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A priori estimate of the solution of the Cauchy probl
in the Sobolev classes for discontinuous coefficie
of degenerate heat equations

Partial differential equations of the parabolic type with discontinuous coefficients heat equation
degenerating in time, each separately, have been well studied by many authors. roblems for
time-degenerate equations of the parabolic type with discontinuous coefficien ctically not studied.
at equation with
ental solution to the
ith the help of these

discontinuous coefficients are studied in
uction are studied in the works [9, 10]. The

Partial differential equations of the parabolic
the works [1-8]. Time-degenerate equations

ou
tpa_tl = a3 Au; + fi(
tp% =aiAu

with initial conditions

ui(x,0) = @i(x),  ua(x,0) = @a(x), (3)

and with conjugétion conditions

u1 = U2 > (4)
Tpn=—0 rn=+40
8u1 8’[1,2
ke —— = ky—02 5
18% Tn=—0 2895” — )

where 2/ = (21,22, ..., Tn_1),
ki>0,p<1,(i=1,2).

The feature of the problem is that equations (1) and (2) with discontinuous coefficients degenerate
at the initial moment ¢ = 0.
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Method of solving.
To solve problems (1)—(5) let us consider an auxiliary problem A: in the domain D,;(z € R,
t > 0), find functions uq(x,t), us(x,t) that satisfy the equations

9
% - AU1 + fl(:U’t)’ ($,t) € D;Jrl = {(Ivt)axl € Rn_lamn < O,t > 0}7 (6)
% = Auz + fow,t), (2,8) € Dy = {(w,#),2" € B > 0,4 > 0}, (7)

with initial conditions

ul(x70) = 901(‘,17)7 uQ(xv 0) = 902(:6)7 (8)

and with conjugation conditions ® \
(51 = U9 y (9)
Tn=—0 Tn==0
k =k 10
15 255 &vn ) ( )

O, Zn=—0 Tp=-+0

where k; > 0, (i = 1,2). Applying to problem (6)—(10) the Fourier tra@vw respect to variables

8u1

x' = (1,2, ...,xy—1) and the Laplace transform with respect to vart btain an inhomogeneous

second-order differential equation TS
d2u ~ ~ D
1;1 - (p + ‘5/|2) uy = —f1(s', 20, \xn), Tn <0, (11)
dxz,
d*u ~ B
SR (p+ 191) T = [Nyl — Bl ), 0> 0, (12)
n

where s’ = (s1, $2, ..., Sn—1). Conjugation conditions (9)—(10) take the following form:

du1

d:z:n R

The solutions to~ 110@ 12) have the form:
¢~ / Fr(s', & p)e VI dg,, | ev/rtlsPony
2 p+|8 2
/ eVpHS " dén e_VpHS,'%", T, <0,
2\/p+|8 2

Tn
= 1 ~ — .
ﬂ2(8/7xn’p) = dl - W /F?(Slyg’nup)e_ s |2£n dfn e\/p'HS |233n+
p S
0

e, +| |2'/ p)eVPHe dg, | em VPR g, > 0,
p+ls
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here F;(s', 2, p) = f;(s', 20, p) + @i(s', 2), (i = 1,2). We obtain a solution to problem (11)-(14):

0
= Fu(s' np) ( —V/PH Plen—&nl 1 ) \/p+|s’|2(acn+€n)> d
u1(s', zp,p) {o WG + Xe n +

+ =
o [ 22 én,p e VPHSPEn—an) ge, g, < 0,
0 2 p+\s Vs
+oo=
(s p) = [ Felbnn) (eﬂ/p+|s'|2|wnfénl—Ae*\/“‘S'P(”"*f")) dén +
2( ns D) Of 2Pt |2 “n
0
+ f F1(S 7§nap)e—\/p+|3/|2(zn_£") df Tpn >0,

2
5o 2/l

L 4
ki—k 2k; -
here A = 2022, i = %, (i=1,2). \

The solutions to equations (6)—(10) have the form:

0 o ¢4 (@n—tn)?
e 4t ’

Rnfl —00
+0o o' &' P4(en—tn)?

