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On the Crank-Nicolson difference scheme for
the time-dependent source identification problem

In this study the source identification problem for the one-dimensional Schrédinger equation with.non-local
boundary conditions is considered. A second order of accuracy Crank-Nicolson difference scheme for the
numerical solution of the differential problem is presented. Stability estimates are proved for the solution
of this difference scheme. Numerical results are given.
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Introduction

Source identification problems (SIPs) have the significant role in natural science, applied sciences, engi-
neering, quantum mechanics, diffusion equations, heat equations (see [1-4| and references therein). The theory
and applications of SIPs for partial differential equations (PDEs) were studied in many works (see [5-32] and
references therein). The time-dependent SIP

Zauéim) o 8@ a(x) ﬁu(t z) + 5u(t IE)
=p(t)q(x)+f(tx),t€(0,T),ze€(0,0),
u(0,2) =@(a),z € [0,1], (1)

(@),
w (£0) S (1 1) sty (1,0) = 1 (1,1,
f(f (t,x)dm:{()ﬂfe[O,T]

for the one-dimensional Schrodinger equation (SE) was investigated [33]. Here 0 < a < a( ), f (t x), C(1),

¢ (), q(x) and a (x) are given sufficiently smooth functions and ¢ (0) = ¢ (1), ¢ (0) = ¢ (1) and fo x)dx # 0.
Stability estimates were established for the solution of source identification problem (1). A ﬁrst order of accuracy
difference scheme was investigated for the numerical solution of this problem.

In this paper a second order of accuracy Crank-Nicolson difference scheme for the numerical solution of
problem (1) is presented. Stability estimates are proved for the solution of the difference scheme. Numerical
results are provided.

Stability of difference problem

To formulate results on difference problem we introduce the normed space. Let C; (H) = C ([0,T],, H) of
all mesh functions ¢™ = {¢;€}]kvzo defined on

0,7 ={tr =k1,0<k<N,NT=T}
with values in H equipped with the norm

.
197,y = e, 10l -
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Moreover, Loy, = Lo [0,1], are normed spaces of all mesh functions y" (z) = {Wn}flw:o defined on
0,1, ={zn =nh,0<n < M, Mh =1}
equipped with the norm
M 3
h 2
P, = {3}
i=0

and W3, = W$(0,1],, is the Sobolev space with norm

Yit1 — 2% + i1
h2

1
M M-1 2 2
7"z, = 2 b+ 0 h
2h
i=0 i=1

To the differential operator A defined by (2) we introduce the difference operator A" defined by the formula

M-1

Ah,,(/}h, (.’L‘) — {_;L (an+1 ¢n+1h_ '(/)n —ay, wn _hwn—l) + 5%} can="a (-Tn) (2)
n=1

acting in the space of grid functions ¥" (z) = {¢n},]\;[:0 defined on [0, 1], satisfying the conditions ¢, = ¥f,
Pk — k= ok — k. For the numerical solution {u;}fio of problem (1) we consider the second order of
accuracy Crank-Nicolson difference scheme

_ k k k_k
Lk gkt _ 1 (qa Upip1—Un a N |
T 2n \ Yntl h n h

k—1 k—1 k—1 k—1 —
1 a Uy g~ Uy, —a LN T + 6uﬁ+ui 1
2h n+1 h n h 2

= %qn‘f'fk (xn)sz (xn) :f(tk_ %"/En)’ (3)
a Za(xn)7QnZQ('xn)71SkSN’lgngM_l’
= ¥nsPn =@ (Tn) , 0 S M,

Let us give the following result on the stability of DS (3).
Theorem 1. For the solution of DS\ (3) the stability estimates are satisfied:

N N N
{2 -t f g e ] [frespe
T K1l (Lo 2 Y 2 k=1

clo, 1],
< Q@) |lle"lwg, + 1741,, + 1<l
1 N 1 N
+ {T(flil_flgl)} + {T(Ck_Ckl)}
k=2llc, (Lan) k=1llcio,7].
Proof. " Denote that
where
Pk+pk71:771@—771@7171§k§N’770:0 (5)

2 T

and w¥ is the solution of the following Crank-Nicolson difference scheme
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k k k k
iwifwn’ L 1 a Wy, 1~ Wy, —a W, —W, 4
T 2n \Yn+1 B n h
k—1 k—1 k—1 k—1
_L Wy~ Wh, o Wy, W, 4 _|_5 n+wk B
2n | @n+1 R Gn D 2

1<k<N1<n<M-1,
=¢n,0<n <M,

A S
why = wh,ufy —ufy_y = uf —uf,0 <k <N.

