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On the nonlocal problems in time for subdiffusion equatio
with the Riemann-Liouville derivatives

Initial boundary value problems with a time-nonlocal condition for a subdiffusion equa h
Riemann-Liouville time-fractional derivatives are considered. The elliptical part of qua is the
Laplace operator, defined in an arbitrary N— dimensional domain €2 with a sufficient boundary

0. The existence and uniqueness of the solution to the considered problems are ved. Invetse problems
are studied for determining the right-hand side of the equation and a function in a e-nonlocal condition.
The main research tool is the Fourier method, so the obtained results ca; temded to subdiffusion
equations with a more general elliptic operator.
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Introductio \
Let 8 < 0,0 < p < 1and a function ¢(t) be define [0,00). Denote by Jtﬁq(t) and 97q(t) the
fractional integrals and the Riemann-Liouvilléyderivatives, réspectively, defined as (see, e.g. [1; 14]):

t
1 d
Ja(t) = —— / a s, Aq(t) = —Jq(t), t>0.
0

Cdt

Let © be an arbitrary N — dimen omain with a sufficiently smooth boundary 0f2.
Consider the following ti problem:
(,t) = f(z,t), 2€Q, 0<t<T; (1)
u(l‘vt)‘ag =0; (2)
J, lu(a:,t)‘t_'E = a%ir% Jtp_lu(:n,t) +o(x), 0<E&ELT, 2€Q, (3)
= —

N 2
where o(z) are given functions, « is a constant, £ is a fixed point and A = > %z is the

k=1 """k

Laplace operator. This problem is also called the forward problem.
We note the following property of the Riemann-Liouville integrals, which simplifies the verification
of the initial condition (3) (see, e.g. [1; 104]):

. p—1 _ . 1-p
thOJt u(x,t) F(p)tl_lgrlot u(x,t).
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On the nonlocal problems...

From here, in particular, it follows that the solution to the forward problem can have a singularity
at zero t = 0 of order t*~!.

When solving the forward problem, we will first solve various auxiliary problems for equations with
the Riemann-Liouville derivative. We will also consider inverse problems. The definition of a classical
solution in all these cases is exactly the same. As an example, we present the definition of the classical
solution to the forward problem (1)-(3).

Definition 1. A function u(x,t) with the properties

1 ti=Pu(z,t) € C(Q x [0,T)),
2 u(z,t), Nu(x,t) € C(Q x (0,T))

and satisfying conditions (1)-(3) is called the solution to the forward problem.

The main goal of this work is to study the influence of parameter « on the correctness et préblem
(1)=(3). In this regard, we will apply the Fourier method, which ensures th€é comsidevation of the
following spectral problem

{ — Av(z) = w(x), ze€Q )

v(:z)bﬂ = 0.

Since the boundary 02 is sufficiently smooth, this problem has a completein Ly (2) set of orthonormal
eigenfunctions {vg(x)}, £ > 1, and a countable set of positive eigenvalues {\;}, (see, e.g., [2-4]). It is
convenient to assume that 0 < Ay < Ay - -+ — +00.

We note that the method proposed here, based on the Fourier method, is applicable to equation
(1) with an arbitrary elliptic differential operator A, D), if only the corresponding spectral problem
has a complete system of orthonormal eigenfunctions i, Lo(§2).

We also note that if a = 0, then the consideéxing forward problem passes to the backward problem,
which is well-studied in work [5]. The backward preblém for equation (1) with the Caputo derivative
was studied in [6-8|. Therefore, further w@ assume that o # 0. About backward problems, we note
only the following: These problems arg,not‘well-posed in the sense of Hadamard, i.e., a small change
in function ¢ in condition (3) leads te,a laFgeichange in the solution.

As will be shown below, if o & [0,1), then, under standard conditions on the given functions f
and ¢, problem (1)—(3) is un@énditionally solvable and has a unique solution. If @ € (0,1), then the
solvability of the problem depends on whether there exists an eigenvalue Ay, of the spectral problem
(4) such that E,(—A,t?) = and what is the multiplicity po of this eigenvalue Ay, (here E, is the
Mittag-Leffler function, seé the definition below). If such an eigenvalue exists, then for the solution
to the problem totexist, it 15 niecessary that each function f and ¢ satisfy pg additional orthogonality
conditions. Moreevery the solution of the problem will not be unique. If there is no eigenvalue Ay, for
which E,(—M,t”)=,a,then problem (1)-(3) is again unconditionally solvable.

