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Hardy-type inequalities for matrix operators
We establish necessary and sufficient conditions the validity of the discrete Hardy-type inequali
1

(Z( az:jfj) u?) < (Z fz-pvf) Jf=A{fi}Z =0,
=1 i=1

=1 j=

with 0 < p < ¢ < 00 and 0 < p < 1, where the matrices (a;,;) is an arbitrary matrix and
matrix (a; ;) > 0 such that a; ; is non-increasing in the second index. Also some fu sultgfare pointed
out on the cone of monotone sequences. Moreover, we give that the applicati 1
non-negative and triangular matrices (a;; > 0 for 1 < j <4 and a;,; =
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1. Introduction and prelz%w

n-negative real number sequences and

Let 0 < p,q < oo. Let w; = {w; x}52, and v = {u;}52,
i egative sequence.

v ={v;}$2; be a positive real number sequence. f = {f;}$
We consider the following inequalities:

(Z (AN u) vf 20, (1)
i=1
and
( . Vf>0, (2)
J
for the operators in the following)for
(Af); = aijfs,  i>1 (3)
j=1
(A" f); = Zai,jfia Jj=1, (4)
i=1

ctivelyl where C' and C* — are positive finite constants independent of f and (a; ;) is an arbitrary non-

e main aim of this paper is to investigate that the problems necessary and sufficient conditions the validity
qualities (1) and (2) with the case 0 < p < ¢ < 00, 0 < p < 1 and under weaker conditions on the matrices
(a; ;) M operators defined by (3) and (4) for all sequences f > 0 (see theorems 2.1-2.2). Moreover, we study
these problems on the cone of monotone sequences (see theorems 2.3-2.6). Finally, we will get the applications
of the main results.

Notation. The symbol M <« K means that there exists @ > 0 such that M < aK, where « is a constant
which may depend only on parameters such as p, ¢, r. If M < K < M, then we write M ~ K.
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We also need the following well-known result (see [1]):
Lemma A. [1]. Let v > 0. Then

j Y j k 7-1
(zﬂk) o (z@) vjen 5
k=1 k=1 =1

for all sequences {B1}32, of positive real numbers and

Y

N N N -1
6| ~3 A (z m) , ©)
k—=j k—j i—k

for all j,k € {1,2,...,N}, N € NU {oo} and for all sequences {Br}3>, of positive real nuwmbers such that

o0
Z B < o0.
k=1

The main results
2. On nonnegative sequences

Our main results read as follows.
Theorem 2.1. Let 0 < p < q < o0 and 0 < p < 1. Let the entries of t a ij) > 0 such that a; ; is
non-increasing in the second index. Then the inequality (1) holds ’f and only

tries of the matriz (a; ;) > 0 such that a; ; is
ds if and only if

Q=

holds. Moreover, B* ~ C*, where * best constant in (2).
Proof of Theorem 2.1. Necesst t the inequality (1) holds. Let us show that B < oo. For 1 < j <k <1,

we assume that
ra At rs ]-a .7= ka
Py h={g ion g

By substitutingyf inequality (1) we get that

o 7
Cuy, > (Z agkug> .

=1

efo
B<C. (8)

Theproof of necessity is complete.
Sufficiency. Let B < oo. Now, we prove the inequality (1) holds. Let f = {f;}5°, be a non-negative sequence.
Then for 1 <n < oo we assume that f© = {f}32;:

fe= fite, 1<j<mn, @l = ai,j+5, 1<75<n,
J 07 j>Tl, by ai,ja j>n'

where d,¢ > 0.
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Since a; > a;j,1 < k < j, then using the (5) we find that

P

n n n j p—1
. 4f£ < 3 fs ~ o fa S fa <
Qiglj = i gl5 =~ @i 5J @i gtk =
j=1 j=1 j=1 k=1

From (9) its follows that

Now, we apply Minkowski’s inequality for 4 > 1 and we find tha
p

n J p a\ 7
q
I, < Zf; (Z k (a?)) uf) :
j=1 k=1 i
From %iH(l) al ; = i it follows that
2o s
1 N
aq
AL

n j p—1 %
(Ea(ea) )
k=1

Jj=1

for 0 < p < 1, we drive that

n »
LB (Y]
Jj=1
@, 5 — fj as € = 0. Consequently,

Since Vn € N, we have that

1 1
0 0 4 4 0 P
L f. q D,,P
E aijfj | u; <B E : 3 Y )
i=1 \j=1 j=1
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i.e.
C < B. (10)

Thus, by combining (8) and (10) its follows that B &~ C. The proof is complete. O
The proof of the Theorem 2.2 is completely analogous to the proof of Theorem 2.1, so we leave out the
details.

