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The tri-harmonic Neumann problem

In this article investigated the tri-harmonic Neumann function for the unit dics. For harmonics functions
the Neumann’s boundary problem is well studied and solved under certain conditions through Neumann’s
function, sometimes it is also called Green’s function of the second order. Any case of finding of Green
function of the corresponding boundary value problem is very important for this or that area D as it
contains extensive information, allowing to write out a large number of analytical solutions-in the form
of integrated ratios. At the same time the specified procedure makes the main difficulty at the solution
Dirichlet and Neumann problems and in an explicit form Green function is known only for a small number
of simple areas. The harmonics Green function with itself consistently leads to the subsequent polyharmonic
Green function which can be used to solve the subsequent Dirichlet problem for higher.order of the Poisson
equation. Methods of integrated transformation have received tri-harmonic'Neumann function in explicit
form for the unit disc of the complex plane with biharmonic Neumann function. With Neumann’s function
an integrated idea is given by development for the tri-harmonic operator. Above-mentioned polyharmonic
Green function for the unit disc gives rise to the solution some specific polyharmonic objective of Dirichlet
problem. In the same way harmonic Neumann function with_itself consistently leads to the subsequent
polyharmonic Neumann function. Received in the present article result allows to expect interesting prospects
in further development of the analytical theory of boundary valua problems in complex analysis for the
equations of elliptic type.
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The Neumann function for the Laplacian of the unit disc is given as

Ni(z,0) = —log (¢ =2)(1 - =) (1)

This function are related to the fundamental solution of the Laplacian. The Neumann function on the
boundary satisfies

&/le(ZaC) = (z@z + 282)N1(z,() = -2.

Neumann boundary conditions-are given via outer normal derivatives 9,. For the unit disc this is

0y = 20, + Z03.

Typical for Neumann problems is that they are in general not well-posed. They are neither always solvable
nor uniquely solvable. As well solvability conditions have to be determined as normalization conditions to be
posed.

The bi-harmoniec Neumann function has the form [1], [2].

12 LAk 4 (50)F
No(2.0) = 1€~ 22 log (¢ — )1 - 20 — 4] 44y B
k=2

log(1 — zf) n log(1 — z(¢)
2( zZC

12 [ + 5] log |1 — 22 — (1 + =) (1 + [¢[2) [
and satisfies the Neumann problem

0.0:Nz(z,¢) = N1(z,¢) in D for fixed ¢ € D;

0. No(2,¢) = 2(1 — [¢]*) on 0D for fixed ¢ € D
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and the normalization condition

1 dz
Mo, )% =0,

21 oD

Moreover, Ny is symmetric in z and ¢, Na(z, ) = Na((, 2).
Theorem 1. The Neumann problem

(8235)210 = finD, d,w =y, 0,0,05w = v, on ID;

1 a¢ 1 ) % B
i Kl:lw(é)? = Co, 27”'/|<|—1w“(<) C =

for f € L,(D,C), 2 < p, 7,7 € C(OD;C), cg, c1 € C is uniquely solvable if and only if

1 d¢ 2 2
— — = - — — déd
i f O =21 [ a=Ieraan
and
1 a¢ 2
— —= =— d&dn.
i | QT =2 [ sy
The solution is given as
d
we) =~ (1~ lePer + = [ Nz Oag(Q) Pl (2, I (0} -
¢l=1 9
[ Nz Qe (3)
I¢l<1
Definition. The Neumann-3 function for the unit disc D is
Ny(z,0) = — 7 I¢ A= 8| (B8 2)(1 — 201 + a2, ) (1)

where n3(z, () is tri-harmonic in both variables with proper boundary behavior. The properties of the third
Neumann function are

020N ) = Na(2,¢) in D\{C} for ¢ € D
03 (26 =~ (1~ CP)? — 50, Na(2, ) on 0D for €,
where
0. No(2,¢) = 2(1 — |¢|*) on OD for ¢ € D,
so that
0,.30(.0) = = | 51~ KPP+ (1= 6P)]

1 d
— Ng(z,g)fzomrgeﬂ);

211 |z|=1

NB(ZaC) = Ng(C,Z) for ZaC €D.