Wefwill alse,study two inverse problems for determining the right-hand side of the equation and
funétion @mpthc nonlocal condition (3), respectively. In this case, for both inverse problems, as an
additienal condition, we take the condition

u(z,0) =¥(z), 0<OLZT, 0+#E z€. (5)

Here, to avoid the uniqueness problem, we will assume that o > 1. In the case of the inverse problem
of determining the right-hand side of the equation, we will assume that f depends only on the spatial
variables z: f = f(z).

Note that all these problems for equation (1) with the fractional Caputo derivative were considered
in [9]. However, in this work, the existence of a generalized solution to the problems is proved. The
convenience of studying the generalized solution by the Fourier method lies in the fact that when
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proving the convergence of the corresponding series, one can use the Parseval equality and reduce the
question of the convergence of functional series to the study of the convergence of numerical series.
When proving uniform convergence, this approach does not work. Therefore, in the present paper, we
apply the lemma of Krasnoselskii et al. [10], which reduces the study of uniform convergence to the
study of convergence in Ly(€2).

Usually, to determine the solution of non-stationary differential equations uniquely, an initial
condition is specified. However, in some cases, non-local conditions are used, for example, in the form
of an integral over time (see [11], in the case of diffusion equations, [12] for fractional-order equations),
or in the form of a relationship between the value of the solution at the initial and final times {see [13],
[14]). We also note papers [15], [16], where boundary value problems given with fractional devivatives
are studied.

As for the inverse problem of determining the function ¢, we point that such a problem was studied
only in the work [17] (with the exception of work [9], which was mentioned above). Theauthiors 6f [17]
considered this problem for the subdiffusion equation, which includes the fractignal Gapubo derivative,
the elliptic part of which is a differential expression with two variables and_genstant goefficients.

The inverse problems of determining the right-hand side (the heat seurce “density) of various
subdiffusion equations have been considered by many researchers (seé, e.g:, [18]). We note that the
inverse problem of determining the right-hand side of the equation giweh inan abstract form f(x,t)
has not yet been studied. The obtained results deal with the separate@®ource term s(t)f(z). The
appropriate choice of the overdetermination depends on the,ch6iee Whether the unknown is s(t) or
f(z). It should be noted that studies of inverse problems, where the function s(¢) is the unknown,
are relatively few (see, e.g., [18] in the case of fractional ordeéx eqmations and [19]-[21] in the case of
equations of integer order).

Many authors have considered an equatiom in whichys(fhp= 1 and f(z) is unknown (see, e.g., [22]-
[40]). Let us mention just a few of these works®¥he casg of subdiffusion equations whose elliptic part
is an ordinary differential expression is consideredyinf’[22]-[28]. The authors of the papers [29]-[33]
studied subdiffusion equations in which th&elliptic part is either a Laplace operator or a second-order
operator. The article [34] examined theginverse problem for an abstract subdiffusion equation with the
Cauchy condition. In article [34] andsin moSt other articles, including [29]-[32], the Caputo derivative
is used as a fractional derivative. (Recentharticles [35]-36] are devoted to the inverse problem for the
subdiffusion equation with thefRiemannsLiouville derivative.

In [33], [38], [39], non-selfzadjeint differential operators (with non-local boundary conditions) were
taken as the elliptical part ofg@a subdiffusion equation, and solutions to the inverse problem were found
in the form of bigorthégonal series.

In our previougywork [40], we examined the inverse problem for the simultanecous determination
of the order of the Riemann-Liouville fractional derivative and the source function in the subdiffusion
equations. Uging the, classical Fourier method, the authors proved the uniqueness and existence of a
solutieh @, thislinverse problem.

We algo note works [41]-[44] close to the given topic in which inverse problems of determining
boundary funetions in problems of control of heat propagation processes are studied.

1 Preliminaries

In this section, we formulate the lemma noted above from the study by Krasnoselskii et al. [10],
the fundamental result of V.A. Il'in [3] on the convergence of the Fourier coefficients and recall some
properties of the Mittag-Leffler function.

Let A stand for the operator acting in La(Q2) as Ag(x) = —Ag(x) with the domain of definition
D(A) ={g € C*() : g(z) = 0,z € dQ}. We denote the self-adjoint, extension of A in Ly(Q) by A.