T / /6_ (2\/7%)”

Rn—1 0

] i€ &, 7) dE'dEp+

D, ,

15
,\z’—s’|2+4§aon+sn>2 (15)
o ' En) dE'dEn+
+ 1% 901(5/7571) dg/dfn"f’
+oo  _|a—&' 2t (wp—tn)? €2 (wnten)?
e 4(t—T) e 4(t—1) , ,
|: n —A n :|f2(§a§n77-)d€d‘£n+
Rt (2 m(t — 7')) (2 m(t — 7'))
¢ 0 |/ =& 24 (en—tn)>
€ 40t=7) ’ / +
b far [ f o f1(€ 0, 7) dE'dEn, DY,
0 ph (2 m(t — 7'))
where d¢' = d&idéy - ... - d§pq, |2 — €| = \/(3312— &1)? er (2 —&)2 + .o+ (Tp_1 — En_1)?. We
_ 2’ =& P+ (zntén)
introduce the notation G(z' — &', x,, £ &,,t) = € (2\/7?:),1 . Then
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0
_ / / [G(ﬂ—g’,xn—fm)+AG<x’—s’,xn+§n,t>]¢1(§’,§n>d§'d§n+
Rn—1 —0o0

+o00o
o / / G — & tn — Enyt) o€ 0) dE'dE+
Rn—

0
/dT/ /[Gx—g ot )+AG(:c'—5',xn+§n,t—7>]f1<f',gn, ) dgldé,
Rn— 1 —00 ’
+u2/d7/ /Gaz €y — gt — TV o€ 7) dE G, Dy, \
0 Rr—1 0
+o00
Ug(l',t): |:G($,_§lal'n_§n7t)_ 6 xn+£n; @ gdé.n
R/l /
+ / / (@ — €, 2n — oy D)1 (€, E0) dE'dEn+
tRn o oo (17)
+/d7 / /[G(a:’—é’x it ¢ n+§n,t—T f2§ €0, 7) dE'dE, +
Rn 1

+u1/d7/ /Gas—s,azn RV A € T) dEdE,, D
0

Rn—1 —
We have obtained the soluti toproblem (6)—(10) in the form (16)—(17).
|2
Using [11], for the function I'(x

= € \ﬁ)"’ we obtain an estimate:

_slel?
Ce 9%

g

|DEDJ"T(x,1)] <

This estimate is valid faom [12]. Here § < 1.

— & w1 — &1, t) the same estimate can be given:

_glz=el®
DkDm I ¢l _ < € t
| Mt (l‘ & xn—1 fnflyt)| <

$EEm
Now consider the auxiliary problem B. Consider the Cauchy problem for a degenerate heat equation:

in the domain D}, | = {(z,t),z € R",t > 0} to find a function u(z,t) that satisfies the equation

tp% =Au+ f(x,t), (z,t) € Dpy1 = {(z,t),z € R",t > 0}, (18)

with initial condition
u(z,0) = p(z). (19)
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By applying the Fourier transform in variables = (1, ..., z,) to equation (18)

ou O
P 25 =
t : + |s]“u = f(s, 1), (20)

we obtain a non-homogeneous differential equation of the first order. Here s = (s, s2, ..., Sn),
|s| = /57 +s3+...+s2, p<1. The initial condition (19) takes the following form:

u(s,0) = @(s). (21)

L 4
Taking into account the initial condition (21), the solution to equation (20) has the‘
é :
here g =1 —

Applying the inverse Fourier transform to equality (22), using®he convolution formula, formulas [13]
and (15), we obtain a solution to problem (18)—(19): Q
%

qlz—¢[?

me WD f(E,T)dE. (23)

e f WGP

u(s,t) =

2\ /m (7 — Tq))

FQ(:E - Svt - T)f(§7 7_) df (24)

tion T'y(x,t) was constructed in one-dimensional space. As shown in [12], for this
accept the following estimate:

|z |2
Ce™®ir
|DEDIT (2, 8)] < —o s (25)

where § < }1.

The results of research.

Now let us solve the main problem (1)—(5). Using the solutions to auxiliary problems A and B, the
solutions of which have the form (16)—(17) and (24), we can obtain the solution to problem (1)—(5) in
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the form:
0
weo= [ f [Gqcc’ € — G t) £ A Gyl — € + sn,t)] 1€ &) dE'de+
Rn—1—00
+oo
+ [2 Gq(fcl - EI, ZTn — &n, t)‘PQ(fla fn) dgldfn‘i‘
Rn/—I 0/

t 0
d
+/7__; / / [Gq(xl_5,75671_fnat_T)+)‘Gq(x/_g/axn"i‘gnat_T)]fl(f,afn T) /d
0

+oo
P / / GCI(m, _Elvmn _g'nnt _T)f2(§/7£na7-) dé./dgna D;,

0 Rn=1 0
+oo
u2($,t) = / / [Gq(lj - é.,a Tn — gna t) - )‘Gq(xl - 5,7 Tn + fna t)@ £Id£n+
Rn-1 0

+ / / Go@ — €0 — &0 )1 (€, €0) dE'dEn+

0\
+ O/ dr / O/ [Gq(x’—§’,xn—§n,t—7 AGy xn+€n,t—T)]fQ(é’,é‘mT)df/dfnJr

Rn—1
t

0
d
+M1/T—; / /Gq(m'—ﬁ',mn—fn,t ) f1(& &, ) dE'dE,, D,
0 Rn—1 —o0

% (—¢/ 2 o)
)" . Thus, we have completely solved problem (1)-

ined solutions (26)-(27) satisfy equations (1)-(2), initial conditions

where  Gy(2' — &,z £ &,
(5). It is easy to check tha

(3) and conjugation con 4)-(5). A similar estimate can be obtained for the function Gg(z" —
§/7 Tn — gny t)
C’e_‘slm;zﬂ2
k /
|DxDln q(:I'J_Sal'n_fn,t” < —tq(n;k)‘f'm . (28)
The solittio ro (1)—(5) and estimates (25) and (28) can later be used in the study of differential

