [127]. The method is based on modification of the
geometry of the edge region of the deflector, a nonmonotonic
distribution of the intensity of the deflecting electrostatic field on the
optical axis.

The article [128] is devoted to further progress in the theoretical
synthesis and practical implementation of electrostatic energy
analyzers with record parameters in terms of luminosity and
resolution. The search for optimal solutions is based on a computer
strategy using the most advanced software packages, in particular
"SIMION". In this case it is about deep smooth deformation of quasi-
conical systems in order to improve the manufacturability of the
design and increase the energy analyzing characteristics.

The authors of [129] have derived differential equations that
describe the deviations of charged particle trajectories from the axial
trajectory in curvilinear coordinates related to the beam axial
trajectory. The resulting equations are suitable for numerical
calculations of charged particle beam dynamics, including relativistic
effects. These equations are also written in the linear approximation.

The article [130] describes the results of using numerical
methods, specifically the boundary element method and the finite
difference method, to optimize the scattered field of a hemispherical
deflector analyzer.

The peculiarities of applying the finite element method to
calculate the trajectories of particles in high-current electron beams
taking into account their spatial charge were considered in work [131].
The nonphysical effects arising on an irregular finite-element grid
associated with the calculation of the electric field strength using a
shape function were shown and ways to eliminate them were
proposed.

The electron-optical characteristics of two-dimensional electric
fields with a complex potential of the form Q=i(x+iy)", where n was a
real number, was studied in [132]. The particle dynamics was studied
in the symmetry plane and its vicinity in order to construct an
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effective spectrograph of electron fluxes. It was shown that in the
range of 0< n<1 in the system the spatial focusing by angles of arrival
of conic beams, having Il order in the symmetry plane and, at least, |
order across it, was realized.

A method for obtaining electrostatic fields of a given shape in an
implicitly-electrode cylindrical system was considered in [133].
"Distributed” electrodes allowed to solve the inverse boundary
problem - to set such azimuthal distribution of electric potential along
the cylinder perimeter in order to obtain the desired field inside, while
ensuring a larger working area as compared to the explicit-electrode
system.
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2 INVESTIGATION INTO THE FEASIBILITY OF
DEVELOPING A HIGH-PERFORMANCE ENERGY
ANALYZER ON MULTIPOLE ELECTRODE

2.1 Investigation into the feasibility of developing a high-
performance energy analyzer based on octupole-cylindrical field

Based on a brief review of the most notable and recent works in
corpuscular optics, it appears that novel and efficient energy analyzers
are predominantly constructed through modifications and
combinations of individual electrostatic mirrors, as well as by utilizing
newly synthesized fields of non-traditional types.

Therefore, it is important to continue exploring and discovering
new axially symmetric fields that have wider analytical capabilities
and can facilitate high-resolution luminosity energy analysis.

The consideration of using multipole fields in the synthesis of
analyzing systems is both reasonable and necessary for the
development of highly sensitive methods for analyzing corpuscular
particle fluxes. This discussion may lead to the creation of high
luminosity devices that are essential for achieving such analytical
capabilities.

The multipole approach to the synthesis of electrostatic fields is
particularly interesting in the theory of corpuscular-optical system
calculations. Multipole fields are characterized by the presence of N
equally spaced symmetry or antisymmetry planes. Their name is a
consequence of the fact that such fields can always be constructed
using a set of electrodes and poles. They are usually used as focusing,
deflecting and correcting elements in electron and ion optics. The
potential in the cylindrical coordinate system for a multipole field
containing N planes of symmetry can be expressed as follows:

(r.a.2) ZA1 "™ cosnNa

The component of the fleld that corresponds to n=0 characterizes
the axially symmetric component. The potentials for the remaining
terms can be expressed in the following way.
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u(r,a,z)

= A, (r,z)r" cosma

nN=m=const

When m=1, the equation can be written as u(x,y)=A;x, which
represents the potential distribution of an infinite planar capacitor, also
known as a dipole. When m=2, the equation takes the form
u(x,y)=Az(x*-y?), which characterizes the potential distribution caused
by an ideal quadrupole. This quadrupole consists of four identical
hyperbolic surfaces of infinite size with alternating positive and
negative potentials. Further similarly, m=3 corresponds to a hexapole,
m=4 to an octupole, and m=5 to a decapole.

The multipoles are symmetric with respect to the plane y=0. To
make them antisymmetric with respect to this plane, it is sufficient,
using the property of rotation symmetry of planar multipoles, to rotate
the x,y coordinate system with respect to the origin by an angle m/2m,
where m is the multipole index.

Among the known potential fields satisfying the Laplace
equation, a special place belongs to multipoles containing nodal points
or lines where zero-point equipotential surfaces converge, dividing the
field into regions with potentials of the opposite sign. The simplest
multipole structure is a planar multipole of 2 order, in the general
case, containing n symmetry planes and as many antisymmetry planes
that intersect the multipole axis and are equidistant along the polar
angle. For example, the sextupole n=3 contains three symmetry and
antisymmetry planes each and is realized in a region surrounded by
six symmetrically arranged hyperbolic profile electrodes with
potentials alternating in sign. Formulas describing planar multipoles in
the Cartesian coordinate system x,y, in which they are uniform
polynomials of two variables [134] are presented below:

U, = x? — y2- quadrupole, (2.1)
U, = x> —3xy”- sextupole, (2.2)
U, =x* -6x’y*+y*- octupole, (2.3)
U, =x —10x’y* +5xy*- decapole. (2.4)
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Multifields with a curvilinear axis, in particular circular
multipoles whose center line is a circle of some radius, are more
complex in structure. These fields have no symmetry elements with
respect to the centerline due to its curvature.

By combining multipole components of various orders
(quadrupole, hexapole, sextupole, etc.) with a fundamental cylindrical
field, a diverse range of axially-symmetric fields can be synthesized,
which includes variations of mirror analyzer configurations with
enhanced angular focusing capabilities.

In [135, 136] a new approach to solution of the Laplace equation
for analytical representation of circular multipoles has been proposed.
This new class of axially-symmetric Laplace fields is based on the
superposition of a cylindrical type field and components of new
harmonic functions - circular multipoles. It is both reasonable and
necessary to explore the potential application of this field class in the
synthesis of analysis systems. Such exploration could result in the
development of high-luminosity devices, which are essential for
achieving highly sensitive energy analysis.

A diverse range of potential fields has been developed using the
multipole approach, which are practical for investigating the mirror
effect on charged particle beams. Mirror energy analyzers have been
extensively studied using electrostatic quadrupole-cylindrical [137-
139], hexapole-cylindrical [140-142], and decapole-cylindrical fields
[143-146]. Several monographs [147-149] have been dedicated to
exploring their electron-optical characteristics and potential, as well as
searching for optimal electron-optical configurations with high energy
resolution and focusing quality.

In [150] the was suggested an energy analyzer for space research
utilizing the electrode system of an axially-symmetric electrostatic
decapole-cylindrical field. The calculations reveal that the energy
specific dispersion, which determines the resolving power of the
decapole-cylindrical field, is twice as high as that of the classical
cylindrical mirror analyzer, when calculated for particles with an
initial angular dispersion of 12°. This instrument enables the detection
of elementary particle fluxes from outer space and the acquisition of
various high-resolution spectra.
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The proposed approach for constructing an energy analyzer field,
as outlined in [135], involves combining a base field with a series of
coaxial circular multipoles. Specifically, in the case of an electrostatic
deflecting field, the construction takes the following form:

g(R,&)=INR+qU (R,&) +sUs(R, &) + Uy (R, S) +

+dUdec(R'§)+"'! (25)

U
multipoles (quadrupole, hexapole, octupole, decapole, etc.), @,S,,d,

where InR is basic cylindrical field, U ,Ug,U are circular

oct ? ~ dec

are weight coefficients of multipoles, R:% , 5:% are relative
0 0

radial and axial coordinates, r, is radius of the axial circular trajectory

of the analyzed charged particle beam (Fig. 2.1).

The electrostatic multipole-cylindrical field is created within the
area between two coaxial axially-symmetric electrodes. The inner
electrode (2) has a cylindrical shape with a radius of r, and is

maintained at zero potential. The outer electrode (3) has a curvilinear
profile that replicates the equipotential of the multipole-cylindrical
field and is applied with the deflecting potential .

The shape of the outer electrode is of interest. It has a profile that
follows one of the equipotential surfaces of the cylindrical multipole,
as shown in Fig. 2.1. Aperture windows are provided in the cylindrical
electrode to allow the charged particle beam to enter and exit the
mirror field region.

The special feature of the multipole-cylindrical field (5) is its
uniqueness as circular multipoles of different orders have distinct
impacts on the electron-optical properties of the energy analyzer [20]:

— The first-order angular focusing conditions, such as linear
energy dispersion and magnification, are determined by the
quadrupole component in (5);

— The second-order angular aberrations are affected by the
hexapole component in addition to the quadrupole component;

— The characteristics starting from the third order are influenced
by the octupole component and so on.
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1 — The trajectory of charged particles, 2 - cylindrical electrode under
zero potential, 3 — outer deflecting electrode
Fig. 2.1. Electron-optical scheme of an energy analyzer based on MCF

The multipole approach solves the problem of synthesizing an
analyzing field with a circular basic orbit very simply: first, the
electron-optical characteristics of various orders are specified, then the
weight coefficients g, s, w, etc. are calculated, then the multipole-
cylindrical field (5), which determines the required potential
distribution in the entire space, is synthesized. Calculation of the field
equipotentials and finding the profile of deflecting electrodes on the
basis of the multipole-cylindrical field is reduced to solving an
algebraic equation.