_ Nk +Mk—1 An+1—4qn dn—Qqn—1
= fi(zn) —i 2 {_ﬁ( n+l= —anT 3 >+6Qn};

Now, we estimate |22¢=1| Using the conditions > _ uk h = ¢, and (4), we obtain

i M
_ k
e = dil (Z wmh_ck> 7d1
m=1

PeFpro1 o (wh, — whEr R — (G — Gea)

M
= amh,1<k<N,

m=1

= ,1<E<SN
2 iTd p
Using the Cauchy-Schwartz inequality and triangle inequality, we get
Dk + Pk—1
2
M
(H mi m } + Ck _Ck—l >
m=1 Lon T

foralll1 <k < N and

- wZ—l)}N

Now, applying formulas (4) and (5), we obtain

clo,1],

{ck — Gt }N
T k=1

" Y CT(Lzhr) C[O7T]T
Uﬁ*’uﬁ_lzufﬁldi Lot
T T 2 "
and
L. h h o Loy h N
= (ug— up_y) < = (wp —wy_y)
k=1 Cr(Lan) k=1 Cr(Lan)

+

N
{pk + Pr—1 }
2 k=1

clo,1],

fii].

Then, the proof of Theorem 1 is based on the following theorem.
Theorem, 2. For the solution of DS (6) the stability estimate is satisfied:

Cr(La2n)

Lot
= k k—1 o

Lt}

T k=1

A, +

Cr(Lop,
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Proof. We can write problem (6) as the abstract problem

h_,.h )
iwk :’k—l o ,42’ (w’g_'_w’;:_l) _ f;? +Z’Ahqh77k+;lk—17
tr =k, 1 <kE<N,N7 =T, wh ="

in Lojp. Then,

k
wz = chph _iZRk—jCT (fgh _’_,L‘Ahqhnj +277J1> 7

Jj=1

AR AN T!

Taking the difference derivative and applying the Abel’s formula, we get

where

h h
wp —w
L~ ipoal —ic (v iatd L)
k k .
—iC Y RN = fl) + O Y R Al L (8)
j=1 j=1
Applying formula (8) and estimates
IRl —n <L ICHg s T
we get
wi — Wiy z h h - h_ rh
- <Ak L+ Iyt DN = Fiall,
Loy, Jj=2
k h h
G —G—1| || Wi =W
+Qa4 (Q)TZ p + -
J=2 Loy

for any k. Then, applying the discrete. analogy of the integral inequality, we get

wi —wh
T
Lop
« R h . h_ ¢h : Lalakr
< Ak gt T, + DR = fiall,, + Qa(@) D 1G — Gmal | e @@
Jj=2 j=2

for any k. From that it follows (7).
Numerical results

We study the numerical solution of the identification problem
Z'L‘(tt’m) - 7“92;;(2’””) +u(t,z) = p(t) (1 + sin2z)
+ (3sin(2z) — 1) e,z € (0,7),t € (0,1),
w(0,z) = 1+sin2z,z € [0, 7], 9)
u(t,0) =u(t,m),uy (¢,0) = uy (¢, ),
Jo u(t,z)de =me t € [0,1]

for a one dimensional Schrodinger differential equation. The exact solution of this problem is (u (¢,2),p(t)) =
= ((1 +sin2x)e™, e'*) . Applying difference scheme (3) for problem (9), we get

38 Bulletin of the Karaganda University



On the Crank-Nicolson difference...

i“i*“i_l _ “fwrl —2up tup _ “n+1_2“k 1+“ﬁ:11 + ub puk—t
T 2h? 2h% . 2
= PPl (] 4 gin2a,,) + (3sin 2a, — 1) (% F),
ty =k, xp =nh,1<k<N,1<n<M-1, (10)
u) =1+sin2r,,0<n< M, Mh=n,Nt=1,

k kE o,k k _ .k k
Upg = Ug, Upy — Upp—1 = U — Ug,

2%21 uk h = el 0 <k < N.

