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Quadratic Poisson algebras on k [z, y, z]and their automorphism

various

One of the important directions in modern mathematics is applications of Poisson structures a:
problems of mathematics and theoretical mechanics. These problems arise in dynamics of
the celestial mechanics, the theory of curls, cosmological models. Poisson algebras play a key
Hamiltonian mechanics, symplectic geometry and also are central in the study of quantumgg

m group of Poisson
,z} = y*. One interesting
stablished and is proved
utomorphisms ¢, = (az, ay, az),

One of the important directions in modern - €s is applications of Poisson structures and to various
problems of mathematics and theoretical ese problems arise in dynamics of a rigid body, the
celestial mechanics, the theory of curls, co giea odels Poisson algebras play a key role in the Hamiltonian

of the theory of Poisson structures in
since the latter allows to make the a

Recall that a vector spa k endowed with two bilinear operations « -y (a multiplication) and
{z,y} (a Poisson bracket) isson algebra if B is a commutative associative algebra under x -y, B
is a Lie algebra under { and satlsﬁes the following identity (the Leibniz identity)

Q {o -y, 2t ={z. 2} y+a-{y 2}
It is well k@, at the automorphisms of polynomial algebras k [z, y] and free associative algebras
vatiab

statements of many theorems more vivid and substantial.

k{x,y) in tw les ‘are products of affine automorphisms

i.e are tame.
It was proved that the known automorphism of Nagata [5, 6]

(o112 + @21y + Bi, cio + oy + f2) , 45, B € k

angular automorphisms

wz(04155+f(y)7042y+52)a041,042 Ek*af(y) Ek[y],ﬁg €k7

= (24 (@® —y2)z, y+2a® —y2)e+ (¥ —y2)’z,2),
of polynomial algebras k [z, y, 2] in three variables and Anick automorphism |7, 8]

0= (x+z(zz—zy), y-+(xz—2y)z,2),
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of free associative algebras k (z,y, z) in three variables over a field k of characteristic 0 are not tame, i.e are
wild.

In work [9] is proved that the automorphisms of two-generated free Poisson algebras k {z,y} over a field k
of characteristic 0 are time. Moreover [1, 4, 9], groups of automorphisms of algebras k [z, ], k (z,y), k{z,y} are
isomorphic, i.e.

Aut k[zq, 22] &2 Autk < xq1, 29 > Aut k{1, 22}

One of the main problems of affine algebraic geometry (see, for example [10]) is a description of automorphism
groups of polynomial algebras in n > 3 variables.

A classification of all homogeneous quadratic Poisson brackets in three variables is given in w
these algebras the most interesting is the Poisson algebra P on polynomial algebra k [z, y, 2|

{m,y} = 227 {y,z} = .’E2, {Z,{E} = y2‘

This paper is devoted to the description of the automorphism group of Poisson alg section 2
provided informations necessary, designations and definitions are. One interesting Poissor between the
homogeneous algebraically dependent elements is established. Further, in section preved that the group of
automorphisms Auty P of algebra P is generated by automorphisms ¢, = (
§ = (z,ey,£22), where ¢ — a solution of an equation 2% +z + 1 = 0.

Results of this work in a short form are explained in [12].

Preliminary inform(@z

A vector space P over a field K endowed with two bilinear@perations « - y (a multiplication) and {z,y}
(a Poisson bracket) is called a Poisson algebra if P is a commfibati sociative algebra under z -y, P is a Lie
algebra under {z,y}, and P satisfies the following identit

{z,y-z} ={zg +9a{z,z}.