2.2 Calculation and analysis of equipotential portraits of the
electrostatic octupole-cylindrical fields to determining the
electrode configuration of the mirror-type energy analyzer

The calculation and analysis of equipotential portraits are an
important step in determining the electrode configuration of an
electrostatic octupole-cylindrical field, which can be used as a mirror
analyzer for charged particles. By analyzing the equipotential
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portraits, one can determine the optimal shape of the electrodes and
adjust the parameters of the field to achieve the desired electron-
optical characteristics.

The equipotential portraits of an octupole-cylindrical field can be
calculated using numerical simulation techniques such as finite
element analysis or boundary element method. The resulting
equipotential portraits provide a visual representation of the electric
field distribution in the space between the electrodes and can be used
to identify regions of high and low potential gradients.

Based on the equipotential portraits, the electrode configuration
of the mirror analyzer can be optimized to achieve high energy
resolution and angular focusing quality. The octupole component of
the field can be used to correct higher-order angular aberrations, while
the quadrupole component provides first-order angular focusing. By
adjusting the strengths of these components, the electron-optical
characteristics of the mirror analyzer can be optimized for a particular
application.

The primary focus of the study is an electrostatic energy analyzer
with axial symmetry, which utilizes a circular octupole.

The potential of the cylindrical octupole field can be expressed in
the r, z coordinate system using the following equation:

U(r,z)=pinr+aU(rz) (2.6)

where Inr is the cylindrical field potential,
w is the coefficient specifying the weight contribution of the
cylindrical field Inr (this coefficient determines the relative
contribution of the cylindrical field to the overall potential of the
octupole-cylindrical field),
U, is the circular octupole potential of the first type,
o is the weight contribution of the circular octupole.

Below are the distribution functions of the circular octupole

U, (£, &) constructed using the summation symmetry rule:
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Una(p6)= 36" 262 100 o [+ 2mias )

1 s 1 2 1 1 :] 5 (27)
)+ L) —gln(l+p)[5+(l+p) }_a
Uéct(/?,f):$§5+%§3{%[1—(1+p)2]+%ln(1+p)}+

(2.8)

+é§{(1+ p) +4(1+p) —8In(1+ p)E+(1+ p)z}—S}

The field expressed in equation (7) is referred to as a component
of a circular octupole with cylindrical symmetry plane. For this field

Uo (£,—)=U,, (p,&). The field (8) is referred to as the component

of a cylindrical circular octupole with an antisymmetry plane. This
field fulfills the antisymmetry condition in relation to the plane £=0 :

Ugu (p,—é) =-U, (p’é:) .

By expanding equations (7) and (8) as series in powers of o and
& around the axial circle p=0, =0 and selecting the terms with
the lowest powers, we obtain:

Uoct (p,f)mf4—6§2p2+p4 (29)

Uta (p.8) ~ 5@:4 -28p° +p“j .10

Function (9) can be considered as an octupole in a symmetric
representation, which is an analogue of a planar multipole with a
straight axis. On the other hand, function (10) can be seen as a
component of a planar multipole with a straight axis, but in an
antisymmetric representation.
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The equipotential family of an axially-symmetric electrostatic
octupole-cylindrical field has been calculated and the equipotentials of
the and fields are shown in Figure 2.2.
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Fig. 2.2. Family of equipotentials of a cylindrical octupole with a
symmetry plane (a) and an antisymmetry plane(b)



Z
The coordinates p=§=r— are linear and are counted in the
0

direction of the symmetry axis. In the cross section by the plane p,&,

each of the fields is divided into alternating regions in which the
potentials are opposite in sign. These regions are separated by zero-
potential lines which are close to rectilinear and converge at the nodal
point O (p=¢=0). It follows from Fig. 2.2 a and b that for each type

of symmetry with respect to the plane =0, the presented fields are

formed by octupole sets of electrodes carrying a sign-variable
potential. In Fig. 2.2, regions 1,3,5,7 and 2,4,6,8 are regions with
potentials of the opposite sign.

To understand the structure of the octupole and electrostatic
cylindrical field superposition, we need to consider how these fields
are combined. The central circumference of the octupole is at zero
equipotential in the logarithmic field when the fields are added. By
analyzing different combinations of the p and @ coefficients, we can
determine which scheme is most promising. This analysis will help in
predicting the suitability of different field superpositions [151].

We will focus only on examining the structures of the octupole-
cylindrical field that exhibit symmetry with respect to the symmetry
plane. Subsequently, we will provide an algorithm for determining the
equipotential lines in such fields:

1., 1,1 27 1 1 4
Eé +§§ {Z[l_(l+p) J+Eln(1+p)}+a(1+p) + o

™0 Toct!

U (0,6) =U, 1

2 1 1 2 5
E(1+p) —gln(1+p){5+(1+p) }—a
U=U,[uhr+f,.]

g— Inr+ f
U, H oct?

—U£+yln(1+ p)+ fo =0,

0

U
1) —=0;0.1; 0.2;...1.
)

0

46



2) We set the values of p from 0 ..... 1;
3) We obtain the values of § at R(£)=0;

R(¢) :£+yln(1+ p)+ foo
UO
Given

R(£)=0
Find (&) —

The figures in 2.3-2.6 show different families of equipotential
lines resulting from the superposition of the cylindrical field and
circular octupole:

U=uU,, +0U, (2.11)

cyl

where U, =U,Inr =U,In(1+ p) is distribution of the cylindrical
field;

Uoct(p’g):%§4+%§2{%[l_(1+p)z:|+%ln(l+p)}+
1 4 1 2 1 1 2 5
+a(1+p) +E(1+p) —gln(1+p){5+(l+p) }—a

is octupole distribution.

For the series of Fig. 2.3 (a-f), the values of the coefficient
setting the weight contribution of the cylindrical field x = 0.01; 0.1;
0.25; 0.5; 1; 2 with the weight contribution of the circular octupole @
= 1 being constant. From Figure 2.3, we can observe the gradual
changes in the field structure as the coefficient p, which determines
the weight contribution of the cylindrical field, increases. When p > 0,
the vertices are removed along the p and & axes, leading to the
merging of regions 1 and 3, and displacement of regions 5, 6, 7, and 8.
As p increases, the field space is filled with equipotentials similar to
those of the logarithmic field Inr. Thus, the field structure transforms
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from an octupole to a field that resembles a cylindrical field as the
value of p increases.

The series of figures presented in Fig. 2.4 (a-f) display
equipotential fields resulting from the superposition of the cylindrical
field and the circular octupole, where the weight contribution of the
circular octupole remains constant at a value of w = 1, but with
negative values of the coefficient that specifies the weight
contribution of the cylindrical field, i.e., £=-0.01, -0.1, -0.25, -0.5, -1,
and -2.5. When u < 0, vertices are removed along the & axis, which
leads to the displacement of regions 2, 4, 5, 6, 7, 8 as the coefficient
increases. This eventually results in the rearrangement of the
equipotential field lines into lines characteristic of a cylindrical field.

The series of Fig. 2.5 (a-f) presents families of equipotentials of
the cylindrical field and cylindrical octupole superposition. For this
series, the weight contribution of the circular octupole is varied while
the weight contribution of the cylindrical field is kept constant at p =
1. The values of  are 0.001, 0.1, 0.25, 0.5, 1, and 2.5. As the value of
o decreases, the equipotential lines gradually transform from the
characteristic lines of the cylindrical octupole to the symmetric lines
typical of the cylindrical field described by the potential Inr.

In the series of Fig. 2.6 (a-f), the equipotential fields are based on
the superposition of the cylindrical field and circular octupole with
negative values of the weight contribution of the circular octupole © =
-0.001; - 0.1; - 0.25; - 0.5; - 1; - 2.5 and a constant value of the weight
contribution of the cylindrical field p = 1. As the weight contribution
of the circular octupole ® increases, the equipotential lines of the
logarithmic field gradually disappear and vertices appear in all regions
1-8.

By analyzing the equipotential portraits of the fields
U(p.&)=al, (p.&)+un(l+p) , it has been established that

changes in the weight contributions of the cylindrical field and the
circular octupole can cause significant transformations in the field.
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a) £=0,01; b) z=0,1; ¢) =0,25;d) u=0,5;e) u=1; f) u=2
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The combination of the cylindrical field and circular octupole has
practical applications in constructing an electrostatic mirror with axial
symmetry. The mirror comprises a cylindrical electrode at zero
potential and a deflecting electrode with axial symmetry that coincides
with one of the field equipotentials U(p,&)=al (p.&)+un(1+p).

By creating appropriate aperture windows in the cylindrical electrode,
a charged particle beam can be introduced and extracted from the
mirror field region. The design of the deflecting electrode is
determined by calculating the equipotential lines in the octupole-
cylindrical field.

Fig. 2.7 presents an example of the picture of the equipotential
field in the three-dimensional Surface Plot coordinate system with the
values w=- 1.5, p=1.