2.2 On monotone sequences

Assume that

o
=i
=
B
o
—
=}
=
@
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=1
=
e
=
=+
=
@
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kel
[¢]
=
o
=+
©]
=
9
jol
]
jsp)
=}
@
[oW
on
<
~—~
w
S~—"
&
=}
joB
=

of monotone sequences reads as follows:
ality (1) on the cone of non-negative and
holds. Moreover, B =~ C, where C is the best

Theorem 2.3. Let 0 < p < g< oo and 0 < p < 1. The
non-increasing sequences f = { fr}32; holds if and o
constant in (1).

Theorem 2.4. Let 0 < p < g < 00 and 0 < p

non-decreasing sequences f = {fi}72, holds if @

best constant in (2).
<C (Z (Af) Uf) ; (11)

Theorem 2.5. Let 1 < p < q < oc0.
on the cone of mon- negatw n-increasing sequences f = {fr}3>, holds if and only if A < oo holds.

Moreover, A = C, whe st constant in (11).
Theorem 2.6. Let y < 00. Then the inequality
1

1
( > ff q) SO D (AP (12)
i=1
Ihe proof of the Theorem 2.4 and 2.6 are completely analogous to the proof of Theorem 2.3 and 2.5

j=1
respeetively, so we will only prove Theorems 2.3 and 2.5.

Proof of Theorem 2.3. Necessity Suppose that the inequality (1) holds with the best constant C' > 0. We
take a test sequence fi = { fJ} °, such that

he inequality (2) on the cone of non-negative and
* < 0o holds. Moreover, B* =~ C*, where C* is the

0 n-negative and non-decreasing sequences f = {fp}72, holds if and only if A* < oo holds.
er, A* =~ C*, where C* is the best constant in (12).

fi= 1, 1<5<k,
L0, j>k

for 1 <k < oco.
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Substituting the test sequence fi in the inequality (1) we obtain that

q 7

k % 0o k
C (Z Uf) > Z Z aij | ull
i—1 1

i=1 \j=

ie.

B« C. (13)

The proof of necessity is complete.

Sufficiency. Let the inequality (1) holds. We will show that B < co. We known that for a ive

and non-increasing sequence f = {f; };";1 write in the form:
fi= fj +¢c >0,

where fj > fj+1 >0, for j > 1 and lim fJ =0.
j—)OO

o0 o0
We consider two cases separately: Y vf = oo and Y. v} < .
k=1 k=1

o0 ~
Let > v} =o0. Then ¢ =0 and f; = f; for j > 1.
k=1

We suppose that {g;}52, : g; >0, g; > gj41, lim g; =0 and f5 = fi+
j—oo

Let aj = Af; = fj — fi+1 >0, b; = Ag; > 0, ¢ = Aff > 0. Then c§ ya; +eb; and f5 = 3 cf. From (6) its

.. Then f; > fj€+1v Jlggof; = 0.

k=j
follows that
o0 o0
e d : (14)
k=3
By using (14) and apply Minkowski’s inequ , we find that

=

<

1

P

and
q 1
oo oo o) p—1 k P\ P !
S[D(xa(sa) (B )
i=1 \ k=1 m=k j=1
t, apply Minkowski’s inequality for % > 1 and using (6), we get that
I(f) < I(f) <
q L b
<

oo oo p—1 0o k
<[>l > D ais | ul
k=1 m=k

i=1 \j=1
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=
X
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Since I(f) = I(f) and lim f7 = lim [ fi +eg;| = f we have that

B (Z o (fm)

C < B. (16)

Therefore,

&)
Let kzl v}, < 00. Then

(17)
Therefore,
C < B, (18)
ording to (14) and (18), we have that B =~ C, where C' is the best constant for which (1)
f'1s complete. O
eorem 2.5. The Necessity part in the same way as to proof of Theorem 2.3. Therefore,
AC. (19)

(o)
To prove sufficiency we proceed as follows. We assume that ) v} = co. By using (14) and apply Minkowski’s
k=1
inequality for % > 1, we find that
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and applying Minkowski’s inequality for p > 1 and (6) we have that

p
e} m
E y2
(7%} v,
i=1 \j=1

By using )
(i u;z) ‘ < Api (i am-) of < 0)
i=1 i=1 \j=1

oo oo p—1
I <) <A, (Z k>

(21)
Since J(f) = J(f) and ?_I}r(l)fl = g1_1>n
® o
Therefore,
C <A (22)
Let > of < and (21) its follows that
k=1
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= A | D sl |
i=1 \j=1
Therefore,
A< C, (23)
and (11) holds. According to (19), (22) and (23), we have that A ~ C, where C' is the best constant for\which
(11) holds. The proof is complete. O

8. Applications

The inequalities (1) and (2) have been investigated for the case 0 < p,q < oo with a_triangular matrix
(aij > 0for 1 < j <ianda;; =0 for i < j)in [2-5] and the references given therem:§However, these
inequalities have not been studied for the case 0 < p < g < oo and p < 1. Only, in 1991 et (3] studied

the inequality (1) for the this case with the identity matrix. He proved that the ineq ( ds if and only if
1
oo q
sup Z ul | v, P < oo,
neN P
holds for this case. J

The continuous case it is known that the Hardy inequality is not h or arbitrary non-negative measurable
functions in L,-spaces with 0 < p < 1, but it is able to found th stant in the Hardy-type inequality
for non-negative monotone functions. Moreover,we can get th ormations about the direction in [7-11]
and the references given therein. Therefore the investigati ardy inequalities for matrix operators one
of the big important question.

