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Abstract. The influence of the width of the interelectrode gap on the focusing quality of electrostatic mirrors
with rotational symmetry, the electrodes of which are coaxial cylinders of equal diameter separated by gaps of finite
width, has been studied. Formulas, convenient for the numerical calculation of the exact values of the axial potential
distribution in such mirrors, are proposed. Using the obtained formulas in numerical calculations and taking into
account the width of the interelectrode gap, the geometric and electrical parameters of two- and three-electrode
mirrors were determined, which provide spatial focusing of beams of charged particles simultaneously with the
elimination of time-of-flight chromatic aberrations and spherical and axial chromatic spatial aberrations, the most
important factors in terms of influence on the resolution of time-of-flight mass spectrometers and electron
microscopes. It is shown that the width of the interelectrode gap has a significant effect on the quality of focusing
of electrostatic mirrors with cylindrical electrodes.
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1. Introduction

Electrostatic mirrors are the most important structural elements of modern time-of-flight reflector-type
mass spectrometers [1-5] and electron microscopes [6-14], performing the roles of an ion reflector and an
aberration corrector, respectively. The resolution and sensitivity of such devices largely depend on the focusing
quality of such mirrors. In this regard, electrostatic mirrors formed by fields with rotational symmetry are of
particular interest. Such fields, which play the role of centered electron-optical focusing systems with respect
to charged particles, are capable of creating a correct electron-optical image of an object. However, the most
studied and widely used designs of such mirrors for practical implementation are sets of coaxial circular
cylinders. The advantage of cylindrical electrodes is the ability to shield a beam of charged particles from
scattered electric fields.

In [5, 12-14], where the quality of focusing of electrostatic mirrors with cylindrical electrodes was
studied, the calculation of the axial potential distribution was performed using exact formulas under the
assumption that the width of the interelectrode gap is infinitely small. However, the practical use of such
mirrors places high demands on the accuracy of determining the geometric and electrical parameters, taking
into account the width of the interelectrode gap, which ensures the quality of focusing in devices with high
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resolution. In addition, high requirements for the width of the interelectrode gap are necessary to ensure
electrostatic strength at high field strengths.

It is well known that the quality of focusing is determined by aberrations — distortions in the image of an
object caused by various reasons. One of the main tasks of charged particle optics is to identify the types of
aberrations inherent in a given system, and then eliminate or reduce the most important ones. In this regard,
electrostatic mirrors with cylindrical electrodes have unique properties: firstly, they can provide spatial
focusing of beams of charged particles simultaneously with time-of-flight energy focusing [5], i.e., eliminate
time-of-flight chromatic aberrations that limit the resolution of time-of-flight mass spectrometers; secondly,
they can be free from spherical and axial chromatic aberrations simultaneously [12-14] or act as a corrector
for these aberrations [12], which are the main factors limiting the resolution of electron microscopes.

The aim of this work is to study the influence of the width of the interelectrode gap on the quality of
focusing of two- and three-electrode mirrors with rotational symmetry, the electrodes of which are made in the
form of coaxial cylinders of equal diameter, separated by gaps of finite width.

2. Two-electrode mirror with space-time focusing
2.1. Axial potential distribution of a two-electrode mirror

Figure 1 shows a schematic diagram of a two-electrode mirror, the electrodes of which are coaxial
cylinders of equal diameter d separated by a gap of finite width.

Vi Vs

V,,V, are potentials on the electrodes, d s the cylinder diameter; o is the gap width between electrodes
Fig.1. Two-electrode electrostatic mirror.

The potential distribution along the optical axis z of such a mirror can be written in the form
1
®(z)=E(V1+V2)+(V2 -V,)U(z). (1)
Here V, and 'V, are potentials at the mirror electrodes, and U (z)is a function described by the exact
expression [15]:
1 ¢sin(kz)sin(ks/R) dk
U(z)=— ,
(z) nj K ko/R 1,(k)

)

where I,(k) isa modified Bessel function of the first kind of zero order, and R is the radius of the cylindrical

electrode. To avoid the difficulties that arise when calculating integral (2) due to its weak convergence, we
transformed it into a form convenient for calculations.
To simplify the notation, we will further use R =1, i.e. all linear dimensions will be measured in cylinder
radii. Then
U(2)- 1]‘isin(kz)sin(k5) dk
gk ks 1y(k)’
Let us rewrite (3), writing out the product of sines:

U(z):%(uﬁuz), (4)

@)

where
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cosk z-0) dk

z_j | ' )
cosk z+5 dk

=__I k2 (k) ©

Taking |nto account the parity of the integrand, and also having written the cosine, we rewrite (5) in the
form

zexpik(z-8)] dk % exp[-ik(z-5)] dk
Ul( )24_ _[ K2 +I 2 : (7)
7| % (k) = k (k)
It is convenient to calculate integral (7) can using contour integrals:
explik(z—-o exp| —ik(z-o
L pLik( )]dk+ij p[-ik(z-5)] ok @

k? lo(k) 477 k? I, (k)
where I", is the contour of integration along the real axis, which goes around the ‘origin of the coordinate

system from below as a narrow loop and closes it in the upper half-plane of the complex variable k by a
semicircle of an infinite radius, I"_ is a contour that consists of the real axisand closes, accordingly, in the
lower half-plane (Figure 2).