~

To formulate the indicated lemma, it is necessary to introduce the power of operator A.
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Let o be an arbitrary real number. The power of operator A, acting in L2(2) is defined as:

=Y Marve(@), gk = (g, 0n),

and the domain of definition has the form

[e.e]

D(A%) = {g € Ly(®) : 3 A7|gul? < o0}.
k=1

For elements of D(A?) we introduce the norm . \

lgllz = > A lgwl* = [|A79]1%.
k=1

The following lemma plays an essential role in our reasoning (see, e o

453]).
ge Io(Q) into C(Q2), and

Lemma 1 . Let 0 > 4. Then operator A-° continuously maps t
moreover, the following estimate holds

1A= gllcg@)
When proving the existence of solutions to forwar problems it is necessary to study
the convergence of series of the form
T —, 6
N 5 (6)
where hy is the Fourier coefficient of ion h(z). In the case of integers 7, the conditions for the

membership of the function A(z) in classical Sobolev spaces
W2 (©) were obtained in the work of II'in [3]. To formulate these conditions, we introduce the class
W2 () as the closure in the of the set of all functions that are continuously differentiable
in © and vanish near the

So, if function h(x) s sfthe conditions

|z

@), and h(z), M), - A R@) e W), (7)

r series (6) (we can take 7 = % + 1if N is even, and 7 = % if N is odd) converges.
i we replace 7 by 7 + 2, then the convergence conditions will have the form:

n) e WP @), and hix), M), AR € i), 8)

Next, let us remind some properties of the Mittag-Lefller functions. For 0 < p < 1 and an arbitrary
complex number p, by E, ,(2) we denote the Mittag-Leffler function with two parameters (see, e.g. [1;
12]):

oo

Ep,u(z) = nz:% m

ZTL

If the parameter p = 1, then we have the classical Mittag-LefHer function: E,(z) = E,1(2).
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In what follows, we need the asymptotic estimate of the Mittag-Leffler function with a sufficiently
large negative argument. The estimate has the form (see, e.g. [45; 136])
C
E, (-t <——
Bpu(—0) < 1,

where p is an arbitrary complex number. This estimate essentially follows from the following asymptotic
estimate (see, e.g. [45; 134]):

t>0, 9)

By u(—t) = ﬁ LOo(t7?). (10)

We will also use a coarser estimate with a positive number A and 0 < e < 1:

p—1 P ! e—1l,ep— 1 ®
7 B (M) < s < O £ >0, \ (11)

which is easy to verify. Indeed, let t’X < 1, then ¢ < A~'/? and

tp—l _ tp—sptsp—l < )\E_ltEP_l.

If tPX > 1, then A\7¢ < ¢*° and
)\_115_1 —_ )\—1+5)\—€t—1 < )\E—ltsp

Proposition 1. The Mittag-Leftler function of negative argl —1) is monotonically decreasing
function for all 0 < p < 1 and \
(12)

0< E,(—

Proof of this proposition can be found, for exa
Proposition 2. Let p > 0 and A € C. Thengfor all positive’t one has

t
[ B A E B (), (13)
0

‘P LB, o )\t”)) = E,(\t*). (14)
Proof of this proposi &@und for example, in [45; 120].

@ Well-posedness of the forward problem
First, we con%@ lem for the homogeneous equation:

Aw(z,t) =0, z€Q 0<t<T;

and

(15)
J” K |t g—a}grg)J["lw(w,t)+¢(w), 0<¢<T, zel,

where s a given function.

Theorem 1. Let function v (z) satisfy conditions (7).

If « ¢ [0,1) or a € (0,1), but E,(—A\x&”) # « for all £ > 1, then problem (15) has a unique
solution, which has the form

Z tp_lEp,p(_)\ktp)Uk(x)a (16)
— )\kfp -«

where v, is the Fourier coefficient of function v (x).
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If o € (0,1) and E,(—A,&”) = o for some eigenvalue Ay, with the multiplicity pg, then we assume
that the orthogonality conditions

Yr = (Y,vr) =0, k€ Ko = {ko,ko+1,....., ko +po — 1} (17)

are satisfied. Then solutions to problem (15) have the form

wk p—1 -1
= E, (= Ait? PEE, o(—ARt? 1
w(z,t) By aer) = T Epp(=Aut?)up(x) + D btP By p(— Mt )ug(x),  (18)
k¢ Ko keKo
with arbitrary coefficients by, k € K.
Proof. In accordance with the Fourier method, we will look for a solution to prgbl 5)in the
form of a series: *