M
The algorithm for obtaining the solution {{uﬁ }(])V} and {pk}f[ of DS (10) contains three steps. We introduce
0

7 by the formula

k—1
_ Po+ Pk —
_TT+;p7nT,k61,N,nO—O. (11)
Then,
Pk + Pr—1 _ Mk~ k-1 kelN, (12)
2 T
uf = wh —in, (14 sin2z,),k € 0, N,n € 0, Mx (13)
Here w is the solution of the DS
iwfl_;uﬁfl . w7;+1 2wn+wn 1 wf”liizqg}%;l%wf{:i n wk +;Uk 1
—z,h 22/[:1 wk, Z,Lh Ek Jwkl =z, (el + ettr-1)
+(3sin2a, — 1) e ~5) ke T, Njn &L, M= 1 (14)
wd =1 +sin2z,,n € 1,M— 1,
k k k k

N —
Why = Wo, Wyp — Wy = Wy — W,

where

= T dh

1 1—cos2h <1 1 S
= [sinQan (%—2> —] nel,M—1.

Using the discrete analogy of integral condition in (14), we get

M
ZM_l wk h — mett , -
= cm=1"m =" sin2e,, ke, N. 15
Mk it dn) 2 1sm x (15)

N M
Step 1: According to DS (10), we obtain {{wﬁ}o } .
0

We can write (14) as difference equation with matrix coefficients

Awk—|—Bwk71=<pk,1§k‘§N

for any k. Here A and Byare (M + 1)x(M + 1) square matrices and ¢ is (M + 1)x1 colomn matrix

S

0 0 . 0 -1
b— th —th . —th —th
a—hzy a—hz - —hzs —hzs
—hZM_l —hZM_1 . b—hZM_l CL—hZ]V[_l
-1 0 ’ -1 1 (M+1)x (M+1)
0 0 0 . 0 0
a a—hzn c—hz - —hzy 0
0 a—hz c—hz - —hzy 0
0 —hZ]W,1 —hZ]w,l - C— hZM,1 a
0 0 0 ) 0 0 (M+1)x (M+1)
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o=-gmb=i+hrhe=—ithi
0 w§
. ot . wf
Pn = k. y W™ = k. )
PM-1 Whr—1
0 wk
(M+1)x1 M (M+1)x1
14 sin2xg
1+ sin2xq
w’ = . ,
1+ stn2xp-1
14 sin2x)p (M+1)x1
oF = zom(ets 4 et 1) 4 (3sin2x, — 1)’ ~7/D 1 <k < N.
Therefore

w* = inv(A) (" — Bw* ).
; N [ petpeei |
Step 2: We will find {n}, , {#}1 by formulas (12) and (15).

M
Step 3: We will find {{uﬁ}év}o by formulas (11) and (13). The errors are computed by

M 3
2
E, = max ( |U(tkaxn)_um h) ’
0

k€0,N o
E, = max |p(ty) PE PR )
kEL,N 2

Numerical solutions of problem (9) u (t,z) at (tg,z,) is uf and of p(t) at t;, is 22722 The result of
numerical experience for problem (9) is provided in Table 1.

Table 1

Error Analysis

Error | M=N=20 | M=N=40 | M =N =80

E, 0.0002 0.00005 0.00001

E, 0.017 0.0043 0.0011
Conclusion

In thistarticle the SIP for the one-dimensional SE with non-local boundary conditions is studied.
A second order. of accuracy Crank-Nicolson difference scheme for the numerical solution of the differential
problem is presented. Theorem on stability of this difference scheme is established. The numerical results are
given. Finally,this operator approach permits us to investigate one-dimensional SE with classical boundary
conditions.
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A. Amepameies! 3, M. Ypynrh4

L Taay Hlvevic yrusepcumemi, Hukocus, Typrus;
2 Peceiti wasvikmap docmuwie, yrusepcumemi, Macxkey, Pecei;
3 Mamemamura scone mamemamurasvi modeavey uncmumymaot, Aamamo, Kasaxcman;
4 Tanamacapat yrusepcumemi, Cmambya, Typrus

Jepekkesai nageHTnduKanusiaay oeiictTamoHapJIbl ecedi YImiH
Kpauk-HukoJ/ICOHHBIH, aiibIPbIM/IBIK, CXEMAaChl TYPAaJIbI

Makairaia 6eitioka b eKapaJsblK mapTrapbl 6ap Ilpeaunrepain 6ip esmem i TeHaeyi YIIiH 1epEeKKO3/Ii
ueHTUMURAIUsIay ecebi KapacThIpbLIAbl. nddepeHnuaiipiK ecenTi caHIbIK IMIelTyre apHaFaH eKiHII
monmik perTi Kpank-HukoacoHHBIH albIPBIMIBIK, CXeMAaChl YCHIHBLIFAH. OChI aflbIDBIM/IBIK CXEMAHbBIH, IIIe-
HIiMiHIH TYPaKTHIIBIFBIH OarasayIapbl JOJIEIIEH/ Tl KOHE CAH/IbIK HOTHKeJIep KeJITipiiIreH.