Fig. 2.7. Picture of the equipotential field in the three-dimensional
coordinate system at w=- 1.5, =1
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3 CALCULATION OF TRAJECTORIES OF CHARGED
PARTICLES IN AN AXIALLY-SYMMETRIC
ELECTROSTATIC FIELD

3.1 Equations of motion of charged particles in an axially -
symmetric electrostatic octupole-cylindrical field

This section proposes a calculation of charged particle
trajectories in the electrostatic octupole-cylindrical field (OCF)
obtained through the superposition of the fields of a cylindrical mirror
and a circular octupole:

ur,z)=uiInr+eoU ,(r,z) (3.1)
where

Uoct(r,z)—%z +%22{1(1—r2)+%lnr}+

1, 1, 1 1, 5
+—r'+—r"—=Inr| =+r° |——
64 16 8 2

(3.2)

is circular octupole, u is the coefficient specifying the weight
contribution of the cylindrical field ,  is the weight component of the
circular octupole.

When analyzing the motion of a charged particle in an octupole-
cylindrical field, it is necessary to calculate its trajectory. To perform
this calculation, the reference point of the trajectory is shifted to the
vertex m, and the origin of coordinates x, ¢ is placed at the same point
(as shown in Figure 1). All linear dimensions are then expressed in
terms of the radius r, of the inner cylindrical electrode.

r_Lh+hp - z
—=—==l+p, Xx= =pn—P, $=— (33
r.O r.0 r-O r0

The expression for the distribution of the octupole-cylindrical
field (3.1) in the transformed coordinates x,& (for any x and @) is

given by equation (3.4).
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U (x,&)=Uyg(x¢)=U,g, (3.4)
where

a(x.&)=g9, =y|n(R—x)+a{:!§4+;52{1[1—(R—x)1+;In(R—x)}+

R0+ (R - gn(R—x) 3+ (R |-

R=1+p, (3.5)

Let us examine the trajectory of a charged particle in an
octupole-cylindrical field for the specific values of the cylindrical field
and octupole weight contributions, namely p = 1 and ® = 1. In this
case, the potential can be expressed in the coordinate system as
follows:

U(x,f)zuog(x,é):uogx (3:6)
where

0(x:8)=8, = (R-x) 3£ 2| F[1-(R-x T+ Sin(R =)+ an

e L

The system of equations that describes the motion of a charged
particle in the axially-symmetric octupole-cylindrical field (3.6) is as
follows:

MU, :_%X"f) | (3.84)
mé =qU,s, , £, =—%);§) : (3.8b)

The conservation of energy law in the static potential field states
that the variation of the Kinetic energy of a charged particle is
equivalent to the potential difference it undergoes. By integrating
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equations (3.8a) and (2.8b) along the particle's trajectory from the
vertex m to any arbitrary point, we obtain the conservation of energy
law for a charged particle moving in the electrostatic octupole-
cylindrical field, which relates the kinetic energy variation to the
potential difference:

mv2 m

e (6 £)=afU, U ()= i(a-0) 9

where U =Ug(x,.&,)=U,g, is the field potential at point m, with
Xy =£,=0, 0, =9(XE(%)); g,=9(x.¢)

We determine the value from equation (3.8b) by integrating it
within the range from m to an arbitrary point of the trajectory, taking

into account that v? = &2 + X2 = £2 | since at the top of the trajectory

x=0 *
£=0

% =0, and using the relation éz?j—fzi—fi—fzf’)’( , We obtain
2 =2 Xm o X, X0 ’
Moy _Me” _ uoj—g( 5>£dx=quoj—g(x 9E)g'olx .(3.10)
2 2 - 0&  dXx o0&

°2 2
According to Fig. 2.1, when X=p,_, %: m;)(’ =W cos’ , »

2

therefore equation (3.10) can be rewritten relative to the
following:
moy, 2
> =Wcos“ ¢, +qU, T, (3.11)
where
Pm ag(x,g)
f,=| ———=£'d&. 3.123
! L (3.123)
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3.2 The integro-differential equation of trajectories in an
electrostatic octupole-cylindrical field

Substituting equations (3.11) and (3.12) into equation (3.10), we
obtain an integro-differential equation of motion of a charged particle
in an octupole-cylindrical field (3.6):

(&) [0 -0, + f,]= Pctgay + £, — ., (3.13)
(&)= PZCtgzi% ++f"‘f_ L, (3.14)
where o
f= I & (a); é)é’dx (3.15)
>

and P02=%Sin2050 is the reflection parameter that relates the
0

geometric properties and energy parameters of the octupole-

cylindrical field.

The solution of the integro-differential equation (3.13) is found
by using a power series expansion with unknown coefficients. These
coefficients are calculated by substituting the power series into
equation (3.13). However, it should be noted that equation (3.13) has a

singular point at x=0 since the multiplier (¢')" is zero in this case. To

overcome this, the method of decomposing the solution of the
equation for ¢ into a fractional power series is used for integration.

& =&icnx" . (3.16)

or
E= \&(CO +CX+C X2 +Cx* +C,x* +Cx° +Cx° + ) . (3.17)

Let us decompose all the functions in equation (3.13) into power
series using the expression & and its derivative.
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égr:(;_g:%x—llzzcnxn +\/;chnxn—ll (318)
X n=0 n=1

Find
dé G +Cx+Cx* +Cx° +C,x* +CoX* +Cx° .
dx 2Jx (3.19)
+4x(C, +2C,x +3C;x" +4C,X° +5C,x* +6C,X°)
Calculate

(?ﬁ) 41X(ZC x) +(gcnx")(gncnx“j+(§ncnxn—1)2 (3.20)

2
deY ¢l (3cC, 9C? , 5C,C, )2 (7CCs  15CC, ) o,
dx) 4 2 4 2 2 2
[25CF 9CC, 21CC;) . (LICC, 27CC, 35CC,) s

4 2 2 2 2 2
L[49CE 13C,C, 33CC, 45C,C, )

4 2 2 2

(3.21)

2
(i—fj =h, + hx+h,x* + hx® +h,x* + hx* + hx®  (3.21a)

The radial component of the turning point R=1+ p, of the

trajectory, which is required to calculate the value of & can be
obtained by using the trajectory integral-differential equation (3.8) for
the point x = p,, . In this case:

(5')2 :Ctg2a01 gX:pm :O

g+ f, =
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Substituting from equation (3.3) into (3.16) we arrive at the
expression

8(P* - fm)+1R“+1RZ—E
INR= 8 2 8.

)
2

The method of successive approximations is used to determine
the value of R from the this equation, where the previous
approximation is used to calculate the next approximation. As the
initial approximation, the parameters of CMA are used.

RO:exp(Pz):1+P2+%P4+%P6+iP8+... and f_=0.

)

Thus, the equation for determining o, :

8(P2—fm)+1R4+1R2—§
_ 8 2 8
P =EXP 17 1,
=)
2

If you decompose InR =In(1+ p,,) in series by p,,, you can use
another equation:
_Pn  Pn_Pn, Pn_Pn

IR =In(1+p, )=, A SRR St

Calculation scheme: using zero approximation, we determine the
coefficients C,,, then we find the radial coordinate of the trajectory
rotation point Ry in the first approximation from equation (3.16) by
successive approximations, then we determine the coefficients C, and

f the value R, in the first approximation using the first

m

approximation data, and so on.

59



Let us write down some expansions necessary for further
calculations:

2
&= (\/}Z cnx”j =Cx+2C,CX* +(C} +2C,C, )x* +2(C,Cy +C,C, )x* +
n=0

+(C3 +2C,C, +2C,C, )X +2(C,Cs +C,C, +C,C)x° +

(3.22)
( ZC X j Coix? +
+(4C0C1)x +(6COC1 +4C§C2)x4 + ., (3.23)
+(4C,CJ +4CJC, +12CJC,C, )X° +
+(C/ +6C;C; +4CJC, +12C,C/C, +12C;C,C, )x° +

2
PEp— p+/’2=pm(1+p.2mj_(1+pm) (3.24)
|n(l+p):|n(1+pm)+ln(l— j:ln(1+pm)— x X
1+ py 1+pn 2(1+p,)
x° x* x° x°
3(14p, ) 4(1+p,) 51+p,) 6(1+p,)
(3.25)

Convert expression (3.7) using R=1+p:

1

g(x¢&)=g,=In(1+ p)——§ .f {4[1—(1+p)2}+£|n(1+p)}_

_&(1+p) —E(1+p) —'”(1+P)L (“p)} 654

(3.26)
Using formulas (3.23), (3.24), and (3.25), transform the
bracketed expression in formula (3.26) to the following form
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& {Hk(ﬁ pﬂ} =& {*%{w pzz }:(f%pmzqf *Pmcéjﬁ