H =3 Tubunle), 6\
k=1

where Ty (t), k > 1, are solutions to the nonlocal problems:

O Ty (t) + N Ti(t : @ (19)

-1
JP T (¢ ‘t ¢ —a%lme (20)
Let us denote
lim Jf~ ! (21)
t—0

Then, the unique solution of the equation (1 hat satisfies the condition (21) has the form Ty (t) =
bitP " E, (= AktP) (see, e.g. [46; 173], [1; 16], an
Equality (14) implies

™ = bREy(—A\rgP).
=
Therefore, from the nonlocal,cond ) we obtain
(E (—Ak&P) — @) = Py (22)
By virtue of propert the Mittag-LefHler function, E,(—A£”) # « for all « > 1 and o < 0
(note, & > 0 and re from (22) we have

7 b S COé 9 k Z ]-7 23
D Il < Caluid (23)

1. Then according to Proposition 1, there is a unique Ag > 0 such that E,(—Xo&”) = a.
If there genvalue equal to A\ , then the estimate in (23) holds with some constant C, > 0.

has the form (16).

Finally, let 0 < o < 1 and there is an eigenvalue equal to A\g, having the multiplicity po: A = Ao
for k = ko, ko + 1, ..., ko + po — 1. Then the nonlocal problem (19), (20) has a solution if the boundary
function ¢ (x) satisfies the orthogonality conditions (17). Since ¢, = 0, then arbitrary numbers by are
solutions of equation (22). For all other k£ we have

g,

b =
T E () —a

lbe| < Coltrl|, k¢ K.
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Thus, the formal solution to problem (15) in this case has the form (18).

Let us show that the operators A = —A and 87 can be applied term-by-term to series (16) and the
resulting series converges uniformly in (z,t) € Q x (0, T]; for series (18), this question is considered in
a similar way.

Let S;(z,t) be the partial sum of series (16). Then

J
Uk
—AS; = E A
0= LA E e —a

P E, (= \et?)up ().
Using the equality R
Aoun(a) = N unl) .
with o > % and applying Lemma 1 for g(z) = —AS;(x,t), we have \

J
| = A8, O)l2 g < C > A
k=1

Here, to estimate the Ly(€2) norm, we applied the Parseval’s equali
Apply estimates (9) and (23) to obtain

J
|| — ASj(l‘,t)H%(Q) < O 1202 Z )\i(a_H)
k=1

Therefore, if 1(z) satisfies conditions (7), the
u(z,t) = Au(x,t), t >0, and the above esti

J
100w (z, )][E @< Cat > D ALlwl?, ¢ >0,

k=1
which means 9/ w(z,t) € C(R x ( @

For Sj(z,t), taking into a; nt ate (9), we obtain

J

T N

%psj(%tmzcm) < Ca > Mplkl?, 7> 5
k=1

Hence t'~Pw(z, t x [0,T7]), which was required by the definition of the solution to problem (15).
i the solution to problem (15) is proved in exactly the same way as in work [9].
of the reader, we present this proof.

nt to show that the solution to the problem:

Hw(x,t) — Aw(z,t) =0, z€Q, 0<t<T;
w(at)‘aQ =0;

p—1 o . p—1 —
J} w(:v,t)’tzg—alltl_r}éJt w(z,t), 0<E<T, x€Q,

is identically equal to zero.
Let wy(t) = (w(z,t), vi(x)). Since operator A = —A is self-adjoint, one has

O wi(t) = (Ofw(z, t), vp(x)) = (Aw(z, t), ve(x)) = (w(z, t), Avg(x)) = —Ngwp(t)
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8fwk(t) = —\pwi(t) (24)

and the nonlocal condition implies

J wp(t)]_. = a hm JP (). (25)

D),e =

Let us denote %in% Jf g (t) = bg. Then the unique solution to the differential equation (24) with
—

this initial condition has the form wg(t) = bitP~1E, ,(—At?) (see, e.g.[46; 174]). From equality (14)
and the nonlocal conditions of (25) we obtain the following equation to find the unknown nufabers by:

b (By(—M&?) — ) = 0. . (26)
If o ¢ [0,1), then by virtue of the Proposition 1 we obtain by = 0 for all £ > 19 o , 1)y but

Ak # Ao for all k, then E,(—A&”) # o and therefore by = 0. Hence, if a ¢ | or'@c (0,1), but
A # Ao for all k, we have all by are equal to zero, therefore wy(t) = 0. By ‘%ompleteness of
the set of eigenfunctions {vk(x)}, we conclude that w(x,t) = 0. Thus, pro (1 this case has a
unique solution.