Im k A

Fig.2. Integration contours on the complex plane.

Note that the contours of integration ', and T"_, with the exception of the vicinity of the point k=0,

are located mirror symmetrically to each other, where the contour I, contains a second-order pole inside itself.
As the integrand is meromorphic inside the contour, the integral is equal to the sum of the residues at the

polesk =ic,, where ¢ (s =+1+ 2) are the zeros (roots) of the zero-order modified Bessel function.
Taking into account the residue at the point k =0, which is a simple pole of the second order
exp(ik|z—o
Res M,kzo =i|lz-4], 9)
(k)
we can calculate the integral:

1 cexp|ik(z-6 1 1& B,
Er{wk:—§{|z—§|+§za—exp(—as|z—5|)}. (10)

s=1 O

Here
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B,= [](1-ai/a)” (11)
s#m=1
are the coefficients of the series, which follow from the representation of the modified Bessel function of zero
order in the form of an infinite product:
. - o(k) 2 i
I, (ia,) = lim 2L == —_| (-ia,). 12
O( s) ‘Hiask—ia aSBS 0( s) ( )

S

Similarly to (10), we calculate the integral:

1 cexp[-ik(z-5)] dk 1B
— =—=>) = - -9d|). 13
ae) K2 0 a%g 2Pllz=d) 13)
Then, taking into account (9) - (12), expression (6) takes the form:
cosk z-6) B,
—f = | 0 k_——;{|z S|+ Z_;a exp(—as|z—5|)] (14)

which is also valid for the case z— 9 < 0.
Substituting z—90 — z+06 we can write (6) as

jwdk:Eﬁ@z+5|+i5exp(—a5|z+5|)] (15)
s=1 OCS

Taking into account (3) and (13) - (14), we finally obtain integral (3) in the form of an exponentially
convergent infinite series:

1 2B

U(z)=—5{(|z—5|—|z+5|)+Za—s[exp(—as|z—5|)—exp(—as|z+5|)]}. (16)
s=1 g

Hence, expression (3) can be written as:

1 exp(-a,z)Sh(as), 7>6
U(z)=% 216 —2585 exp(-a,5)Sh(a,z), |z|<s |}, (17)

=1 00
= ' —exp(a,z)Sh(e,8), z<-6
or
> B

sign(z { 55 (—a|z|)Sh(a,5), |z|25},

U(z)=1 =% (18)
2 o0
z/15- (-a,6)Sh(e,z), |z| <6,
s=1
For 6 — 0 formula (18) transforms into a well-known expression [16]:
U(z) =%sign(z)[l—i85 exp(-a, |z|)} : (19)
s=1
obtained in the other way from the exact expression [17]
1¢sin(kz) dk
U = — 2
(2) n! k  1,(k)’ (20)

also following from (3).

2.2. Space-time focusing conditions

The time-of-flight characteristics of the mirror, precise to the third smallest value inclusive, are
completely determined by specifying four quantities that depend only on the axial distribution of the mirror

potential [18]: z= z posmon of the effective plane of rotation of the central (with zero energy spread)

particle in the mirror; z = z (k 1,2,3) — positions of the nodal planes of time-of-flight focusing of the k
- order.
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Here and below, under the condition of time-of-flight focusing of the k -th order it is assumed that the
time of flight of particles does not depend on the spread of their initial energies, i.e., the coefficient of time-
of-flight chromatic aberration of the k -th order is equal to zero.

The condition of time-of-flight focusing is determined by the equation [18]:

z+2,=2%  (k=123), (21)
which means that time-of-flight focusing of the k -th order is achieved if the planes z =z, (object plane) and
z =1z, (time-of-flight image plane) are located symmetrically with respect to the plane z = zﬁk) (k =1, 2,3) .

The effective drift distance, which characterizes the time-of-flight mass dispersion of the mirror, is
determined by the equality [18]:

L=29—-2", (22)
where Z = z#l) is the position of the main plane of time-of-flight focusing of the mirror{5].