It is important that the normal derivative of N3(z,() with respect to z does depend on ¢ but not on z. In
order to find N3(z,() in a proper way some particular Neumann problems are investigated. We must calculate
function n3(z,¢). From a formula (3) we will express function:

na(2,€) = Ny(2,) + 11¢ — 2I* log (¢ — 2)(1 — 20) . 6
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We will prove some properties to which function (5) satisfies:

Doma(2,€) = 0:Ny(2,¢) — (¢ — 2)(C— 2 log (¢ ~ 2)(1 — 20) P~
1 af 1 ¢ .
—3/¢ 7l (g—z+1z§>’

azaETLS(ZvC) = N2(27C) + |< - Z|2 log |(C - Z)(]' - Z§)|2 + 2|< - Z‘2_

1 2 2 ! ! '
_§|§—z| (1 - )(1_24“—’—15()’

(axkfnﬁz¢3::6—(1—wc2)(15254—1;i%>-—;(1—Id%2((1_tcp-+(1_2CV),

for |z| =1 then

Buns(2,€) = —5 (1= [P = (1= ICP) + 51 — 272 — 2C — 20) log g B> 20)” + 51 — 21

0,0.0.m5(2.C) = A2 — € — 2) + 2(2 ~ =€ ~ &) logf1 — 20 © (1~ ()
1 —_— 1200 1—2C
30—l - =020 - - 100 (e ¥ =% )

follows.
Next the first solvability conditions of Theorem isverified.

1 dz 2
— Oyns(z,)— =2ep— = 1 — [2])8.0sn3(z, ¢)dxdy.
s | 2oms(=: 0 —peng B (1~ oy0.0ems oy
At the beginning consider the left-hand side
1 dz 1 1
- 6,/ R — (1= 2\2 1— 2
i [ 0T o [ =50 -0

_ _ d
#5120 og (¢ — (1 - 50 + 51¢ - 51} £ -

% ST I = (1= ICP) + 3G + g1el* + 3lc+

1
5 ICH T 4l + ¢ = 0[P + [ - 1.

Also to solve the right-side of the condition, namely:

2¢; — z/ (1= |21*)0:0:n3(z, ¢)dady,
|z|<1

T
where
1 dz
1 = % 2]=1 8265713(274.)? -
1 _
=— {N2(2,¢) +1¢ — 2[*log (¢ — 2)(1 — 20)* +
2mi Jigl=1

5 1 9 9 1 1 dz
#IG = 5P = 3l = P - 10P) | 7o+ o | £
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=4l 424 2CP — L (1 1CP) — 21— ICP) = TP + 1

and solving separately:

2= 000 oy =
|z|<1

™

- i/|z|<1(1 — 2P {6 — (1= 1P <1124 1 —12C> -

301 (s + () o =

=6-2(1—[¢]*) = (1 = [¢]*)* = 3 +4[¢* — [¢*

it follows that

™

2
=2 [ (000 den = 100 15 ¢
<1
We have proved the validity of the first condition:

10[¢* + I¢I* = 1 =10[¢* +J¢I* 1.

In the next step we verify the second solvability condition of¢ Theorem 1:

1 dZ - 2 N2
i [ Do0dena(2 0% = 2 /IZ|<1<azaz> ng (2, C)dady.
The left-hand side is
1 dz
% i al/azazn'&(zaC)? =
1 _ _ _
=5 {4(2 —2C —=20) +2(2 -2 — 20) log |1 — 2> — (1 = |¢))+
|z]=1
1 9 ® _ o (1—=2¢C 1—2( dz
30 iR o 20— - i) (1 1) £ -

=BA|gts (1-[¢1)? = (1= ¢ (1 = [¢?) = 6 +8[¢|* — 2[¢|".
Then evaluating the right-hand side of the condition shows

g/ (8235)2n3(z,()dxdy =
[¢l<1

™

2 ()
516 (=g + (g o =

— 12— 41— [¢2) — 21— [¢2)> = 8+ 4[¢J* — 2+ 4[¢[ — 2I¢|* = 6+ 8J¢ P — 21|

Hence the second conditions is satisfied, i.e.

6+ 8|¢J* — 2I¢|* = 6 + 8|¢J* — 2[¢|*.