[ CZ+> meZ %meCC meij+
[ ~C3 77pmcz +CoC,— = py"CY 7%pm2COC2 +CCypp, 7meOCZJX3 +
21 1 1., .
Cs pmc _ECC +G,C, _Epm CUCB_Epm CiC, = pnCoC, — P CoC; —C,Cop, X7 +
2 2 1 1,
2CC C ——Eme +C,C,+CC,-=p,C, —Epm COCA_EPM CC;+p,C.Cy + N
+C.Copp - meC = PnCiCy
2 2 1 1, 1, 1
i EC +§ PnCs 2C0C3_5C1C2+C0C4+C1C3_§pm COCS_Epm C1C4—§pm C.C,+ X
+PnCoCs + PnC,Cs — £ CoCs — £, C,C, — 9, C,Cy
(3.27)
5|1 1. 1 C 2
=In(1+ = =CyIn(1+ +| GGy In(1+p, )= +
e {gnas o= (FEmaep) oo gt p) -5 s
2
+ COCZIn(1+pm)+1CfIn(1+pm)—liz— S
2 2(1+p,) (1+p,)
2 2
+| C,CyIn(1+ p,, )+ C,C, In(1+ p,) 1 G 1 G GG GG |«
2(1+,0m) 2(1+pm) (1+Pm) (1+pm)
Le2n(s )+ G In(L4 9, )+ CC (L4 p, ) -0 GC
(@+pn) @+pn) |
+ 2 2 X+
+1 G 1 g GG GG
2 2 3
2(1rpy)" 2014p,) (Lp) (L)
1 C,C,

C,CsIn(1+ p, )+ C,C,In(1+ p, )+ C,C (L4 p )= = —2—— —4

GG, 1 G 1 ¢ GG GG GG GG
(1+p,) 2(1-¢—pm)5 2(1+pm)3 (1+pm)2 (1+pm)2 (1-¢—pm)3 (1+pm)4
(3.28)

Substituting expressions (3.24), (3.25), (3.27) and (3.28) in
(3.26), we obtain the following:

3 5 19 1 +
=—= ——pi——pt+in(1 — = p?
g(x) T 32pm 16pm 64pm n( +pm)( g gt Spmj
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then
9(0)—g(x)=—ex—e,Xx* —ex’ —e,x* —e;x° —e;x* —... (3.31)

Let us return to equation (3.13) and determine the subintegral
expression also in the form of a power series on x. According to

formula (3.7)
4{ ( pzj—ln(h—p)}—g—s (3.32)
é 2 2 6

According to (3.17) and (3.18)

=;(§;Cnx”jz + x(gcnx”)(éncnx”*)i (3.33)

£ =C2/2+2C,Cx+3(C,C,+C?/2)x +4(C,C, +CC, )X +
+5(C,C, +C,C, +C2/2)x* +6(C,C, + C,C, + C,C,)X* +_
+7(c,C, +C,C, +C,C, +C2/2)x° +...

or

(3.34)
According to (3.17), (3.24), (3.25) and (3.34) we have:

695_me 14 P
o 4 2

2 4 2 2
oG G (e S G PWCl,,
4 12 4 ) 16(1+p,) 2

Cs
——=In(l+ p,,) +
16 "+ Pn)

2 3 2

C—O—C(’Cl—Cocl(].l+pm)+3’0m C—+CC L PR

8 2 2 2 ) 41+p,) |,
+ X* +

.\ C? |n(1+pm)[3C2 3C,C, CC]

16(1+p, )’ 4 8 2
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(3.35)
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=b +b,x+bx* +b,x* +b.x* +b,x* +b,x°

(3.36)
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Then the required integral can be represented in the following
form:

Xa , 2 3 4 5 6
_[ g(x g)g’dx=blx+bzx LB bt b b
Y 3 4 5 6

(3.37)
For convenience, we denote the expression in curly brackets in
(3.37) as ¢(x), then

!ag(;)g dx = $(x) (3.38)

According to (3.30) and (3.37) for the expression in the square
bracket on the left side of equation (3.13) we have

+I|?agg);§§dx el)x+[b?—e jx +(b§3—e3jx3+

b b b
+[Z“—e4jx“ +(€5—eij5+(§—eejx5
(3.39)

Using expressions (3.20) and (3.31), write the left part of
equation (3.13)

(&) [o-o- 28],

-l -l 1 %o e (g i+
h +

+

+
S

+
=
TN 7 N TN
o cn\,,P'
|
m('D
N—
+
;
~|&
|
@D
£

+EhO g—e0]+m[%—e5j+h2[%—e4j+ h{%—e3]+h4(b22—e2j+h5(bl—e1)jx6

(3.40)
Find the integral of the right-hand side of equation (3.13)
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Pr 5 , 2 3 4 5 6
J‘ g(X g)fldXI{blpm + bzpm b3pm + b4pm + bspm + bspm +}

—_ +
0 o& 2 3 4 5 6
(3.41)
pmag(xlg)
— “2F'dx=F 3.42
! T (Pn) (3.42)
Where
b,p.? bp® bp* bp® bp’
F(pm):blpm+ 22m + 33m + 44m + 55m + 66m +

Now we can write the right side of equation (3.13) as a power
series

P2ctg’a, + f, — f, = Pctg’ay + F(p, ) -

2 3 4 5 6 343
—{b1x+bzzX +b3; +b4: +b55x +b6é( +..}—¢(x)( )

To summarize, the equation of motion of a charged particle in the
octupole-cylindrical field (3.13) is represented as a power series.
Further, by equating the terms with equal powers x in expressions
(3.40) and (3.43), we determine the coefficients of series (3.16), which
allows us to further analyze the corpuscular-optical parameters of the
considered system.

The next step involves solving for the coefficients C, of the
power series expansion (3.16) that determines the trajectories of
charged particles in the octupole-cylindrical field. This is done by
equating the terms with equal powers in equations (3.40) and (3.43),
resulting in a system of equations that can be solved to obtain the
values of the coefficients C,.

ho(b, —&)=- (3.44a)
b b
hO[EZ—eszll(bl—el):—Ez (3.44b)
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b, b, _ ey
h°(§ e3)+hl(2 e2j+h2(b1 e) 2 (3.44c)
b4_ b3 2 _ :b_4
ho(z e4j+hl( e3j+h2( ez}rhs(b1 e) i
(3.44d)
b; b, b, b, D5
ho(g e5j+hl[4 e4j+h2(3 e3j+h3(2 e2)+h4(bl &) s
(3.44¢)
bs by b, b, b, b,
ho(g—eoj+hl[g—esj+h2[j—e4J+h{g—e3j+h4[?—e2)+hs(bl—el)zg
(3.44f)

Based on the expressions obtained for the coefficients h;, €; and
bi,, respectively, we can calculate the coefficients C, in the power
series expansion of the trajectory of charged particles in the
investigated octupole-cylindrical field. The problem of determining
the trajectories is thus reduced to the calculation of these coefficients.

2
h - Co (3.45a)
4
3C,C
h = ; 1 (3.45b)
2
h, = 9;:l . SC;CZ (3.45¢)
7C,C, 1
=155, 5(32102 (3.45d)
2
- 25::2 . 9C;C4 N 21C21C3 (3.458)
o 11(2C5 s 27(;104 N 35ch3 (3.45f)
2
n _49C; 13C,C,  33CC, 45C,C, (3.450)
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1 SR . 1 B
€, = 1 2 £.CoC, + 0,.C,C; + p,C.C, + 2(1+ . )2
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b, =-3(C,C, +C,C, +C,C, )+4[C—c C,+CC ] 6(cfcz+cgc5)
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(3.47g)

By solving the system of equations (3.45) - (3.47), the
coefficients C, can be determined. This approximate-analytical
method provides a highly accurate description of the trajectories of
charged particles in the field [152].
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4 NUMERICAL MODELING OF THE ELECTRON-
OPTICAL SCHEME OF THE ENERGY ANALYZER

4.1 Numerical modeling of the electron-optical scheme of the
energy analyzer based on the octupole-cylindrical field

This paragraph explores the energy analyzer model through
numerical calculations, focusing on conducting a trajectory analysis of
charged particle motion within this electron-optical system.

The CAE "Focus" software was used to perform a numerical
simulation of the corpuscular optics system and analyze the
trajectories of charged particles in the energy analyzer based on the
octupole-cylindrical field [153].

Fig. 4.1 illustrates the equipotential portrait of the octupole-
cylindrical field for the weight contributions of a circular octupole w
=1 and a cylindrical field x = 2.

Fig. 4.1. Equipotential field U(r,z) = #Inr +o U (r, 2)

Fig. 4.2 illustrates the distribution of the electrostatic field within
the energy analyzer which is based on an octupole-cylindrical field
configuration. The depicted illustration showcases the upper section of
the longitudinal view of the energy analyzer scheme. It demonstrates
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the calculation of potential values at grid nodes and the corresponding
colorization of the resulting field. Each point is assigned a color based
on its potential value, with "warmer" colors indicating higher
potentials.

Meanwhile, Fig. 4.3 presents a three-dimensional depiction of
the cross-section of the electrostatic octupole-cylindrical field.

Fig. 4.2. Electrostatic field distribution in the OCF-energy analyzer

Fig. 4.3. A three-dimensional representation of the field cross-section in
the OCF-energy analyzer
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Fig. 4.4 shows the electron-optical scheme of the energy analyzer
based on the octupole-cylindrical field with @ = 1 and x = 2. The
energy analyzer consists of two coaxial electrodes: the inner electrode
1 has a cylindrical shape with a radius of ro and is at zero potential,
while the outer electrode 2 has a curvilinear profile and is at a
deflecting potential U,. The electrodes create a field that decelerates
and deflects charged particles and behave like an electrostatic mirror.
The profile of the outer electrode 2 follows the equipotential surface
of the electrostatic octupole-cylindrical field.