There are two important classes of Poisson alge

1) Symplectic algebras S,,. For each n the &
with the Poisson bracket defined by {z;,
symbol and 1 < 1,5 < n;

2) Symmetric Poisson algebras P,
PS(L) is the usual polynomial alg
{ei,e;} = [ei, ;] for all ¢, j, wher

Let is given a Poisson br.
that

a polynomial algebra k[z1,y1,...,Zn, yn], endowed
z;, %} =0, {yi,y;} = 0, where §;; is the Kronecker

.‘Ret L be a Lie algebra with a linear basis ej,es,...,ek,.... Then
Kleryea, ... ek, ...] endowed with the Poisson bracket defined by
e multiplication of the Lie algebra L.

on polynomial algebra k[z1, 2, ..., z,]. From Leibniz identity follows

_ of 99  9dg Of
{f?g} - Z (8_33181‘] 8Il 83? > { Zaxj}? (1)

1<i<j<n

, g of rational function algebra k (21, x2, ..., ,,) we define an element { f, g} by a formula (1).
frg,h € k(x1,29,...,x,) the next equations are executed:

{f’h}_h2 {fvg}h g{f7h})
D{{f,9},h}+{{g,n}, f} +{{h. f},9} = 0.

oof. The statement (a) is trivial.
Let’s prove equation (b). Using a formula (1), we get

iy 3 (U020

1<i<j<n

B Z <<6$ +fax1) Oz; O ((%c] +f87j)>{x“%}—

1<i<j<n
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1<i<j<n 1<i<j<n

:{fvh}g+f{gah}'

For the proof of the statement (c) we use equation (b). We have

{fa%}:{f79}%+g{f,%}:{f7g}%+g > <8f o (4

Ox; Ox;
1<i<j<n ¢ J

of oh  oh of dg Oh  Oh dg
2 <3_xi&c3 0z, 0 ){f”“mﬂ}“f 2 (6_:l:i8x] s O )m’mﬂ}_

) 0(3) of
" o axj>{x“"””

-5 Y (i s ) ) = ek~ Un)

1<i<j<n

1
= gy h g
Let’s prove the statement (d). For any a,b,c,d,p,q € k[z1,22,...,2,
consider added {{%,g ,g} in equation (d). Using statements (a), (b),

{{%’s}é}={%<{%’c}d—c{%,d}>5}=—{

C

+{%{d,%},§}: {W({ca}b a{eb}).

- ({ pag (e.ayb—afed}), {c.a}

]

b @ @ d,a}b—a{d,b}),g} =

b—a{c,b}>,q}—

@
—{5ap (d:a}b—afd, b} = ({d.afb—a{d.b}).q}) =
:—% - , b2dg— ({c,a}b—a{c,b}) {p,bzd}q)—i—
P

b}}6%d — ({c,a} b —a{c,b}) {q,b°d}) +

a{d,b})}v*d’q — c ({d,a} b — a{d,b}) {p,b’d*} q) —

{c,a}b—a{c,b}}b?d*q — d* ({c,a}b—a{c,b}) {p,b*d} q —

kg, e (0,8} b — o {d, b} B2 — e ({d,a}b— a{d,b}) {g,17d}) ) =
g; ) | | ~ & ({e )

b2d® {q,{c,a}b—a{c,b}} + pd® ({c,a}b—a{c,b}) {q, b2d} —
{p,c({d,a}b—a{d,b})} b*d*q + c({d,a} b — a{d,b}) {p,b°d*} q +

+p{q,c({d,a}b—a{d,b})} b*d* — ¢ ({d,a} b — a{d,

b}) {q,b°d*}) .

aking similar conversions with addeds {{9 b } ‘;} and {{ ) 5 } , g}, and summing them up, we get

d’q

GG+ {25

C
AN

Corollary. The bracket {-,-} sets up the structure of Poisson algebra on rational function algebra

k (xla L2y .uey mn)
Lemma 2. Let a,b,c be homogeneous algebraically dependent
k[x1, 22, ..., Ty, ...] over a field k of characteristic 0. If {-,-} is a Poisson br

deg(a) a {b, ¢} + deg(b) b{c, a} + deg(c) ¢ {a,
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elements of polynomial algebra
acket on k [z1, %2, ..., Tp,...], then

b} = 0.
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Proof. Let’s consider a case when polynomials a, b and ¢ have identical degrees. Then there is a nontrivial
homogeneous polynomial F' (z,y, z) of degree p such that

F (a,b,c) =0.