ining a priori estimates of initial-boundary value problems in the Sobolev and Holder
class stationary heat equations.
sider the following potential of the initial condition:

+oo

hy(z,t) = / /q—neqi;f' (¢, &) de'de,,
ol (2\/7?)

|3

+oo

h(e,t) = / / Gl — E.6)p(€', ) dE'de,, = / Gyl — €,0)0* (€, 6,) de'dén,
Rn

Rr—1 0
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here
* (¢! _ @(gl’gn)a é-n > 07
©* (€', &n) {07 € <0 )
q(, 1) /G (€' &n) £=x—€=y‘=/Gq(y7t)w(m—y)dy,
Rn
Dilg(a,) = / DiGyy, )" (2 — v) dy.
As D;G4(—y,t) = DiG4(y,t) is a even function, at the same time, for any ¢ > 0 f Ggly, t)dy = 0.
It can be written as follows: D;hg(x, f D,G ){(p (x —y) —2¢*(zx sing
Minkowski’s inequality:
S\
(/‘Dthq(aj,t) dm) =3 ‘(/H x—y)— 20" )| dy dx ,
R" R"
|2
|D:Gy(y,t)| < Ce—sw , taking into account the 1nequahty, i e following estimate:
\
1Dehg(@, )]s, rn < - N(y)dy, (29)
where  N(y) = ||l¢*(z —y) — 20" (z) + ¢*(z e write inequality (29) as follows
lyl?
[ Dihe(x,t)|[s,rn e 895 - N(y)dy,
Rn
where % + % = 1. Then using t@er mequality:
1 1
2 s 2 s
Dy gy N g [ N wyan) ([ ¥ ay)”
Rn Rn
taking into acco = we get
ly|? =5 ng_n
(/e_ Sytq dy) < Clth_Tg
RTL
So
1 _w? s
| Dihq(,t) < tl+—§§(/e si7 - N3 (y) dy) .
Rn
Now let us take a norm || Dihy(x,1)||s,p,,,- Then from the last inequality we get:
—+o0o y|2 1
dt 2 s e ST s
||Dth(1(33’t)||S,Dn+1 < Cl ts_'_—% e sl ( dy = Cl N ts_'_% dt s
0 Rn
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lyl?

if we introduce G- =2  a replacement:
S
N3(y) y) —2¢"(z) + ¢*(z + y) 1
||Dth¢I(x7t)”8,Dn+1 < C2< 2, _2 ) ( P 3 dmdy) ,
Lyl T jy 7
R™ R"

s

2¢(x) + ¢(x +y)

oo - s
Le> 2.2 (/ dw/ = dy) . (30)
W ED N lyl T
Given that (30), then P \
D@ Ol €C< &> 3g \

As estimates Djhg(—x,t) = Dihg(z,t) and D;Gy(x,t) are consistent with
estimate || D2h,(x, t)|| s,Dps1 18 also taken similarly. Therefore, the followin

is obtained:

| D2hg(2,t)||5,p0sy < C < "> 2_

Theorem 1. The potential of the initial condition satisfigs tq

<<h xt >> 21
ws’ R”)

where

K he(x, 1) >y, Dy ||5Dn + Z ||
k,j=1

This notation < . > means the main part f the norm in the Sobolev classes.
Consider the following Volume pot

.CL‘ - E: [ T)f(éla fn; 7-) dfldfn

Using the method [15], t theorem can be proved.
Theorem 2. The follo estimates are appropriate for the volume potential:

1) >>W52’1(Dn+1)S C”f”WsQ’l(DnH)? (1 <qg< OO),

where
n

&g
+ Z Haflf 8(511: ”57Dn+1'

7.]_

<L gq(z,t) >z p

n+1)

This no < . > means the main part of the norm in the Sobolev classes.
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¥V K. Koitnermos'?, K.A. Beiicenbaesa?, C./I. Kammaposal

1 .
Oa-DPapabu amvndazv, Kasax yammok yrusepcumemi, Aamamoi, Kasarxcman;

2KP FBXK BoicE'M FK Mamemamura scone Mamemamukaisv modeavey uncmumymos, Aavamuo, Kasaxcman;