When the condition

2 =2 =2 = 23)
is satisfied, in the plane z =z, , time-of-flight focusing up to the third order inclusive can be achieved.

The condition for spatial focusing simultaneously with time-of-flight focusing, i.e., the condition for
space-time-of-flight focusing is determined by equality [18]:

zlyzzzTi\/(zT—zC)(z—zv), (24)
where z=2z. and z =z, are the positions of the center of curvature and the vertex of the mirror, respectively,
also depending only on the axial distribution of the mirror potential [21] and representing the spatial cardinal
elements of the mirror.

When z. =z, or z, =z, equality (4) takes the form:

2,=2,=1,. (25)

Thus, there are two types of electrostatic mirrors in which the space-time focusing condition is satisfied.
However, mirrors corresponding to the type z. =2z ‘have higher aperture compared to the systems

corresponding to the type z, =z, [18].

2.3. Calculation of a two-electrode mirror

The calculation of an electrostatic mirror usually starts with determining the value of the blocking
potential —the potential on the reflecting electrode. In a two-electrode mirror, the blocking potential is the
potential at the second electrode V. Its value is determined from equality (1) if the condition ®(z,)=0 is
satisfied, where z =z, is the position of the plane of rotation of the central particle.

The calculation of a two-electrode mirror is performed as follows. For the given values of the width & of
the interelectrode gap and potentials V; and V, on the mirror electrodes, which determine the axial distribution

of the potential ®(z), the position of the main plane of time-of-flight focusing z = z?) [5] and the effective
drift distance (22) of the mirror are determined when the space-time-of-flight focusing condition (24) is
satisfied.in the mode z. =z, . Here and below, in order to maintain the possibility of shielding the beam from
scattered electric fields, the width of the interelectrode gap is limited to the value 6/d <=0.2.

The results of calculating the time-of-flight characteristics of a two-electrode mirror depending on the
width o of the interelectrode gap are presented in Table 1. Here and below, the values of electrical parameters
are given in the units of the first electrode potential V,, and the values of geometric parameters are given in
the units of the cylinder diameter d . It is accepted that a beam of charged particles falls on the mirror from
the side of the field-free space having the potential V,, and after reflection returns to the same space. In this

case, the positive direction of the axis Z coincides with the direction of movement of the particles falling on
the mirror, and the origin of coordinates is placed in the middle of the gap (Figure 1).

As it follows from the calculated data, the relative change in the values of the blocking potential and time-
of-flight characteristics compared to their values at 6 =0does not exceed one percent at the gap width
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o/d <0.1, whereas at the gap width §/d =0.2 such a change is about three percent. Note that for 6 =0, the
results of these calculations completely coincide with the results of [5].

Table 1. Time-of-flight characteristics of a two-electrode mirror.

5/d V, IV, 2, /d L/d

0 0.345 3.30 4.17
0.05 0.345 3.30 4.17
0.1 0.344 3.32 4.20
0.15 0.342 3.35 4.24
0.2 0.340 3.40 4.29

3. Three-electrode mirror with space-time focusing
3.1. Axial potential distribution of a three-electrode mirror
Figure 3 shows a scheme of a three-electrode mirror consisting of coaxial cylinders of equal diameter.

Tl T T TTT ST T LT ST ST TS TSI DR R Y SRR R R
m \\\\\\\\\\\ Fssmmmm

Fig.3. Three-electrode axisymmetric mirror:
V,,V,,V, are potentials on the electrodes; o is the width of the gaps between the electrodes;

z,,z, are coordinates of the middle of the gaps; d is the cylinder diameter.

Using the solution to the Dirichlet problem for two cylinders of equal diameter and the superposition
principle, we can write an exact formula for the axial potential distribution of a three-electrode mirror in the
form:

2
®(z)= V+V )+ (Vi -ViU(z-7). (26)
1=1
Here
sign z—z{ > (-a.|z-z])Sh(a,5), |z—zi|z5},
U(z—zi)=% N @)
-z|<s,

where z; (i=12) is z coordlnate of the middle of the i-th gap.
For 0 — 0 formula (27) takes the well-known form [16]:
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U(z- zi):%sign(z— zi){l—iBS exp(-a, |z - zi|)] (28)

3.2. Calculation of a three-electrode mirror

In a three-electrode mirror, compared to a two-electrode mirror, two additional parameters appear in the
form of the length of the second (middle) electrode and the potential on it, which affect the distribution of the
mirror potential. The introduction of a middle electrode allows, at a given potential ratio on the outer
electrodes, to control the field distribution and thereby influence the quality of space-time focusing.