If ¢ # 0 then having divided the last equation on ¢ we have

F (9, b 1) —0.
¢’ e
Since F'(X,Y,1) # 0 from here we get algebraic dependence of ¢ and IE’.
By [13], if f,9 € k (z1, 22, ..., Zn, ...) are algebraically dependent then for all i < j we hav
of 99 99 of _

Oz; Ox; " Ox; &vj ’

ie. {f,g} = 0. Therefore,
{ec)
T (= 0. ®
¢’ c

By Lemma 1 (c¢), we have
b 1
0:{%75} 2 <{ZJ b}c—b{%c

-2 (Clz (fa,by e —afebhe— 5 ({ache—afe c})y

(a0} ¥ a{c b} Aa, c}b

N a{b,c} +b{c,a} + c{

Now let deg (a) = p, deg (b) = q, deg (¢) = r. Then a c®® are homogeneous algebraically dependent
elements of identical degree. Therefore,

ad” {bP", PO} 4 bPT

P {a? b’} = 0.
Using Leibniz identity from here we get

pgr (pa {b, c} #gb{c c{a,b})a? " tpprtepat = .

Therefore,
Lemma 3. Let p,q and r —gpairwi i Y, 2 p) = deg(q) = deg(r).
Ifp+¢3+r3=0, thenp,
Proof. Turning on, to algebraic closure of the field k, it is possible to consider what k is
algebraically closed. Le statement of a lemma by induction on deg (p). If deg (p) = 0, then p, q,r € k*.
Let deg (p) > 04 The
3
(=p)° = ¢’ + 7= (¢ —mr) (¢ = 72r) (¢ = 737), (2)
where 1, V2,73 oots of an equation 23 + 1 = 0. Note, that multipliers in the right part of this equation are
pairwise , e p,q and 7 are pairwise coprime, by lemma’s condition.
ince eff part of equation (2) is a full cube of a polynomial p from here we get
—mr =a’
q—yor ="0° (3)
q—7sr=c

for some pairwise coprime polynomials a, b, ¢ € k [z, y, 2].
Let’s choose «, 3,7 € k such that a® = v3 — v, 2 = v — 73, 7> = 72 — 71. Then a; = aa, by = Bb, ¢; = ¢
satisfy an equation
a? + b3+ cf =0.
Obviously, deg (a1) = deg (b1) = deg (¢1) < deg (p). Therefore, according to the assumption of induction ay, by
and ¢; — constants. Then from the system of the equations (3) follows that p,q and r are also constants. This
contradiction finishes the proof.
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Main results

In this section we study automorphisms of Poisson algebra P on polynomial algebra k [z,y, z] such that

{zyt =22 {y.2}=2% {z2} =42
Recall that Auty P denotes automorphism group of Poisson algebra P. The algebra P has automorphisms

Oy X YT, Y VY, 2z, Y €K

TIT =Y, Y2, 222

and
x>, y— ey, 2 — €2,

where € — root of an equation 22 + 2 + 1 = 0.
Theorem. Let k — any field of the characteristic 0 in which the quadratic equation x2 -+
Then the automorphism group Auty P of Poisson algebra P is generated by automorphi
Proof. Let 0 — any automorphism of algebra P such that

Therefore,
{a,b} =2, {b,c} =a® {c,a} =0 (4)
Then we have
2deg (¢) < deg (a) + deg,(b)
2deg (a) < deg (b) +
2deg (b) < deg (c
Summing these inequalities up, we get deg (a) = deg
Suppose that deg (a) > 2. Let’s consider the

and ¢, respectively. Since ¢ — automorphism o
algebraically dependent and

{a,b , {e,a}=b". (5)
By Lemma 2 we get
545+ =0. (6)
If (E l_) c) p, where p € k [z, then there are the homogeneous polynomials aq, by, c; €
€ k[z,y, ] such that

a’_p a1, b_p b17 C_p Cc1
and (ay,b1,c1) = 1. Fy 11 ) follows that

ad + b+ =0.
Therefore b e elements a1, by and ¢; are constants, that contradicts (5).
Thus tomorphlsm ie.
T = 1+ A

o y—la+ Ay
zZ —r 13 + )\3 R
where, [; — linear parts of automorphism o and \; € k, 1 <1 < 3. Let’s write

T =t =T+ oy + sz + Ag;
0 Y=ty = 12T + qooy + 322 + Ao;
zZ —r t3 = a13x+a23y+a332+)\3 s

where
11 Q2 0a3
J (O’) = 921 22 23 =A= (Oém’)
Q31 Q32 (33
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and det (A) # 0.