Kiam cosdep: nnentudukanusiay maceseci, [IIpeaunrep Tenaeyi, ailbIpbIMIBLIK, cxeMachl, Kpanka-Hukosicon,
TYPAKTBLIBIK,.
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A. Ammppaneies! =3, M. Ypynrh 4

L Bausienesocmowrn ynusepcumem, Huxocua, Typuus;
2 Poccutickuti yrusepcumem 0pysicbu. napodos, Mockea, Poccusa;
3 Mnemumym mamemamuky U Mamemamudeckozo modeauposanus, Aamamu, Kaszaxeman;
4 Tanamacapatickut yrusepcumem, Cmambya, Typuus

O passocTHOIT cxeme Kpanka-HwukoJjicoHa 11 HecTalimoOHAPHOI
3aJ1a4i UAeHTU(PUKAIINN UCTOYHNKA

B crarpe paccmorpena 3amada maeHTH(UKAINNT UCTOYHUKA JJIsi ogHOMepHOro ypasHenus lllpenunrepa c
HEJIOKAJIbHBIMU T'DAHUYIHBbIMU ycjaoBusaMu. lIpencrasiena pasnoctHas cxema Kpanka-Hukosacona BToporo
MOPSIKA TOYHOCTH JIJIsT IUCIEHHOTO pertenns auddepeHnnaabaoi 3amaan. Jloka3aHbl OIEHKH yCTOMYNBO-
CTHU PeIlleHus 3TOI PAa3HOCTHOI CXeMbl, U IIPUBE/IEHbl YUCJICHHbIE Pe3yIbTaThI.

Kmouesvie crosa: npodbiema nnenrudukarun, ypasaenue IIpeaunrepa, pasnocrnas cxema Kpanka-Hukosicona,
YCTOMYUBOCTbD.

References

Prilepko, D.G., Orlovsky, D.G., & Vasin, I.A. (1987). Methods for Solving Inverse Problems in Mathemati-
cal Physics. Dekker Incorporated Marcel.

Kabanikhin, S.I. (2014). Methods for solving dynamic inverse problems for hyperbolic equations. Journal
Inverse Ill-Posed Problem, 12, 493-517.

Belov, Yu.Ya. (2002). Inverse problems for partial differential equations. Inverse and Ill-posed Problems
Series, VSP.

Gryazin, Y.A., Klibanov, M.V.; & Lucas, T.R. (1999). Imaging the diffusion coefficient in a parabolic
inverse problem in optical tomography. Inverse Problems, 15(2), 373-397.

Ashyralyyev, C. (2014). High order of accuracy difference schemes for the inverse elliptic problem with
Dirichlet condition. Boundary Value Problem, 5, 1-23.

Ashyralyyev, C. (2014). High order approximation of the inverse elliptic problem with Dirichlet-Neumann
conditions. Filomat, 28(5), 947-962.

Ashyralyev, A., & Ashyralyyev, C. (2014). On the problem of determining the parameter of an elliptic
equation in a Banach space. Nonlinear Anal. Model. Control, 19(3), 350-366.

Ashyralyev, A., & Urun, M. (2013). Determination of a control parameter for the difference Schrodinger
equation. Abstract and Applied Analysis, ID 548201, 1-8.

Kostin, A.B.4(2013). The inverse problem of recovering the source in a parabolic equation under a condition
of nonlocal observation. Matematicheskii Sbornik Russian, 204(10), 1391-1434.

Ashyralyev, ‘A. (2010). On a problem of determining the parameter of a parabolic equation. Ukrainian
Mathematical Journal, 62(9), 1397-1408.

Choulli, M., & Yamamoto, M. (1999). Generic well-posedness of a linear inverse parabolic problem with
diffusion parameter. Journal of Inverse and III-posed Problems, 7(3), 241-254.

Ashyralyev, A., & Emharab, F. (2019). Source identification problems for hyperbolic differential and
difference equations. Journal of Inverse and Ill-posed Problems, 27(3), 301-315.