In a three-electrode mirror, the blocking potential is the potential on the third electrode V,, the value of

which is determined from equality (26) when the condition ®(z,)=0 is satisfied.

The calculation of the three-electrode mirror is carried out as follows. For a given value ofthe gap width
o between the electrodes, the values of the control potential V, (potential on the second electrode), the

blocking potential V, and the effective length of the second electrode (the distance between the middles.of the

first and second gaps) I'=1+¢5, where | is the length of the second electrode, are determined. These
parameters ensure fulfillment of the conditions for time-of-flight focusing of ions in energy up to the third
order inclusive (3) simultaneously with spatial focusing (4) in the mode z. =z, .

The results of calculation of a three-electrode mirror with high-quality space-time focusing are presented
in Table 2. In this case, the origin of coordinates is in the middle of the gap between the first and second
electrodes of the mirror. As it follows from the calculated data, the relative change in the values of electrical
parameters and time-of-flight characteristics compared to their values for 6 =0 is of the same order of
magnitude as in a two-electrode mirror.

Table 2. Time-of-flight characteristics of a three-electrode mirror

old I"/d Vv, IV, -V, 1V, -z, /d L/d

0 0.666 0.0432 0.342 5.56 7.22
0.05 0.668 0.0433 0.342 5.57 7.24
0.1 0.672 0.0439 0.342 5.60 7.28
0.15 0.680 0.0449 0.343 5.65 7.34
0.2 0.690 0.0461 0.343 5.72 7.43

4. Three-electrode mirror free of spherical and axial chromatic aberration

The calculation of the spherical and axial chromatic aberrations of the three-electrode mirror was carried
out according to the formulas [19; 20]. In this case, a mirror is calculated with a second electrode length equal
to 1/d =0.6, and the object plane of the mirror is combined with its focal plane, as in [13].

The mirror was calculated using the same method as in the previous section. For a given value of the
width o of the interelectrode gap, the values of the control potential V, (potential on the second electrode) and
the blocking potential V,, ensuring fulfillment of the conditions for simultaneous elimination of the third-
order spherical aberration and the second-order axial chromatic aberration, are determined.

The calculation results are presented in Table 3, which presents the dependences of the relative changes
in the values of the cardinal elements of the mirror (focus coordinate z. and focal length f ) and the potential
ratios on its electrodes (V, and V) on the width of the interelectrode gap. In this case, the calculation results
are presented for the case when the object plane of the mirror is combined with its focal plane, as it was done
earlier for an infinitesimal width of the interelectrode gap (& =0) [13].

It should be noted that the width of the interelectrode gap has a significant (an order of magnitude or
more) influence on the values of the electrical parameters and cardinal elements of the mirror, which is

simultaneously free of spherical and axial chromatic aberrations.
For 6 =0 the results of these calculations completely coincide with the results of [13].
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Table 3. Three-electrode mirror free of spherical and axial chromatic aberrations.

sld v, IV, -V, IV, -z, /d f/d

0 0.0255 0.292 0.948 1.85
0.05 0.0258 0.294 0.982 1.88
0.1 0.0266 0.303 1.10 1.99
0.15 0.0285 0.318 1.38 2.24
0.2 0.0328 0.347 2.14 2.96

5. Conclusion

The exact formula for the axial distribution of the potential of an electrostatic system consisting.of coaxial
cylinders of equal diameter separated by gaps of finite width is reduced to a form convenient for numerical
calculations. Using the obtained formula in numerical calculations, the influence of the width of the
interelectrode gap on the quality of focusing of two- and three-electrode electrostatic mirrors with rotational
symmetry, the electrodes of which are coaxial cylinders of equal diameter separated by gaps of finite width, is
studied. As the results of these studies have shown, taking into account the width of the-interelectrode gap
allows not only to obtain more accurate values of geometric and electrical parameters that provide the
conditions for high-quality space-time focusing in such mirrors, but also to. provide them additional
functionality, in particular, with increasing width of the interelectrode gap the effective distance of the mirror
increases, which, accordingly, leads to an increase in the resolution of the time-of-flight mass spectrometer.

It should be noted that the width of the interelectrode gap has a significant impact on the values of the
electrical parameters and cardinal elements of the mirror, which is free of spherical and axial chromatic
aberrations simultaneously. This confirms the particular relevance of such studies from the point of view of
the accuracy of calculations in the field of high-voltage electron microscopy, where the interelectrode gaps
must have a width sufficient to ensure the electrostatic strength of the mirror electrodes of a real design.

The results and formulas obtained in this work can be used in the development of new designs of time-
of-flight mass spectrometers and electron microscopes with high resolution and sensitivity.
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