7.6

38-

38

-7.6

1 - inner grounded cylindrical electrode, 2 - outer deflecting electrode, 3 - a
position-sensitive detector, 4 - charged particle beam, A - ring source of
charged particles, B - ring image,

i' - entrance ring slit, i - exit ring slit.

Fig. 4.4. The electron-optical scheme of the energy analyzer
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The range of initial entering angles of particles into the analyzer
is 30-42°. The ratio of the kinetic energy of the charged particle to the
potential of the outer electrode is E/U=1.61E[eV]/U[V]=1.61. The
position of the source in the coordinate system is x = 2.85; y = 2.5.
The potential of the outer cylindrical electrode is 1. The units used for
all dimensions are conventional.

The energy analyzer scheme involves the charged particle beam
being emitted from the ring source A, passing through the entrance slit
i', entering the analyzer field, being reflected by the field, returning to
the zero potential region through the exit slit i, and then being
focused into the ring image B. Finally, the particles are detected by a
position-sensitive detector 3. The curvilinear profile of the outer
electrode 2 enables the scheme to achieve a sharp 3™-order angular
focusing of charged particles around 36° with a divergence angle of
Ao =£6°.

Fig.4.5 shows the dependence of the particle arrival point (to the
point) on the entrance angle a. It follows from Fig. 4.5 that the
optimum range of particle entrance angles is the range of angles from
30-42 degrees, which provides the maximum luminosity and the best
beam focusing.

z
14,9

14,85
14,8 \

14,75 \
14,7 \

14,65

14,6

14,55 N

14,5

0 25 30 35 40 45 oo, degrees

Fig.4.5. Dependence of the particle arrival point on
the entrance angle og
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4.2 Calculation and analysis of electron-optical
characteristics of the octupole-cylindrical energy analyzer

Table 4.1 displays the numerical results of the corpuscular-
optical parameters for the octupole-cylindrical energy analyzer of the
charged particle beam in the "ring-ring" angular focusing regime.

Table 4.1. Corpuscular-optical parameters of the octupole-
cylindrical energy analyzer

Parameter Values
Focusing order 3
Central angle of focusing 36°
Xfoc coordinate of the focus point 14.75°
Yfoc coordinate of the focus point 2.5°
Reflection parameter, P 1.0

The order of focusing refers to the specific focusing behavior
exhibited by an electron-optical system. It describes the degree or
level of focusing achieved by the system, typically denoted by a
numerical value. In the context of the discussed energy analyzer, the
second-order angular focusing regime is of interest.

By implementing 3-order angular focusing, the energy analyzer
can enhance its performance in terms of dispersion, resolution,
aberration distortion, and other integral characteristics.

The instrumental function is a significant characteristic of axial
electrostatic energy analyzers, as well as many other electron and ion
optical devices. The instrumental function of an axial electrostatic
energy analyzer is proportional to the dependence of the
monoenergetic electron flux passing through the energy analyzer's exit
slit on the energy of the electrons. The instrumental function, also
known as the transmission curve, instrumental line, instrumental
function, or response function, is directly proportional to this
dependence. With knowledge of the hardware function, determining
the resolving power and transmittance becomes relatively
straightforward. In electron optics, the "trajectory” method is
commonly employed to obtain the primary characteristics of the
analyzed energy analyzer.
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To calculate the instrumental function of the octupole-
cylindrical energy analyzer, a range of particles is launched from a
ring source with initial angles ranging from 30 to 42 degrees and
initial energies ranging from 1.60 to 1.62. Fig. 4.6 presents the
instrumental function of the octupole-cylindrical analyzer in the third-
order “ring-ring” type angular focusing regime.

1,00 -
0,80

0,60

w ~+~ 3 £ 0 0O

0,40

0,20 -

0 g . . .
1,600 1,605 1,610 1,615 1,620

Energy, Ev/V

Fig. 4.6. The instrumental function of the octupole-cylindrical energy
analyzerat u =2, o =1 (the “ring-ring” type angular focusing regime)

The octupole-cylindrical energy analyzer has a relative energy
resolution at half-height of its instrumental function of 0.5% when
using an exit diaphragm with a radius of 0.012r, and a luminosity of
Q2n=12.3%. These numerical simulation results are in good
agreement with the approximate-analytical method calculations.

The numerical model of the octupole-cylindrical energy analyzer
has been obtained. The corpuscular-optical properties of the electron-
optical system are calculated. Angular focusing conditions have been
determined for particle trajectories with significant angular divergence
of the beam in the axial plane. The energy analyzer is characterized by
compactness, high focusing quality and energy resolution, and can be
used to develop a small-sized highly sensitive electron spectrometer
[154, 155].
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5 DESIGN OF THE ALL-SKY SPECTROMETER OF HOT
COSMIC PLASMA

5.1 Devices for the simultaneous angular and energy analysis
of cosmic plasma

The objects of research in the field of space plasma physics are
the radiation belts of the Earth, the solar wind, the collisionless
shockwave of the Earth’s magnetosphere, tail of the magnetosphere,
the polar lights, the kilometric radiation of the Earth, etc. These
studies, in particular, include the study of such characteristics of the
hot plasma distribution as the ionic composition, the shape of the
energy spectra and angular distributions, as well as the determination
of its structure and the nature of the processes occurring in it.

Energy and mass analyzers of charged particle beams,
specifically for ions and electrons with energy ranges spanning from a
few electron volts up to tens of kiloelectron volts, are the most
commonly utilized instruments for researching hot space plasma.
Energy and mass analysis of moving particles is carried out due to
their spatial separation in electric and magnetic fields. In terms of
mass-dimensional indicators, devices with electrostatic deflection of
charged particles are out of competition. An additional parameter that
needs to be measured during research in space is the direction of
arrival of particles. The direction of their arrival is definitely related to
the position of the particle source on the celestial sphere.

Devices for the simultaneous angular and energy analysis of
cosmic plasma have passed through several stages in their
development. At the initial stages of the engineering development,
simple single-channel spectrometers [156], or their combinations,
were used to measure the three-dimensional velocity distribution
function. The next step in their progress is the development of a
spectrographic method for registration of charged particles. In the
design of the spectrograph [157], a pair of plates was used that
ensured the dispersion of particle flows with respect to energy, which
made it possible to simultaneously register electrons and ions of
various energies using a line of detectors. The use of quarter-spherical
and hemispherical analyzers with a knife-edge field of view, the
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acceptance angle (for particle reception) of which reached 140°-160°
[158] can be considered the next achievement of space plasma
diagnostics methods.

The “main tool” of space research today is rightly considered the
axially symmetric top-hat analyzer [159] which is selective in terms of
kinetic energy E and the direction of motion of charged particles. The
selection of particles by energy is provided by a pair of concentric
hemispherical electrodes: a grounded outer hemisphere and an inner
hemisphere with a deflecting potential V. Two parallel, closely spaced
disks of a sufficiently large radius, located at the top of the outer
hemisphere parallel to the base of the hemispheres, the polar angle 0 =
90° of motion of the registered particles in a spherical coordinate
system is fixed. By gradually changing the potential V of the inner
hemisphere, one can scan the entire spectrum of energies E of charged
particles. Registration of the particle distribution by azimuth angle ¢ is
ensured by using a plane position-sensitive detector as a collector,
since a particle with a certain angle ¢ is displayed by a single point on
the circumference of the entire image. Measurement of the distribution
function of charged particles in the entire range of 4x sr is provided
for the half period of rotation of the satellite around its axis.

The top-hat analyzer is successfully used to investigate key
regions of the electromagnetic plasma not only of the Earth, but also
of other planets of the solar system [160].

Top-hat analyzer is still in the focus of interest of many
developers of devices for diagnostics of cosmic plasma, proposing
ways to improve its parameters [161, 162] and studying the influence
of various external factors on the main characteristics of the device
[163].

The scope of the top-hat analyzer is constantly expanding. In
particular, with its help, the plumes of charged particles generated by
an ion engine in the far field have been investigated in [164]. The
work [165] presents the results of observation of low-altitude
ionospheric sources of high-latitude ion up flow/out flow. The primary
challenge addressed by the theoretical model developed was the
measurement of ions with extremely low energies (in the range of
tenths of an eV) at altitudes ranging from 200 to 350 km.
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The disadvantage of the top-hat analyzer is the significant time
cycle for registration of the angular dependences in the total solid
angle of 4x sr and low accuracy in determining the polar angles due to
the principle of mechanical displacement (rotation) underlying the
measurements.

Over the past 20 years, plasma analyzers with a large field of
view have been continuously developed, including those based on a
top-hat analyzer with entrance optics, which allows scanning the polar
angles 4 in a rather wide range [166].

A good example of plasma analysis systems, built on schemes
other than top-hat, is the Fast Imaging Plasma Spectrometer (FIPS)
[167], a simplified scheme of which has proven itself well in the flight
of the “Messenger” interplanetary station and has shown that it really
is not only an alternative to the top-hat, but also allows to carry out
unique measurements in various plasma environments. The FIPS
energy and mass analyzer with a field of view of almost 27 sr consists
of a wide-angle two-chamber electrostatic analyzer that forms an
image of the angular distribution of ions on a multi-beam collimator
located in front of the time-of-flight (TOF) camera.

In parallel, more efficient 2z or 4m systems were being
developed, which will probably soon be mounted on spacecrafts.