Saitoh, S., Tuan, V.K., & Yamamoto, M. (2002). Reverse convolution inequalities and applications to
inverse heat source problems. Journal of Inequalities in Pure and Applied Mathematics, 3(5), ID 80,
1-11.

Ivanchov, N.I. (1995). On the determination of unknown source in the heat equation with nonlocal
boundary conditions. Ukrainian Mathematical Journal, 47(10), 1647-1652.

Borukhov, V.T., & Vabishchevich, P.N. (2000). Numerical solution of the inverse problem of reconstructing
a distributed right-hand side of a parabolic equation. Computer Physics Communications, 126, 32-36.
Ashyralyev, A., & Erdogan, A.S. (2014). Well-posedness of the right-hand side identification problem for
a parabolic equation. Ukrainian Mathematical Journal, 66(2), 165-177.

Mathematics series. Ne 2(102) /2021 43



A. Ashyralyev, M. Urun

44

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

Samarskii, A.A., & Vabishchevich, P.N. (2007). Numerical Methods for Solving Inverse Problems of
Mathematical Physics. Inverse and Ill-posed Problems Series, Walter de Gruyter, Berlin, New York .
Blasio, G. Di., & Lorenzi, A. (2007). Identification problems for parabolic delay differential equations
with measurement on the boundary. Journal of Inverse and Ill-Posed Problems, 15(7), 709-734.
Ashyralyev, A., & Agirseven, D. (2014). On source identification problem for a delay parabolic equation.
Nonlinear Analysis Modelling and Control, 19(3), 335-349.

Orazov, 1., & Sadybekov, M. A. (2012). On a class of problems of determining the temperature and
density of heat sources given initial and final temperature. Siberian Mathematical Journal, 53, 146-151.

Ashyralyev, A., Erdogan, A. S., & Sazaklioglu, A. U. (2019). Numerical solution of a source identification
problem. Journal of Inverse and Ill-posed Problems, 27(4), 457-468.

Aliev, F.A., Ismailov, N.A., Haciyev, H., & Guliev, M.F. (2016). Methot to determine the coefficient of
hytdrolic resistance in different areas of pump-compressor piper. TWMS Journal of Puresand Applied
Mathematics, 7(2), 211-217.

Aliev, F.A., Ismailov, N.A., Namazov, A.A., & Rajabov, M.F. (2016). Algorithm for calculating the
parameters of formation of gas-liquid mixture in the shoe of gas lift well. Applied and. Computational
Mathematics, 15(3), 370-376.

Hicdurmaz, B. (2020). Finite difference schemes for time-fractional Schrédinger equations via fractional
linear multi step method. International Journal of Computer Mathematics.
DOI:10.1080,/00207160,/1834088.

Ashyralyev, A.,& Urun, M. (2019). Time-dependent source identification problem for the Schrodinger
equation with nonlocal boundary conditions. AIP Conference Proceedings, 2183, 070016.

Hidurmaz, B. (2015). Initial Boundary Value Problems for Fractional Schrédinger Differential Equations.
PhD Thesis, Gebze Technical University, Kocaeli.

Sirma, A. (2007). Nonlocal Boundary Value Problems for Schrédinger Equation. PhD Thesis, Gebze
Institute of Technology, Kocaeli.

Sirma, A. (2021). Rothe-Maruyama difference scheme for the stochastic Schrodinger equation. Internati-
onal Journal of Applied Mathematics, 34(2).

Sadybekov, M. A. (2018). Stable difference scheme for'a nonlocal boundary value heat conduction problem.
e-Journal of Analysis and Applied Mathematics, 2018(1), 1-10.

Agirseven, D. (2018). On the stabilityrof the Schrodinger equation with time delay. Filomat, 32(3),
759-766.

Hicdurmaz, B. (2020). Multidimensional problems for general coupled systems of time-space fractional
Schrodinger equations. Journal of Coupled Systems and Multiscale Dynamics, 6(2), 147-153.

Hicdurmaz, B. (2020).-Finite difference method for a nonlinear fractional Schrédinger equation with
Neumann condition. e-Journal of Analysis and Applied Mathematics, 2020(1), 67-80.

Ashyralyev, A., & Urun, M. (2021). Time-dependent source identification Schrédinger type problem.
International Journal of Applied Mathematics, 34(2).

Bulletin of the Karaganda University