The corresponding results for the non-negative gular matrices (a;; > 0 for 1 < j<ianda;; =0
for i < j) could have the following.

Corollary 3.1. Let 0 < p < q¢ < 00 and () \Let the entries of the matriz (a; ;) such that a;; is

non-increasing in the second index. Then t I ity olds if and only if
(oo}
@p S (a)ud | ol <o
i>1 \
i=j

holds. Moreover, By =~ C, wher
Corollary 3.2. Let @ D

non-decreasing in the @ px.

Q=

e best constant in (2).
oo and 0 < p < 1. Let the entries of the matriz (a; ;) such that a;; is
hen the inequality (2) holds if and only if

7 q
B*; = sup Z (aij)"ul | vt < oo,
i>1 \ 4
= j=1
*1 &~ C*, where C* is the best constant in (2).
Theorems 2.3-2.6 we obtain immediately the validity of the following statements:

1
= 1
w [ k& 1 [V ~%
By = sup E a;j | ul g vb < 00.
1 m=1

k>1 \ I\ o
=" \i=j \J=

Moreover, B ~ C, where C is the best constant in (1).
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Corollary 3.4. Let 0 < p < g < 00 and 0 < p < 1. Then the inequality (2) on the cone of non-negative and
non-decreasing sequences f = {f}32, holds if and only if Bf < co holds. Where

1
i %) q q 00 _%
BY = sup Z (Z am-) uf (Z v%) < 0.
m=k

k21 \ 521 \i=k

Moreover, B* =~ C*. C* is the best constant in (2).
Corollary 8.5. Let 1 < p < q < oo. Then the inequality (11) on the cone of non-negative and non-increasing
sequences f = {fx}72, holds if and only if A < oo holds. Where

_1
k v k P P
A = sup <Z uf) Z (Z am—> of .
k21 \ ;=1 j=1 \i=1

Moreover, A~ C. C is the best constant in (11).

Corollary 3.6. Let 1 < p < q < oo. Then the inequality (12) on the cone of nongregative non-decreasing
sequences f = {fx}32, holds if and only if A* < co holds. Where
N _

Ui

Moreover, A* = C*. C* is the best constant in (12).
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C.IMTaiimapman, C.IMlanrunbaesa
MaTtpunaJiblK onepaTopJjiap YIOiH Xapay THUITEC TeHCI3IiKTe
MakaJsraga Xapau TUOTEC AUCKPETTI TeHCI3MIKTIH, KaXKeTT] »KoHEe YKEeTKITIKTI MapTTaphl aJIbIHFAH

(Z (Z ai,jfj) uf) < (Z ffvf) Jf={fi}Z >0,
=1

i=1 \j=1

i UHIEeK-
pCETiITeH.

0<p<g<oo0<p<1, myana (a;;) — epkin marpuna, an (a; ;) > 0 xoHe ai, ]
cre ocimciz. Conmail-ak »KyMBICTa MOHOTOHIBI Ti30EKTEPIiH KOHYCBIHA Keibip HoThXKe.
CoHBIMEH KaTap Tepic eMec »KoHe YIIOYPBIIITHl MaTPHUIAJIap YIIH HEri3ri KOChIM

(a@j >0,1< 5 <1 xkone a5 = 0,1 < ])

6p GepliireHn

Kiam cesdep: TeHCi3miK, Ti36eKTEP, MATPULIAJIBIK, OLEPATOPJIAD, WHTET

C.IMMaitmapman, C.1aarum

HepaBenctBa tnna Xapau i1 HbIX OEepPaTOPOB

0<p<g<oo,0<p<1rme
at,j He BO3pacTaeT BO BTOPOM WH
rocJieioBaTe/ibHocTeit. Kpome T
TPEYTONIbHBIX MATpUIL (a; ; >

UJIOZKEHUSI OCHOBHBIX DE3YJIbTATOB ISl HEOTPHUIATEIbHBIX U
ph<iuma;; =0mui<y).

Karoueswvie caosa: HEpa O III€HHbIE I10CJ/IEI0BATEJIbHOCTHU, MaTPUYIHbIE OllepaTOpPbl, UHTErpaJl.
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