In order to find the solution of Theorem 1, we also must calculate

32 Bectnuk Kaparanmguackoro yuuBepcurera



The tri-harmonic Neumann problem

1 dc
Co = i et 713(270? =

1 Lo Vs

=5t [ {00+ jicsttoslic - 0 - 0r}

Evaluating this integral shows ¢y = 2|¢|? — 2|¢|*.
Thus we have verified all the necessary and sufficient conditions of solvability of Theorem 1. According to
Theorem 1 the function ng(z,() is given as [3]:

1

ma(a O =t (1= o=z | Moo+

Va2, 0,000} 7 = 1 f | Nl O Q) =

3 1 ~ =
= 20¢? = SI¢l* + (1= [P+ 1) + /a_l { (1og1C = )15 6% ) %

< (—3 1= 162 = 1= 16+ g - G2 - o€ - COIBIGLGIATo+

+;|<—<”|4)}d§+1./“_1{(5—z|2uog|<5—z><1—z5)|2—41+

¢ 41
+o00 /g ~ Ak _ _ 7
+4Z% +2(2C + 20) log |1 — 2¢J2 — (14211 +|¢)?) [bg(lzgzmr

k=2
+“‘“<OD (42 - &8 +2(2 - & — O 1og 1 = CTP2 = (1 - [¢2)+

1 e 1-C¢ 1=\ | 4

—(1=1[¢]?) (2= — CO) =@ —|¢)? >> 2 —=—

5= IC)(EZ = 66 (o) = IC|)<1—<C+1—§Q>>}C

1 5 2 - —2C : )k

12026 450) log |1 — 28> — (1 + =) (1 + ¢ [lg“g%
z

10g(1—z() 2 1 L)
L D(G (1 lg)<1—€:€+1—§§>

L e 1 1
5 (1= 1<) ((1_5C>2+(1C©2>>}d£dn (6)

Then (6) we will insert in (4), from here we will receive [4]:

Ny(2,0) = —51¢ — 24 Tog (¢ — 2)(1 — 2O + s, 0) = 5 (11 +1al*) +5 (I +1) (12 +1) +

+2 (ICI2 + 12 + 6) + i (|<|2 - 1) (|z|2 . 1) (2¢ + 20) + |< —2*lo ‘ : ZZC

~[2 (e 2) (16 +2) + 5 (11t 1) o1 - o +

Cepust «Maremarukas. Ne 4(92)/2018 33



S. Burgumbayeva

5 (e 168) (14 2) (14 1) +4 (1P + 128 +2) |

log (1 — 2¢) N log (1 — z()] B

%S =<
1 4 4 log(1—2¢) log(1—2() 1 1]
—— ||z 1 1 ooy
p (=) (1) |22 ettt
= 1"+ 1) (121 + 1 |2 2 RS
Z{ [ 1+1)° ( (l)+(2)2 ) - |(l++41§‘|3 +6] {(ZOH Hzom_}’ &neeD. (7)
0

Theorem 2. The tri-harmonic Neumann problem

(0,0:)°w = finD, f e L,(D;C), 2<p< +60;

auw =70, 81,828511) =M ay(azai)zw = 7y2 on aDa Yo, Y152 S C(a]Dv(C)a
satisfying

: LY % < AL w%
Tﬂ_i IC‘:l’lU(()? = Cp, i /C_l 8<a<’lU(C)C = Cq, / _ (6<8C) w(é’) =9

is uniquely solvable if and only if

g [ w©F =20 - - g [ F 3 [ (0= P2 3) asan

21 Jop ¢ 167 Jap ¢
1 d 2
o [ nOF Se =2 -2 [ -1 (Qdsan
and
1 c 2
5 20 = = [ r0den
The solution is given as
1 1
w(2) = o0 (LB [2P) — e <4<1|z2> 30-1) + g [ 0o+
T Na(e, Om(Q) + Na(z, ()} 2 — 1 / F(QON3(2, Q)dedn,

Proof. Rewriting the Neumann-3 problem as the system

(8285)210 =win D, d,w = 7y, 8,0,0:w = v, on ID;

L. ’U.)(C)% = Cp, L/ 8@‘8&11}(()% =C1

21 Jop ¢ 27 Jop ¢

and

0,0;w = finD, d,w = 72 on ID, 212/ W(C)%

202

leads to the solvability conditions
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1 dc P
o | wOF fzcl——/(lf 1¢2)e(C)dedn (8)
and
B ac _ 2
57 [ 10T =2 [ w(odean Q

The solution then is

w(z) = o= (= P)er + 5 [ Go(OM(E0 +1(ONa(z.0) T
1
2 [wloma(e dsan (10)

B 1 . S dC 1 2\ ey F 9F g
w@=ert g [ wOM@GOT - L [ M Oracdi
Inserting w into the (8)-(9) conditions gives