O.L. Weisberg proposed and investigated a new method for the
simultaneous measurement of the velocity vector of charged particles
in a solid angle of 2z sr [168]. The complete view of the celestial
hemisphere is based on a scheme (Fig. 3.1) that involves the
transmission of a particle flow (1) which is emitted by sources (2)
distributed in space through a ring diaphragm (3).

Due to the design characteristics of the device, the range of
entrance angles in each meridian section is divided into two subranges
from -90° to 0° and from 0° to +90° relative to the axis of symmetry
0z. In this geometry, only a hemisphere section of radius ro, which is
an infinitesimal value with respect to the radius of the virtual celestial
sphere, is excluded from consideration. Further, a wide entrance flow
of charged particles is converted into a narrow-collimated one,
subjected to energy analysis and detected by a position-sensitive
detector, with each coordinate on the detector plane being associated
with the direction to the source on the celestial hemisphere.
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Fig.5.1. Entrance of particles into the particle analysis device: 1 —
particle flow, 2 — sources of particles distributed on the virtual celestial
sphere, 3 — entrance ring diaphragm.

Figure 5.2 illustrates the electron-optical scheme of a device
named 'CAMera’ that performs simultaneous energy and angular
analysis of charged particle flows within a solid angle of 2x sr [168].
Particle flow (1) enters the main electrostatic elliptical mirror (2)
through the ring aperture (3) and is reflected by the mirror into a
narrow-collimated beam. The selection of energy or energy scanning
is carried out using a secondary plane mirror (4). A point diaphragm
(5) cuts particles with the energy of analyzer settings (4) out from the
flow, the particles being recorded by the position-sensitive detector
(6). Note the fact that each charged particle moving in the analyzer
four times intersects the plane of the grid electrodes, and one of these
electrodes has a complex geometric shape.

The successful development and testing of plasma analyzers DI-
Aries (DI is for Sensor of lons in Russian and Aries is for Zodiac
constellation) [169] and PICAM (Planetary lon CAMera) [170, 171]
have confirmed a new concept based on rotationally symmetric
electrostatic mirrors for the creation of ion analyzers with an instant
half-spatial overview field. At each step of energy measurement, ion
optics provides a two-dimensional image of the angles of ion motion
on a microchannel detector with a high time and acceptable angular
resolution. Current and future research will mainly focus on increasing
the geometric factor of the device and achieving a more simple and
accurate mechanical design [172].
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Fig.5.2. Meridian section of the “CAMera” analyzer: 1-1° — particle flow, 2-
2’ —main elliptical mirror, 3-3” — entrance ring diaphragm,
4 — secondary plane mirror, 5 — exit point diaphragm,
6 — position-sensitive detector.

The disadvantages of “CAMera” type analyzers are a large
number of grids and technological difficulties in the manufacture of
elliptical grid mirrors. The purpose of this research is to develop a
simplified energy analyzer design with a minimum number of grids to
provide a 2n-view of the celestial sphere.

5.2 Development of the all-sky spectrometer of hot cosmic
plasma

1. The idea of the proposed spectrometer. The idea of the
analyzer design proposed in this work was to use distributed fields
created by devices of simple design. In this work [173], the software
for numerical modeling of electron optics systems CAE “Focus” as a
main tool for developing the design of the device and its stages. Part
of the studies involved using approximately-analytical methods to
synthesize electrostatic fields for analyzing the energy of charged
particle beams [174].

2. Modeling methods.
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Electron and ion optics modeling software “Focus”

Traditionally, numerical modeling of electron-optical systems
(EOS) consists of three distinct sections:

- computing the electrostatic and magnetic fields within the
operational volume.

- computing the trajectories of charged particles within the
electromagnetic field generated by the system.

- computing the overall characteristics of the EOS, including
specific order angular focusing, dispersion, resolution, aberration
distortion, and other relevant parameters.

CAE “Focus” comprises multiple software modules, each
designed to tackle a specific problem independently.

The Design module is a graphical editor. It is designed for the
formation and modification of the EOS design. The cross-section of
the electrode system of each EQOS can be represented by the union of
the following primitives - a segment, a circular arc, a parabola, a
hyperbola, a spline, a rectangle and an ellipse. The CAE "FOCUS"
software module allows for the simulation of designs with electrodes
of finite thickness and arbitrary shape, as each electrode with its
specified potential is a closed loop. This feature enables the simulation
of designs that closely resemble real devices. Moreover, the module
facilitates three-dimensional representation of the simulated schemes.

At present, for the numerical solution of potential theory
problems, three following methods are widely used: the finite
difference method (FDM), the finite element method (FEM), and the
boundary element method (BEM).

The most advanced numerical methods for solving problems of
mathematical physics that appeared in the computer era include the
BEM [175]. BEM should be considered as a truly numerical
implementation of the well-known method of integral equations [176].
BEM (Boundary Element Method) has several advantages such as a
simple algorithm presentation and the capability of solving both
external and internal problems of potential theory. It can handle
arbitrary boundary configurations of the study area, including
elements of different scales.

Along with the obvious advantages, the BEM has a disadvantage
that is the singular behavior of integrand functions, which leads to an
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unacceptably high computational error. The development of an
original numerical mathematical method [177] for exclude
singularities in the integrand functions allowed to make BEM a
powerful tool for calculation electric fields in systems with almost
arbitrary boundary configuration and to provide a level of calculation
accuracy limited only by round-off errors.

The created mathematical apparatus for determination of the
potential distribution function in the EOS by the boundary element
method is the basis of the Field_E module of the “FOCUS” software.

In order to simulate magnetic fields, the Field M module has
been developed and integrated into the CAE “FOCUS”. The module
realizes the solution of the problem of calculating the distribution
function of the magnetic field induction of a set of solenoids by
directly applying one of the basic laws of magnetostatics — the Biot-
Savart law. The spatial position of each solenoid is defined by the
coordinates of its upper base center and two angles that determine the
orientation of its axis in space. The problem is solved by representing
the resulting field as a superposition of magnetic fields of a set of
solenoids, where the field of each of them, in turn, is determined as a
superposition of magnetic fields of elementary circular currents (coils)
[178].

The Path_S of CAE “FOCUS” module is intended for trajectory
express analysis of EOS.

The Path_D module provides users with a more robust set of
user-defined functions and analytical capabilities for the 3D trajectory
analysis of systems with alternating electric and direct magnetic fields.
The solution of the equations of charged particles motion is carried
out by the Runge-Kutta-Felberg method, which makes it possible to
control the calculations accuracy.

Based on the results of the trajectory analysis of EOS, the
conditions for angular and time-of-flight focusing are automatically
determined. To search for focusing conditions, original numerical
methods have been proposed and developed [179, 180].

The developed mathematical methods and algorithms,
implemented in the CAE “Focus”, were deeply tested according to
standard methods. After comparing the calculated data with known
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analytical solutions, it was determined that the following
characteristics can be achieved in real-time:

- potentials calculation (up to area boundaries) with an accuracy
of not worse than 10 %, and in the case of rectilinear sections of
electrodes, accuracy is limited only by round-off errors;

- particle trajectory calculation with an accuracy of not worse
than 10°%;

- parameters calculation for searching for focusing conditions
(angular, spatial, time-of-flight) with an accuracy of not worse than
107%%.

Numerical method for search high-order angular focusing
conditions. The quality criterion for most electron and ion optics
systems is the order of the angular focusing they provide.

The focusing condition of N order is expressed by the equality of
partial derivatives to zero with respect to the initial angle « in the
meridian section x0y

Y’ (c0)=y”(0t)= ... :y(N)(OCo)ZO, (5.1)

in the Taylor series expansion, the coordinates y the trajectory
intersection with the focal plane

y(00)=y(0t)+(8y/ar)o Ao +1/2(8 Aylda *)g Ao *+..., (5.2)

where Ao=(a-0), oo is the initial angle of the central trajectory.

The original numerical method for search the angular focusing
conditions of particle flows is described in sufficient detail in [181].

The following is a brief summary of instructions for using the
method.

On a discrete set of initial angles o;, i=1, 2, ..., L of particle
motion in a certain selected range of angles [oimin, 0max], @ CONtinuous
function is constructed

F(a)=R”(a) t' (o)-R" (ax) t”(av), (5.3)

where R(o)=Yc(o)+Xc(at) t(a) , t(o)=tg(y); y(a) and x.(o), yc(o) are
the angle and coordinates at any convenient point of the final straight
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section of the trajectory. Derivatives are calculated using the formulas
for numerical differentiation [182].
Then the algebraic equation is solved

F(o)=0 (5.4)

with respect to a=o0, and the coordinates of the focus point are
determined by the formulas:

Xo=R'(0w0 )/t'(ct0), Yo=R (0t )-Xo “#(0to )- (5.5)

To establish the angular focusing order, the cross-correlation of
m+1

the function F(a) with the power function S(a)=(a-op ) is
estimated by the formula

po(M)=Res /(Ke Ks )2, (5.6)

with a sequential change in the value of m=0, 1, ..., M (M s the upper
1¢ — =
=TL(R-F)S-S)

i=1

search boundary). Here Re

1&, . = 2. -, - 1 - 1¢
Ke==> (F-F), Ks=—>(5-8), F==> F,S==>'S,.

L= L= L= L=

Next, the value of m (0<sm<M) is determined for which
po(m)=max{po(0), po(1), ..., po(M)}. The proximity of po(m) to 1 will
indicate the mutual correlation of F(o) and S(o)=(o-ao)“*™?, i.e.
focusing of the N=m+2 order. The upper search limit M is selected for
practical reasons no more than 20 + 25.