Now, suppose that a € (0,1) and A\, = Ao, k € K¢. Then E,(—
equation (26) has the following solution: by = 0 if k£ ¢ Ky and by

, k € Ky and therefore
itrary number for k € Kj.

Thus, in this case, there is no uniqueness of the solution 4o lem (15). Theorem 1 is completely
proved.
Now consider the following auxiliary initial-boundary; blem:
Hw(x,t) — Aw(z,t) = 0<t<T,

B o0 = 0;
. p—1 _
%1_{% Jw(z,t) =0,
We have the following theorem for this‘problem:

Theorem 2. Let t'=P f(z,t) as a funl x satisfy conditions (7) for all ¢ € [0,7T]. Then problem
(27) has a unique solution and thi ion ltas the representation

w 1P By p (= M”) fi(t — m)dn | vi (), (28)
where fi(t) are Fourie cients of function f(z,t): fr(t) = (f(-,t),vk).

Proof. It is kno e formal solution of the problem (27) has the form (28) (see, e.g. [46; 173],
[47]). In order to t function (28) is actually a solution to the problem, it remains to substantiate
this forma i.e., to show that the operators A = —A and 97 can be applied term-by-term
to se 8 e resulting series converges uniformly in (z,t) € Q x (0; 7.

@ be the partial sum of series (28). Then
t

J
—AS Z / - 1Epp )\knp)fk(t - 77)d77 )\k”l}k(x)

k=1

Let 0 > %. Repeating the above reasoning based on Lemma 1, we arrive at
' 2

J
| = A8 OlIE@) < [|A77 YA o) / 0 By (=) fi(t —m)dn|| <
= 0 c(Q)
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. t 2
j
S At unte) [ BNVl = mn|  <
= 0 La(®)
(apply Parseval’s equality to obtain)
j t 2
<O N [ B N fult = i ¢ >0,
k=1 A
Then, by inequality (11) with 0 < € < 1 one has
it \ 2
= 880l < €3 | [ = gl - s 77) ,
k=1

0

or, by the generalized Minkowski inequality,

t

N

||—ASj(x,t)||2C(Q)§C[/nsp Lt — ) 1(Z|)\Tt_ yie 4@% r=o+e>
0

Since t'=P f(x,t) as a function of x satisfies conditions (7) fo \ , then
| = A8, )¢ 0

Hence —Aw(z,t) € C(Q2 x [0,T]) and in (x,%¥) € C(Q2 % [0,T7).

J
Further, from equation (1) one has 9/S;(t) = )+ > frk(t)vg(x), t > 0. Therefore, from the

above reasoning, we have 8/w(z,t) € C(Q % (0,T7).

The uniqueness of the solution can ed by the standard technique based on completeness in
Lo(Q) of the set of eigenfunctions see, e.g. [9]).

Theorem 2 is completel

Now let us move on to sol t in problem (1)—(3). Let ¢(x) and t=7 f(z,t) (for all t € [0,T])
satisfy conditions (7). If y = o(x)— Jp_lw(:c t)’ . and w(z,t) and w(z,t) are the solutions

of problems 27 andg(15)fcorzespondingly, then function u(z,t) = w(x,t) + w(z,t) is a solution to
problem (1 e, we can use the already proven assertions.
Thus, 1f a ¢ (0,1), but A\g # Ao for all £ > 1, then

- or — wi(§) -1 _ w ol
@ o ;[Ep<—Aksp>—atp Ero A+ ’““)} e 2
where

wi(t) = / 1 B (At fi(t — ).