1

211 oD

S _on Y [ e 1 ; £ dC
'YO(C)C =2c; 7T/]])(1 1q ){62+4ﬂi /8]])72(01\71((705

1 / NGO S dfdn} dedy

1.\ 1
(1—2|C|> T

wl) = o - (1= sP)of e (1] Nateiacan) + 1 [ om0+

with

N —

= [ a=1ePmitc Ondean =
T JD

Then inserting w into (10) shows

d
+71(¢)N2(2,6) ?C— ﬁ/ /N1 ¢,C)Na(z, C)dédn %Jr

1 1 . i
[ 1@ [ M6 ONa(e Odedndéa
So,we get

W= o ea(1  [2) ~ o3 (i<1—|z|2>2 31-1P) + 1 [ (0w

Moz Om(C) + Na(z, Oy —W/f O)Na(z, ) dedn,

where N;(z,(), Na(z,¢), N3(z () are given (1), (2) and (7) respectively.
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C.K. Byprymbaena

Tpurapmonukajbik HeilimaH ecebi

Jlamtac Tegaeyi THeCLI] SJIUIITHKAJIBIK TUIITEC TeHIeyIepi DU3UKAIIBIK KOJIJAHBLIYIaPhl MAHBISIBL PO TKA-
pazel. OJtapra CHIFBLIMANTBIH CYHBIKTBHIKTBIH, BIKTUMAJ KO3FAJIBICH, JIEKTPCTATUKAJIBIK, OPICTIH TMOTEHIHA~
JIBI, CTAITUOHAD KLY, JUMQY3UAIBIK yaepicTep, OpICTiH MOTEHIIHA Opici, a9pOMEeXaHUKAHBIH Macesesepi
Karaapl. EKiHII peTTi ChI3BIKTBIK, SJIIUNITAKAJBIK TeHJeyaepi YImiH, oHbly iminge Jlammac Temeyi yimin
Hupuxite >xone Heitman ecenrrepi Heriari mekTik ecenrrep 60/bIT TaObLTA B BYJT MEKTIK ecenTepiin HaKTh
mrenriMiepid Taby yImiH opTypJi aHAJIUTHKAJIBIK 9icTep Oap, MbicajFa, HHTErPAJIIbIK TeHJeyIep dIicTepi,
WHTErPaJIJIbIK, TYPJEHIIPY 9aicTepi, OeitHesey oici »koHe T.c.c. Bepinren D o06JbIChl YIIIH THICTI MIEKTIK
ecerrrifg, ['pun QyHKIUACHIH Tabyma Ke3 KeJTeH Karaaibl ©Te MaHbBI3/IbI, ce0ebl 01 KOMTEreH aHATUTHKAIIBIK
MIENM/Iep/ii MHTErPAJIJILIK, TYPJCHIIPY TYPIHIE »Ka3yra MYMKIHAIK OepeTiH ayKbIMIbl aKIapaT CAKTANIbI.
Avrpurran onicrep lupuxiie »xone Heliman ecenrepin 1mentyie Herisri KUbIHIBIKTAD TYFbI3a/bl 2KoHe [ puH
(DYHKIUSICHIHBIH, affKBIH TYPEri memriMi KapamaiibiM obsipicTap. yirH 6enrimi. Bipaik menbepi yrmia ['pun
dyaKIUsacH agram per AnMansu eHOeKTepiHAe menniMin Tankam, Oyn HoTmxke npuxiie ecebin memnryme
aJIFaIIKbl KaJIaMIapbIHBIH 6ipi 601k caHasa bl. COHBIMEH KOCa T'MOPH ] GUrapMOHUKAJIBIK, | puH byHKIHSs-
col TypaJsl I Berep enbexkrepine ke3ecemi xkoHe | puHDyHKIIASICHIHBIH THOPU, TOJIUTAPMOHIKAJIBIK, TYP-
Jiepinig opTypJii 60sybl eHOeKTepinae Ke3aeceni. Makasa aBTOpb TpurapMoHuKaJIbK, Hefiman ecebin 6ipik
menbepie 3eprrered. Heliman ecebi rapMOHUKAJIBIK (DYHKIUSIIAD YINIH YKaKChl 3epTTe/reH *KoHe Heiiman
GYHKIUSICHI apKBLIbBI HAKTHI MAPTTap/a IIelIiireH, Keiidip karmaitiapaa Oy MYHKIUSHBI eKiHIm peTTi
I'pun dyukmuscer gen araiiast. Tpurapmonnkaimbik Heiiman dyHKiuscol burapMonnkasbik, Heiiman ¢yHK-
[USICBIMEH KeIlleH YKa3bIKTBIKTHIH, GipJIiK IMeHOepiHae aifkbiH Typ/e Tabburan. Heliman byHKIUSICHIMEH UH-
TerpaJIiIbIK KOPIHICI TpUrapMOHUKAJIBIK, ONEPATOP/IBIH JTaMybIiHA KOJT Oepemi. Makaiaia aJblHFAH HOTHUZKE
JUINNITUKAJIBIK, TEHIEYJIED YIIIIH MIEKAPAJIBIK €CENITEP/IiH aHAJTUTUKAJIBIK, TEOPUSICHIH dpi Kapail JaMbITY/IbIH
KBI3BIKTHI Hos1anareiH 60Kayra MYMKIHIIK Gepesi.