To find coefficients «;; (1 <14,j < 3) it is enough to substitute values t1,t2 and t3 in ratios (4) and to
compare coefficients at the corresponding degrees x,y and z. We have

{1z + agiy + aziz + A\, a122 + a2y + agoz + Ao} =

= (1022 — a12021) 2° + (12031 — a11032) Y + (21032 — Aoz0v31)
= (132 + q23y + azzz + A3)°.
From here aj3 - a3 =0, ajz-aszz3 =0, asz-azz3 =0 and A3 = 0. 3 cases are possible:
1) If gz # 0 then as3 =0 and a3 =0, ie. t3 = assz.
Substituting value ¢3 in the second equation of ratios (4), we get
{a122 + agy + azaz + Ao, ag32} = —a2033Y° + aoaszz’ = (0117 + a21y + «
From here 11 - 021 = 0, 11 - 31 = 0, g1 - (31 = 0, 31 = 0 and )\1 =0.
At ay1 # 0 we have

t1 = a1z, to = ooy + a3z + Ao,

The third equation of ratios (4) gives

{aszz, 12} = (qo2y + 04322 )
wherefrom we get ags = 0 and Ao = 0. Therefore,

t1 = a1z, to = Qg

where 11 - a3z = a3y, a11 - a2 = 34 and a22 33 here follows a11 = 22 . Then a3y — a3y = 0.
Therefore, oo = 33, Qo2 = €3z OF Qoo = €233, W oot of an equation x> — 1 = 0. Thus, we have
32/7 Z — (332

01 ;
o9 : — (33€Y, 2 — (33%;

L — €x, Yy — azz€’ Y, Z — (332.

2) If a3 # 0 then a3 =0 a Similar reasonings give

T — 932, Y — 3T, Z —r 093Y;

05 : X — (23€2Z, Y — a23€2f£, Z — (23Y;
0 : T — 023622, Y — Q3€T, Z — (23Y.

3) If a3 #Q then'@gs = 0 and ags = 0. In this case we have
07T — Q13Y, Y — 132, 2 —> 13,
08 : T — (\13€Y, Y — a13€22, Z — (137,
09 : & — Ollgezy, Y — Q\13€Z, Z — (13T.
us, we got all possible automorphisms of algebra P. From here it is easy to conclude that
252 2 .
0-1 = QOOé337 02 =T 6 T<)004337 03 =T 57-()0(1337
_ 2 =75 _ 52 .
04 =T Pazz; 05 = TOTPas;3, 06 = TO TPass;
2
07 = TPargy 08 = 0TPqay5, 09 = 0" TPq,q-

Therefore the automorphism group of Poisson algebra is generated by automorphisms ¢,, 7 and §.
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% . Typrwicoekosa, I.'T. Asuena
klx,y, z] ke Tep aJredbpachbiHgarbl KBaApaTThiK Ilyaccon
apbl XKOHE 0JIAPJAbIH, aBTOMOPdU3MIepi
Kaszipri 3a FbI eMaTUKAHbBIH 63eKTi OarbITTapbIHbIH 0ipi [lyaccoH KypblIbIMIapbIH MATEMATHKA XKOHE
Teo M MKaHBIH 9p TYPJIi pobiemasiapblHa KOJIAany 00kl Tabblna bl By ecenrrep KaTTe! geHe-
e MAKACBIHIA, ACIAH MEXaHUKACBIHIA, KOCMOJIOTUSIIBIK, MOzebaepae kesneceai. [lyaccon amreGpa-
p BTOH MEXaHMKACHIH/IA, CUMILJIEKTUKAJIBIK I'€OMETPHUsIIA, COHBIMEH KATap KBAHTTBIK TOITAP/IbI
prTEyAe MaHbI3AbI pest arkapaasl. JIln—Ilyaccon »kakiamapblHbIH Keibip MaHbI3bI MbIcagaphl fAxkobu-
re Gesrisii GostraHbIH eckepre Kereitik. OublH MbIcasmapbiaga [lyaccon kakmmanaapbl [aMuIbTOH TeHIEY-
JiepiHiH, GipiHII MHTErpaJigapbl KeHicTirinme naiiga 6osran. CoHFbl yakbITKa fAeifin [lyaccoH KypbLIibIMIa-
THBIH, aJITe0paJIBIK, TeOpHUsiCHI a3 3eprTenreH. Kasipri yakosirra [lyaccon anrebpanapoia Peceit, @panrust,
AKIII, Bpasuiusi, Aprenruna, Bosrapus xkone T.0. ejiep/iiy Kenreren MmareMaTukTepi 3eprreyie. Makamia
[z, v, 2] xenmymrenikrep anrebpacsmma {x,y} = 22, {y, 2z} = 22, {z,2} = y* Gomaremmait P Iyaccon as-
rebpachIHbIH, aBTOMOPdU3M/Iepi TOOBIH cunarTayra apHasiarad. BipTekTi anrebpaJblK TOyesi JIeMEeHTTED
apacbIH/ia OIp IIyacCOHJIBIK, apaKATBIHAC TaraflbIHIAJbI, COHBIMEH Kartap P asnrebpaceiabi, Auty P aBTo-