The uniqueness of the function u(z,t) follows from the uniqueness of the solutions w(z,t) and w(z,t).
If € (0,1) and A\ = Ao, k € Ko, then

Pk — wk(i) tp_lEp7p(_)\ktp) + wk(t)] Uk(x) + Z bktp_lEp’p(—)\ktp)Uk(x)- (30)

u(z, t) = Ey(—Méf) — 5

k¢ Ko [
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The orthogonality conditions (17) have the form

(3071}]6) = (‘]lfpilw(a"?t) t—g ,’Uk), ke KO; KO = {k07k0 + 17 ceeey kO + po — 1}

Instead of these conditions, we can take orthogonality conditions that is easy to verify:
((p,’Uk) =0, (f(-,t),vk) =0, forall t € [O,T], ke Ky, Ko = {ko, ko+1,.....,ko +po — 1}. (31)

Thus, we have proved the main result of this section:
Theorem 3. Let o(z) and =P f(z,t) (for all t € [0,T]) satisfy conditions (7). If a ¢
a € (0,1), but A\g # Ao for all & > 1, then problem (1)—(3) has a unique solution and this sol

the form (29).
If @ € (0,1) and A\x = Ao, k € Kp, then we assume that the orthogonality® ions
satisfied. The solution of problem (1)—(3) has the form (30) with arbitrary coefﬁcierN

8 Inverse problem of determining the right-hand side of the

are

Let us consider the inverse problem

Wu(z,t) — Au(z,t) = f(z), 0<t<T; z¢€ ;@
u(:L’,t){&Q =0; (32)

p—1 . p—1 ‘ el
J} u(ﬂv,t)|t:5 = a%gr(l) J{ u(z,t) + ga(a:\ <T, xe€q,

with the additional condition
u(z,8) = U(x), <6< £ zeq, (33)

where the unknown function f(z), characterizin e action of heat sources, does not depend on ¢ and
U(z),¢(x) are given functions, o > 1, £ and 0 are points of (0, 7.

Note that if § = &, then the nonlocal condition in (32) coincides with the Cauchy condition
%i_I}I(l) JP u(x, t) = ¢ with some 1. In“bhi e, this inverse problem was studied in [35].

Theorem 4. Let functions ¢(x) £ atisfy conditions (8). Then the inverse problem (32), (33) has
a unique solution {u(z,t), f » % solution has the following form

o — Ep(—)\k§p)
0P)EP Ep pi1(—Ak€P) + 0P Ep 11 (—ApbP) [ — Ep(—Ai&P)]

0" Epp(=Mib”)
)& By pit (~MP) + 09 By pi (< Ai07)or — Ep(— 7)) "

W+

]vkm, (34)

7 on = fu€ Ep pr1 (=€) + fit” By pra (=it )} up(z). (35)

us first show that the series (34) and (35) are formal solutions to the inverse problem.
Then we show the uniform convergence and differentiability of these series.

Suppose f(z) is known. Then the unique solution to problem (32) has the form (29). Since f(z)
does not depend on ¢, then, owing to formulas

t
wi(t) = fi / P LE, (~ A )dn
0

and (13), it is easy to verify that the formal solution of problem (32) has the form of (35).
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Due to the additional condition (33) and completeness of the system {vi(z)} we obtain:

Ep,p(_Akep)
Ep(_Akgp) -

After simple calculations, we get

o ep_l[sok - fkprp,p-l-l(_)\kfp)] + fkepEp,p-i-l(_)\kep) = \IJk

fi = 0= By(Aut?) Wt
07~ Ep p(=Akb0°)6P Ep p 11 (= AkEP) + 0P Ep o1 (= Ak07) [ — Ep(—AkéP)]
" 07 Ep (= Mi0”) _
0P LBy o (= Ak0P)EPEp o1 (= Ak€P) + 0P Ep pi1 (= A0P) [ — Ep(— Akfp)] ; :
Therefore, series (34) is a formal solution of the inverse problem.
Let us prove the convergence of this series uniformly in € .
If Fj(z) is the partial sums of series (34), then by applying Lemma 1 as have
j
1F ()13 0y < Zxk [f1 + fro)? < 2zx2vfk1 +2Z i+ 20y, (36)
k
where o > %. Since € > 0, then 0P71E,, ,(—A\t0°)EPE, i1 ( ’ Therefore
J 20 2
a— E,(—A\ &P A2 |
n;<y - . aﬁ( ka) . |V N
e o1 (= Ak0P)[ar — Ep(—= Ay, |9pE 1 (—=Ai07)]
Apply the asymptotic estimate (10) to get
SUE a1 SN
I17‘§ <C Al |\I/k|,7':20'>—.
’ Z(1+0(( H)* ; * 2
Since 6 > 0 and « > 1, then 9 F, 07)[oc — E,(—Ax&P)] > 0. Therefore,
J 2 J 2(0+1) 2
(=Akb”) 2 2 A ok
Iy; < AW lerl® = :
! ; k0P)EP Ep p1 (= MikP) ; 6P Ep o1 (= M8P) |
By virtue of (10),
Z X e
< < C AT ‘90k| T >
2, k )
(1+0((=Mmen) 1))~ =
Th x), U(x) satisfy conditions (8), then from estimates of I; ; and (36) we obtain f(x) €