Kiam cesdep: Hetiman dyukumsicer, ['pun GyHKIMACH, rapMOHUKAIBIK, QYHKINS, TIOTeHIHAa, opic, Jlupux-
Jte eceOi.

C.K. Byprymbaena

Tpurapmonnveckasi 3aga4da Heiimana

B crarne uecnenosana TpurapMmonundeckas pyHknus Hefimana Ha eaquHUYHON OKpy:KkHOCTH. JIj1s1 rapmo-
HUYecKnX QyHKImi 3amada Heiimana Xopormo m3ydeHa W pPeIieHa MPHU OMPEIETEHHBIX YCIOBUSX dYepe3
dyukmumio Heiimana, nHorja ee tak»ke HasbiBaioT dyHkiueil ['puna Broporo mopsinka. Besgkwmii ciygait
HaxXOXKeHusl (PyHKIUN ['puHA COOTBETCTBYIOIIEH KpaeBoil 3aja4uu sl Toi mian uHoM obsactu D Becbma
BaXKE€H, TaK KAK COJEPXKUT OOITUPHYIO MH(MOPMAITHIO, TIO3BOJIsIsI BBITUCATH OOJIBINOE 9UCJIO AHAJTUTUIECKUAX
peleHnii B BUJe HHTErPAIBHBIX COOTHOIIIEHU. B To 2Ke BpeMs yKazaHHas IIPOIELyPa COCTABIISET OCHOBHYIO
TPYJIHOCTb TpHU perennn 3aaa4 Jlupuxite u Heitmana, u B ssBHOM Buje (yHknusi ['prHa u3BeCTHA TOJBKO
Jj1si HeOOJIBINIOTO YHCJIa MPOCTBIX obsacreit. [apMmonnveckast dyuknus ['puna ¢ coboit mocsiemoBaTebHO
IIPUBOJIAT K IIOCJIEAYIOIIEH MOJUTrapMOHUYECKO (yHKumm I'puHa, KOTOpas MOXKeT HCIOJIB30BATHCS I
peleHust nocJseayroeit npobaemsl Jupuxie mjst 6ostee BbIcOKOro mopsinka ypasHenust 1lyaccona. Meto-
JaMF WHTErPAJBHOTO MPpeobpa30BaHms MOIYUYeHa TpUrapMonndeckas oyHkius Heiimana B SBHOM Bujie Ha
€IMHUYHONW OKPY>KHOCTU KOMILJIEKCHOH IIJIOCKOCTH ¢ GurapmoHmdeckoil ¢pyukuueit Heiimana. C dyHkimeit
Heiimana nHTErpasibHOE IpEJICTABICHNAE TAET PA3BUTHUE JJIT TPUTAPMOHUYECKOTO OIepaTopa. Y HOMIHYTasd
BBIIIIE IOJIUTApMOHNYIecKast pyHKIns ['prHa HA e IMHUYIHOM OKPY?KHOCTH TA€T HAYAJIO PEIIEHUI0 HEKOTOPOI
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KOHKPETHO! mosmrapMonndeckoit 3amadn Jupuxiae. Touno Tak ke rapmonmdeckas gpyukius Heiimana c
€co0OIi TIOC/IeOBATEILHO IPUBOIUAT K HOC/IEYIONIeH moaurapMonndeckoi pyukiun Heiimana. [TosryaeHubrit
aBTOPOM DPe3yJIbTaT MO3BOJISIET MPEJIBUIETh UHTEPECHBIE [TEPCIIEKTUBLI B JaJIbHENIIEM Pa3BUTUU aHAJINTH-
9eCKOM Teoprur KPaeBbIX 33729 B KOMIIJIEKCHOM aHAJIN3€e /Il YPABHEHUN SJITUNITHIECKOTO THIIA.

Kmouesvie caosa: dynkius Hettmana, dyukmus ['puna, rapmonndeckast GyHKIUS, TOTEHIIAA, TOJIE, 3a-
nada dupuxire.
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