Mopdu3MIEpi TOGBI Yo = (o, ay, az), a € k*,7 = (y,2,x) xoue § = (z,ey,%2) aBroMopdusMIepiHemn
TYBIHIAATBIHDBL JIDJIEJIIEH T, MYHIAFBL € — 2Z24+z+1=0 TeHaeyiHiH TYOipi.
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V.K. Typycoekona, [.'T. Asuena

KBagparuunbie anre6psr Ilyaccona Ha k[x,y, 2] n ux aBromopdu3Mbl

138
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OfHUM U3 aKTyaJIbHBIX HAIMPABJIEHU B COBPEMEHHON MATEMATHUKE SIBJISIIOTCST TPUJIOXKEHUsT TyaCCOHOBBIX
CTPYKTYP K PA3JIMYHBIM IPOOJIEMaM MATEMATHKHA U TEOPETUYECKON MEXAHUKU. DTU 3aJa9U BOZHUKAIO
B JIMHAMUKE TBEPJIOro TeJja, HEDECHOI MeXaHHKe, TeOPUM BHUXPEHl, KOCMOJIOIMYECKUX MOZeNsAX. AJrebpn
IIyaccona mrpaioT KJIIOUeBYIO POJIb B TaMHUJIBTOHOBOM MEXAHUKE, CUMILIEKTUYECKOW I'€OMETPHUH U TaKXKe

ABJIAIOTCA NEHTPAJbHBIMU B U3Yy4Y€HUN KBAHTOBBIX I'DYIIII. OTMeTI/IM, YTO CaMO pa3BUTHE TE€OPUH II

MO3BOJISIET CAEIATH aOCTPAKTHBIE (OPMYTUPOBKI MHOTHX TE€OPEM 0oJiee HATIISITHBIMU U COZIED:
SameTuM TakKe, YTO HEKOTOPbIE BaxKHbIe IIpuMepbl ckobok JIu—Ilyaccona GbLau n3BecTHBI ere

Bpemsi anrebpnl llyaccona mccimemyiorcs muorumu maremarukamu Poccun, @panmumn, €
Aprentunsl, Boarapun u .. Hacrositast pabora MoCBsIeHa OIUCAHWIO IPYIIINBL aB ABMOB aJIrebphI
Tlyaccoma P wa asrebpe muorounenos k[z,y,z] maxoii, uro {z,y} = 27,{ 2. Vera-
HOBJIEHO OJIHO MHTEPECHOE IyaCCOHOBO COOTHOIIEHUE MEKJLY OJHOPOIHBIM ¢ M 3aBUCUMBIMU
3JIeMEHTAaMU U JIOKA3aHO, YTO rpymnmna aBroMopdusmos Auty P anreGpbl IBTOMOPU3IMaMA
Yo = (az, ay,az),a € k*,7 = (y,2,2) u § = (x,ey,£2), Tyie € — KOpeHb

J
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