(@),

Further, the fact that function u(z,t) given by the series (35) is a solution to the inverse problem
is proved exactly as in Theorem 1.

The uniqueness of the solution follows from the completeness of the systems of eigenfunctions

{vk(x)} (see [9]).
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4 The inverse problem of determining function ¢ from the nonlocal condition

Let us assume that in forward problem (1)—(3) not only function u(x, t), but also function ¢(z) from
nonlocal condition (3) is unknown. As an additional condition for this inverse problem, we again take

condition (5). We note that if = ¢ in this condition, then the nonlocal condition J* ™ u(z t)| g =
a%in% JP M u(x, t) + o(x) passes to the Cauchy condition 1%ir% JP (e, t) = @1 () (with some oy (z)),
— —
which is investigated, for instance, in [35].
Theorem 5. Let t'=P f(z,t) as a function of x satisfy conditions (7) for all ¢ € [0, 7] and let function

U(z) satisfy conditions (8). Then the inverse problem (1)—(3), (5) has a unique solution {u(x,8), ¢(x)}

and this solution has the form
0 L 2
#le) = Z [prlEp,p( A,0P) [\Ilk B+ :U)c.’ \
oK — wi(§)

P By (= At?)
Zl |: )\kgp — PaP( k )7
where
t
wi(t) =/77p YE, (- Mp) ;
0
Proof. The solution to problem (1)—(3) has the (s Theorem 3). Therefore, condition (5)
implies:
— [ or —wi(¢ )00
9) = =U(x).

Passing to the Fourier coefficients, we have

s"’“_“”“‘—IEM M) + wi(0) = Wy, k> 1,

or
(—A€P)
Uy — wi (6
ep 1Epp )\kep [ k Wk( )] + Wk(f)
Thus, equality (37) y established. Now, we show that series (37) converges uniformly in z € 2.
Let ®;(z) be ial sum of series (37). Then applying Lemma 1 as above, we arrive at
j 2
(=) —
= 32”” Bl - \%!2 +wr(O)P] + (P | = @5 + ©F + (39)
9r—1E, ,(— /\keﬂ) o

where o > Z' Since |E,(—Ai€”) — a| < C, then by virtue of the asymptotic estimate (10) we obtain

Aetgr2(q - d N
U0 g <o S A2, r =205 N
(14 0((=Mt)1)) pu 2

¢}<CZ
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Similarly, by estimates (10) and (11) we have

0 2

J 20422712
ALTE0TE(L = p _
( ) 5 /n" YE, o (= Xen”) f1(0 — m)dn| <
0

CZ (L+O0((—x87)71))

2

1 1+O( )\kGP)

(by the generalized Minkowski inequahty)
( 1—p fk 0 77 > \

d CA]%)O——FZ / 1 1 1 1—
Z E /ne" O =P 2O =)0 fr(0 = n)ldn
0

<c. / g — et [ SN0 - ) d

J

<C. )\7"1’26 A=r e ()2 K
trerf% P fr (b))

For @?, one has 23 A

J
O <D ONT| [ (- \W)dn <
k=1
2

0 . 1 .

J 2 J
<C| [ ' O-nr"! Ml (0 =)' P Fe=g))* | dn| <C M2 ()]
<c|[we-n (}jku ) #) o) < e S Ae)

o

Since functions ¥(x), f(z,t) satisf ions of the theorem, then by virtue of estimate (39), we
have () € C(Q).

The fact that the functien,d @ y equality (38) is a solution to problem (1)—(3) is proved
similarly to Theorem 3.

The uniqueness of th io the inverse problem follows from the completeness of the system
of eigenfunctions {wvg( )@paee Ly(R) in the standard way.
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P.P. Amypos!, 10.3. Daiisues?