Multipole approach for electrostatic field synthesis.

Two-dimensional electrostatic multipoles with a rectilinear
symmetry axis are well known and widely used as focusing,
deflecting, and correcting elements in electron and ion optics. It is
important to develop a multipole approach to solving the external
Dirichlet problem in a cylindrical coordinate system [183]. It has been
shown [184] that if on a cylindrical surface the potential and its first
derivative with respect to the radial component are given by power
series in the axial component, then the external field is the sum of
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circular multipoles. Based on this, new multipole-cylindrical fields
have been calculated, which are of interest for practical application in
corpuscular optics.

The construction of axially symmetric electrostatic multipole-
cylindrical fields is based on a superposition of a cylindrical field and
circular multipoles of various orders. This method was first described
in [185]. Then the proposed approach was applied to study a family
of multipole-cylindrical fields formed when the zero equipotential
surface of a cylindrical field coincided with the zero equipotential
surfaces of some circular multipoles. The considered axially
symmetric fields have a simple structure and are promising for use in
the mirror regime of reflection of a charged particle beam.

The class of multipole-cylindrical fields does not allow
separation of variables in the equations of charged particles motion,
that is, it is impossible to obtain an analytical solution. The calculation
of the trajectories by the numerical method, in comparison with the
analytical one, significantly complicates the search for the condition
of angular focusing of a charged particle beam. The method of
analytical description of trajectories by an optimally selected
superposition of power series describing the trajectory in the plane in
integro-differential form and the condition for stitching the trajectory
branches at its vertex is applied for quadrupole-cylindrical, hexapole-
cylindrical, decapole-cylindrical and octupole-cylindrical fields.
Operating with finite sums of the additives that make up the power
series, as shown in these works, makes it possible to describe the
corpuscular-optical properties of systems with sufficient accuracy.

The potential of a hexapole-cylindrical field is described in the r,
z coordinate system by the following expression:

U(r,z) = ulnr+gu, (r,2) , (5.7)

21 2 1
| I - 2+
{nr[z Zr 2}
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is a circular hexapole, u is the coefficient specifying the weight
contribution of the cylindrical field Inr, y is the weight component of
the circular hexapole.

The outer electrode, to which the deflection potential U, is
applied, has a curved profile, the shape of which is determined by the
equation:

4U(\r/’z) +In r(r2+1- m)-r2+1

zZ=% : (5.9)

2xInr

where U(r,z) is the distribution of the hexapole-cylindrical field.
Fig.5.3 shows the energy analyzer scheme with a hexapole-
cylindrical field for a cylindrical field component p=2 and a circular
hexapole y=1 [186]. The analyzer consists of two coaxial cylindrical
electrodes, with the inner electrode remaining cylindrical and the outer
electrode having a curvilinear profile relative to the surface of the
inner cylindrical electrode. The hexapole-cylindrical field is formed
between these two electrodes, with the outer electrode serving as the

equipotential surface of the field.
.

}‘.'H

Fig. 5.3. Energy analyzer scheme based on a hexapole-cylindrical field:
A —source, i' — entrance ring slit, i"" — exit ring slit,
B — receiver
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Approximate-analytical approach to calculating the parameters of
an analyzer with a hexapole-cylindrical field is as follows.
The distribution of a hexapole-cylindrical field Eqg. (5.7) in
coordinates x,& (see Fig.5.3) has the following form:
U(x¢) =v-g(x), (5.10)

where
g(x8)= (G- 28 - (H-x)" +7]+ (H-x) -1} ,

H=1l1p . (5.11)

E e

The trajectory of a particle in an electrostatic hexapole-
cylindrical mirror has a vertex located within the field area and is not
generally described by an elementary function. This trajectory is
known as a "return” trajectory and consists of two symmetric branches
with respect to the vertex. The integro-differential equation of motion
of a charged particle along the “return” trajectory in the hexapole-
cylindrical field has the following form:

) { g JIn(i—x) ¢ dx} = P cot'a, £, +In(-x) £ €'l

(5.12)
where

H? 7} H 1
+
4

AR R

(5.13)

and P= —“’/smzozO is the reflection parameter linking the geometric
q

and energy parameters of the mirror, E; and g are initial energy and
charge of a particle respectively, V is potential of the deflection
electrode.

To solve the integro-differential Eq.(5.12), the expansion method
of the solution of equation & in a fractional power series is used:

fzf(x):\/;(Co+ C1X+C2X2+C3X3+C4X4+C5X5+...) (5.14)
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Having obtained the expansion of the derivative &' in a series
from Eq. (5.14), and also using the expansion

.n(H_X)=.nH_g_(g_[gf_(gj“_(gjs_._. (5.15)

it is possible to solve the integro-differential Eq.( 5.12) with respect to
the unknown coefficients Cq, Cy, ..., i.e. determine the trajectory of
the particle & = &(x) (see Eq. (5.14)).

Below are the results of calculating the main parameters of the
trajectory based on the analysis of the obtained solution.

The projection of the trajectory onto the p axis from the entry
point to the turning point has the expression:

p. = 0.5P2+0.125P4+(0.013525—0.062500t2ao)P6+... (5.16)

The projection of the trajectory onto the symmetry axis of the
mirror in the same section of motion is determined by the formula

& =), =P, CoS, (5.17)

where

¢, =cota,,[2.0% + P* +0.6255° +(0.52778 - 0.12500t%e, ) ¥+,
(5.18)

5=1-0041677” - (0.08073+ 0.02083cot’ o, | o* -

. (5.19)
- (0.02755+0.0092c0t* @ ) 2° + ..

The sum expresses the total projection of the trajectory onto the
z-axis from source A to its image B, relative to the symmetry of the
"return” trajectory with respect to the r-axis, and is given in terms of
fractions of the radius R of the inner cylinder:
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1= g = Acota, +2,, A=A +A,. (5.20)

To analyze the characteristics of an electrostatic hexapole-

cylindrical energy analyzer, the spatial focusing coefficients of the 1st,

a1 d’1

2nd and 3rd orders have been calculated: <= T 5

da da” da

conditions for the second-order angular focusing the with respect to

the small deviation of the non-equilibrium trajectory from the axial
2

orbit have been found: £:d12 =0 . The specific energy
da da

dispersion is calculated as a measure of the resolving capability for
narrow ring slits A and B. It is determined as the ratio of the linear
energy dispersion to the width s, of the image line.

The

D D
P — (5.21)
So AIII . (Aa)3

where D= 2—250 is the value of the relative linear energy dispersion,

141 . . ;
A, = 3 is cubic angular aberration.
Taao

Table 5.1 displays a small example illustrating the main electron-
optical characteristics of the analyzer. These characteristics are
calculated based on the reflection parameter P and fulfill the
requirements for second-order angular focusing: «, is entrance angle
of the trajectory; p, is the coordinate of the trajectory vertex point in

the mirror field; A=A, -A, is the value of the total removal of the

source and its image from the inner cylindrical electrode , &, is a half
projection of the trajectory onto the symmetry axis in the mirror field;
I is a focal length; D is the value of relative linear energy dispersion;
Ay is the cubic angular aberration, Al is the value of the aberrational
image expansion; ¢ is the value of the specific energy dispersion.
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Table 5.1. The main electron-optical characteristics of the
hexapole-cylindrical analyzer

P % o A ¢ | D A 1Al o)

0.10 | 30.165° | 0.005 | 0.010 | 0.0173 | 0.0518 | 0.0346 | -0.158 | 0.0009 | 27.95

0.50 | 33.922° | 0.130 | 0.264 | 0.400 1.193 0.849 | -2.809 | 0.0160 | 53.12

0.95 | 44.977° | 0.465 | 0.787 | 1.131 | 3.050 | 2.417 | -0.394 | 0.0061 | 385.26

Modeling an entrance optics of the spectrometer. Based on the
results of numerical calculations, the design of an entrance lens
system has been proposed that converts the flow of charged particles
emitted from different points of the celestial hemisphere into a narrow
hollow conical beam (Fig. 5.4). The electrodes of the lens system are
formed by the simplest and therefore technologically advanced
primitives — discs, cylinders and cones.

Z
1 —a particle flow, 2 — a device body (an outer electrode), 3 —an
entrance ring diaphragm, 4, 5 — inner U-shaped electrodes, 6 — an exit
window, 7 — a focal point.

Fig. 5.4. The meridional section of the entrance lens system of a simple
design with a full view of the celestial hemisphere
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Charged particles (1) (Fig. 5.4) with energy E, (Eo/V=1), emitted
by sources distributed in some way over the surface of the hemisphere
of the sky with a large radius, moving along radial trajectories in the
direction of the device body (2), penetrate through the entrance ring
diaphragm (3) (see. Fig. 5) into the field of a single conical
electrostatic lens, formed by a zero potential on the outer electrode (2)
and potentials V on the inner electrodes (4) and (5) of the “U”-shaped
section, applied from an external power source. Flow (1), having
experienced the focusing effect of this field, enters into the external
space through a window (6) covered with a fine-structured metal mesh
in the conical surface of the outer electrode (2), forming a hollow
narrow-collimated truncated cone with a smaller base located in the
focal region (7).