3 Toeucmusa ocone xorik axademusco, Aamamor, Kasaxcman

KosddburmenTi y3iigicTi XKbLIyoTKI3rinTik Teqaey ymiiHn Komun ecebi

HIeNIiMiHiH co00JIeB KJIaChIHAAFbI allPUOPJIbIK Oarachl

Koaddunuenrrepi yaimicri napaboiaablk TANTI JepOec TYbIHIBLILL JuddepeHnaliIblK, TeHIeYIep KoHe
YaKbIT OOMBIHIINA ©3relle/IeHIeH KbLTYOTKI3TIITIK TEeHJAEYIEPIiH 9PKANCHICH YKEKe-2KEKe KOITEreH aBTOp-
JIapMeH Kakchl 3epTrenren. KoaddurmenTi y3imicTi yakpiT OONBIHINIA ©3TeIIeIeHreH TapaboIaIblK, TUIITI

Mathematics series. Ne3(107),/2022 67



U.K. Koilyshov, K.A. Beisenbaeva, S.D. Zhapparova

TeHJIeyJIep VIIH Tyi#iHIec ecenTep ic XKy3inge 3eprresmered. Makasaga n-eJimeM i KeHiCTiIKTe 6acTanKb
yakpIT Me3eTingeri koadduimenTrepi y3iaicTi e3relenenres *KbUIyoTKI3rnITIK TeRaey yiuin 6ip Tyitiamec
ecen KapacThIpblIFaH. Koiibutran ecenTis ipresi mremnmiMi TaOBIIABI KOHE OHBIH, TYBIHIBLIAPBIHBIH Oarachl
aJIBIHIBI. AJIBIHFAH HOTUYKEHI KOJIIaHa OTBIPBII, GepilireH ecentiy, mentiMiniy coboJIeB KJIaChIHIAFbI Harachl
TaOBLIIbI.

Kiam ceadep: Tyitinznec ecen, XKbIIyOTKI3IIITIK TEH/EY, ©3relIe/IeHIeH TeH ey, y3liicTi koaddunnreHTrep.

V.K. Koitnermos!'2, K.A. Beiicenbaesa?, C.JI. Kammaposal

! Kasazexuti nayuonarvnsdi yrusepcumem umeny Aav-DPapabu, Asmamor, Kazaxcman;
2 Huemumym mamemamury, u mamemamuseckozo modesuposanus KH MOH PK, Aamamo., b adaBemars
3 Axademus aozucmuru u mpancnopma, Aamamo, Kazaxcman

AnpuopHas olieHKa pelieHus 3aga4un Koruii
JJI BBIPO2KJIATOIIET0CsT YPABHEHUS TEMJIOIIPOBOHOCTHN ‘€ PA3PhIBHBIMU
KO3 PuIiimeHTaMm B COO0JIEBCKIX KJIaCeax

Huddepenruaabable ypaBHEHHSI B YaCTHBIX ITPOU3BOIHBIX [1apab0o/ImIecKorQ Tufla c\pa3pbIBHBIMEU KO3 DU-
[IMEHTAMU W BBIPOXKIAOIINECS TI0 BPEMEHU YPaBHEHUS] TEIJIOMPOBOIHOCTH OTAECALHOCTH XOPOIIO U3y UEHbI
MHOTHMHY aBTOPAMU. 33/Ia9H CONPSI?KEHUS JIJIsT BBIPOKIAIOIIETOES TQMPEMEHN yPABHEHUSIM TapaboInIeCcKo-
ro THIA C Pa3PbIBHbIMEA KO(DMUIIMEHTAMY TPAKTUYECKU HE U3Y4Y€Hbl. BUGEArLe pPacCCMOTPEHa OHA 33298
COTIPSI?KEHUST JIJIsl YPaBHEHUsI TEIJIONPOBOJHOCTH C Pa3pPBIBHBIMU KODMDUIIMEHTAMU, BBIPOXK IAIOIIEr0Cs B
HAYAJbHBII MOMEHT BPEMEH! B N-MEPHOM MPOCTpaHCTBE. L[IOCTPORHO @yHIaAMEHTATBHOE PEIIEHNE TTOCTaB-
JIEHHOW 3aJ1a4¥, U HaiijieHa oneHka ee npon3BoAHbIX. 4G, IOMOUILI0 STUX OLEHOK II0JIyYeHa OIEHKA PEIIeHUsI
[TOCTABJIEHHOMN 3329l B COOOJIEBCKUX KJIACCAX.

Karoweswie caosa: 3agada CONPsIPKEHNsI, yPABHEHUSL TEIJIOIPOBOIHOCTH, BHIPOXK JAIOIIECS yPABHEHNUsI, Pa3-
PBIBHBIE KO(DDUITUEHTHI.
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