L Ogbexcman Pouavim akademuacorvry, Mamemamura unemumymo, Tawxenm, Osbexcmar;
2 .
Osbexcman yammok yHusepcumemi, Tawkenm, O36excman

Pumvay-JInyBnaap TybIHIbICH 0ap cyoauddys3usa TeHjaeysiepi yoriH

YaKBbIT OoiibIHIIIA JIOKaJIbJIbIEMeC €ecellTep TypaJibl

VaxkprT 60tibrHIA Goutek perti Puman-JInyBusas TybiHapLIaps! 6ap cydanddy3ust TeHIeyIepi YIITiH yakbIT
OOMBIHIIIA JIOKAJIbIbIEMEC IapThl 6ap OaCTAIKBI-IIETTIK ecernTep KapacThIpbLIFaH. TeHJIey iH SJIIUIICTIK
Geutiri Jf) »KeTKimiKTiI Teric mekapacbl 6ap ke3 keiaren N — esmemMi {2 oOJIBICBIHIA aHbIKTa FaH Jlamiac
onepaTopbia 6epei. KapacThIpbLIbIT OTBIPFaH €CerTep/IiH, melTiMiaiH 6ap 60Tybl MEH >KAJTFBI3IBIFL 1916
neuni. Tenpeymiy OH 2KAarblH 2KOHE yaKbIT OOUBIHINA JIOKAJIbIbIEMEC MAPTTHI (DYHKIUSIHBI aHBIKTAY YIIiH
Kepi ecenrep 3eprresai. Oypbe d1ici 3epTTey/aiH HErisri KypaJsbl O0JIbIT TaObLIAIbI, COHIBIKTAH AJILIHFAH
HOTHUKEJIEP aHAFYPJIBIM YKAJIIIBI SJUIAICTIK OmepaTopsl bap cybanddy3us TeHaeyepine Tapasybl MyMKiH.
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Kiam cesdep: yakplT GOMBbIHINIA JIOKAJIBAbIEMeC ecerrrep, Puman-JInyBuiuib TybiHabIIapsl, cybauddy3us
TeHaeyi, Kepi ecenrep.

P.P. Amypos!, 10.3. ®aiizues?

L nemumym mamemamusu B.M. Pomanoscrozo Axademuu nayx Yabexucmana, Tawxenm, Yabexucman;
2 Hayuonarvrod yrusepcumem Yabexucmana, Towkenm, Vabexucman

O HeJIOKAJIbHBIX 33aJlavax 110 BpeMeHU /IJisi ypaBHEeHUt
cyoanddy3un ¢ Mpon3BOIHBIMU PI/IMaHa—HI/IYBE

PaccmoTpensr HavabHO-KpaeBbie 33/1a9n C HEJOKAJTHHBIM 110 BPEMEHH YCJIOBUEM JIJTsT YPABHEHHST b=
dy3un ¢ IpoGHBIME 110 BPEMEHM NpOouU3BOAHbIMU Pumana—JluyBusuisa. Dimmnrudecka; BHEHUSI
npejicraBisier coboit oneparop Jlamiaca, onpeseseHHbIil B IPpOM3BOJIbHON N-pasme T {2 C j10-

CTATOYHO TIaAKo# rpanuneit Jf). JTokazaHbl CyIeCTBOBAHNE U €UHCTBEHHOCTD PE " pacc PUBaeMBIX
3agad. MccaenoBanbl obpaTHble 3a/Ja4u M1l ONPEIe/IeHIsT IPAaBOil 9acTh ypaBHEe u KIIUU B HEJIO-
KaJIbHOM BO BpeMeHH ycjioBun. OCHOBHBIM MHCTPYMEHTOM HCCJIEIOBAHUS 5B, M ®Dypbe, IOITOMY

MOJTyYEHHBIE PE3YJIBTATHI MOTYT OBITH PACIIPOCTPAHEHBI HA YPABHEHUS C y3uu ¢ 6osee OOIUM 3JI-
JIAITUYECKAM OIIepaTOPOM.
Karouesvie caosa: HEJTOKAJIbHBIE IO BPEMEHU 33/1a4H, H]Z)OI/I3B& -JInyBuiuist, ypaBHenue cy6-

nuddysun, oOpaTHbIe 3aTa4N. \
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