1 —a charged particle beam, 1a — a virtual source, 2 — the device body,
3 —aring diaphragm.
Fig. 5.5. Scheme of particle flow passing through the entrance ring
diaphragm (transaxial section)

A detailed numerical analysis of the lens system scheme (Fig. 4)
shows that a single conical lens is represented by two areas which play
the role of successive collecting lenses that is a short focus and a long
focus ones.
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Fig. 5.6 shows the effect of a parallel beam focusing with an
initial relative electron energy E/V=1 by the first collecting lens. The
initial angle of entry of a parallel charged particle beam into the lens
field is -45° with respect to the 0z symmetry axis. The focal length,
which is calculated from the center of the entrance diaphragm (3)
equal to f;=0.15 ro. In the modeling, the outer electrode was
considered transparent to the particle beam.

o
>

(%]

1 —a particle beam, 2 — the device body (an outer electrode), 3 — the
entrance ring diaphragm, 4, 5 — inner U-shaped electrodes.
Fig. 5.6. Entrance collecting lens

In the case of emission of a divergent flow by a thin ring source
la (Fig. 5) located in the area of the entrance diaphragm 3, after transit
through the first lens, charged particles enter the area of the second
lens in an almost parallel flow perpendicular to the equipotential of
0.7V and, therefore, are collected at focus 7 of this lens (see Fig. 4).

The exact estimate of the distance “source 3 — image 7” (Fig. 4)
obtained in accordance with numerical calculations is about 3.3 ry; this
provides the second-order angular focusing near the central angle of
45°,
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Modeling of the second stage of the spectrometer. The second
stage of the analyzer must have sufficient particle energy dispersion to
ensure the required level of energy resolution and it must focus the
diverging entrance particle flow onto an ring slit in front of the
position-sensitive detector organizing the angular measurement
scheme. The central angle of departure from the first stage of the
device is approximately 45°; therefore, the second stage must have a
high angular focusing order (higher than the first one) relative to the
trajectory of a particle with such an initial angle. A wide range of the
second-order focusing angles within 30°-50° and a number of other
unique electron-optical characteristics are provided by designs of
devices with hexapole-cylindrical fields U(r,z)=ulnr+yU,(r,z)
(see Section 2.3). From the analysis of the calculated data of work
[186], it follows that the angle of the required value of 45° can be
obtained in the scheme with x=2 and y=1. Examples of theoretically
calculated parameters of the analyzer of this scheme are presented in
Table 5.1.

The case of P=0.95 satisfies the conditions of the problem solved
in the article. In addition, this scheme is distinguished by a high level
of specific energy dispersion 6=385.26, which is approximately 6
times higher than the specific dispersion of a cylindrical mirror
analyzer, having 6=65.5 for a better “axis-axis” focusing scheme.
Another advantage of the scheme is the small value of the third-order
angular aberration Ay, which guarantees a narrow focus of highly
divergent particle flows.

Presented in Table 5.1 characteristics were calculated for
electrodes of infinite length along the z-axis. In a real device, the
length of the electrodes must be limited. With limited length, the
influence of edge effects can be neglected if the places of the electrode
shape distortion are located at a considerable distance from the
particle transit area. Fig.7 shows the electron-optical scheme of the
hexapole-cylindrical analyzer of real dimensions, as well as the central
trajectory of a particle with the initial conditions corresponding to the
regime of P=0.95 in Table 5.1: the initial angle 0;=44.9774° and the

. E P \2 0.95 2
relative initial energy;0 = (Sinao) = (Sin44.97740) ~ 1.806. Table
5.2 compares the main characteristics of the calculated trajectories
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(Table 5.1) numerically and analytically. The comparison results show
a high degree of coincidence of the parameters of the idealized and
real schemes. From the above, the conclusion is drawn that the
hexapole-cylindrical analyzer can be considered as the second stage of
the designed device.

-
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Fig. 5.7. The electron-optical scheme of the second stage
of the analyzer: R = 1.

Table 5.2. Comparison of the main characteristics of the trajectories
calculated numerically and analytically

Parameter P % P .f D
Idealized 0.950 44.977° 0.465 1.131 2.417
scheme

Real scheme 0.946 44.980° 0.475 1.131 2.027

Indeed, the trajectory analysis of the second hexapole-cylindrical
stage (Fig. 5.8), when the particles that left the first stage are launched
to its entrance (Fig. 5.4), reveals rather sharp angular focusing (of the
second-order) near 45° of the initial particle beam. Note, that it had
the polar angles spread within the range from 0° to 90° at the first
stage entrance. In the modeling, the first and second stages are
matched along the central trajectory of a particle incoming the second
one at a distance of &, from the top of the outer electrode.

Modeling of the spectrometer of energy and angular
dependences. The electron-optical scheme and the results of the
trajectory analysis of the entire device as a sequence of two stages are
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shown in Fig. 5.9. The scheme of the device provides the second-order
angular focusing near the trajectory a;=44.9° in the meridional section
with coordinates z = 19.9, r = 1.45. The design of the device includes
a narrow entrance ring slit (1), the first stage exit window (2), entrance
(3) and exit (4) windows of the second stage, entrance (5) and exit (6)
ring-shaped limiting diaphragms. Windows (2), (3) and (4) are
tightened with a fine-structured metal mesh, preventing potential sag
and providing charged particle transit. Ring-shaped diaphragms (5)
and (6) are located in the smallest section of the particle flow. The
potential of the first stage focusing electrodes is Vi=V=Eo[eV], the
potential of the second stage outer electrode s
V,=0.556V=0.556E,[eV], where V is the voltage of the external power
source, Eo[eV] is the particle energy in eV.

Fig. 5.10 shows the instrumental function of the energy analyzer,
which is the dependence of the relative number of particles N/Njo,
registered by the collector, on the relative energy Eo/V. The basic
energy resolution of the device is Ry= AEy/Eo= 4.9 %, the resolution
at half-height of the instrumental function is Ry, = AEy,/Eq= 1.1 %,
the luminosity is Q=100% of 2x. Here, AE,, AEy, are the energy
transmission bandwidth based at the bottom and half-height of the
instrumental function.

Each polar angle of the celestial sphere corresponds to a circle of
a certain radius on the surface of the plane coordinate-sensitive
detector (7) (Fig. 5.9). Furthermore, each point of this circle
determines the azimuthal direction to the particle source within the
range from O to 2z Thus, the angular resolution of the device is
determined by the spatial resolution of the used position-sensitive
detector.

The two-stage, fairly simple design of the all-sky spectrometer of
hot cosmic plasma, is proposed in the work. The first stage of the
device is the axially symmetric lens system of an original design,
which transforms a wide 2z sr entrance particle beam into a narrow
one in the form of a hollow cone. The second stage of the device
functions as a hexapole-cylindrical energy analyzer for the beam. The
electron-optical scheme of the device is developed using both
numerical and approximate-analytical methods, specifically setting it
up to operate in the second-order angular focusing regime.
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A plane position-sensitive detector can be used as a particle
collector, providing an additional function for recording angular
dependences.

0

Fig. 5.8. Trajectories of particles in the second stage of the analyzer
after passing through the first stage.
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Z
Fig. 5.9. The electron-optical scheme of the all-sky spectrometer of hot

cosmic plasma: Eo/Vi=1, E¢/V,~1.8.
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Fig. 5.10. The instrumental function of the spectrometer.
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Conclusion

The monograph presents the results of calculations and modeling
of electron-optical schemes of electrostatic mirror energy analyzers of
charged particles.

Energy analyzers play a crucial role in various fields of scientific
research and technological applications. Energy analyzers are
sophisticated instruments designed to measure and analyze the energy
distribution of charged particle beams. Their versatile nature and
precise capabilities make them indispensable tools in numerous
scientific and technological endeavors.

Energy analyzers find extensive use in materials science and
nanotechnology research. They enable the characterization of energy
states, electronic structure, and surface properties of materials. In
particle physics experiments, energy analyzers play a crucial role in
identifying and characterizing particles, measuring their energies, and
studying fundamental particle interactions. Energy analyzers are
employed in space missions and astronomy to study the properties of
charged particles in the space environment. The versatility and
reliability of energy analyzers make them essential tools for scientists
and engineers in a wide range of disciplines.

Based on the theoretical schemes, electrostatic energy analyzers
with high electron-optical characteristics for space research were
developed. The choice of the type of corpuscular flux energy analyzer
and its electron-optical scheme in the creation of portable equipment
for the study of space plasma was justified. A high-resolution
octupole-cylindrical light analyzer was developed. A two-stage, fairly
simple construction of an all-sky spectrometer of hot cosmic plasma
was proposed.

Various methods of calculation and design of corpuscular-optical
systems were used in solving the set problems. The approximate
analytical method for calculating the trajectories of charged particles
in electrostatic fields was used. For numerical modeling of energy
analyzers, the most modern software packages were used, in
particular, the numerical program "Focus" of Ryazan State Radio
Engineering University for modeling axially symmetric corpuscular-
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optical systems, as well as the software tool MathCAD Professional
for solving mathematical problems of varying degrees of complexity.

All the results concerning the design of specific scheme of
electrostatic energy analyzers are of great importance for physical
electronics, scientific instrumentation, and etc. The practical value of
the work lies in the development of specific corpuscular-optical
schemes intended for for the analysis of corpuscular flows.
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