MSC 35L20, 35R30, 656N21

A. Ashyralyev! =3, F. Emharab*®

! Near East University, Nicosia, Turkey;
2 Peoples’ Friendship University of Russia, Moscow, Russia;
3 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
4 Near Fast University, Nicosia, Turkey;
5 Omar Al-Mukhtar University, El-Beida, Turkey
(E-mail: allaberen.ashyralyev@neu.edu.tr)

Identification hyperbolic problems with
the Neumann boundary condition

In the present study, an identification problem with the Neumann boundary condition for@ one-dimensional
hyperbolic equation is investigated. Stability estimates for the solution of the identification problem are
established. Furthermore, a first order of accuracy difference scheme for the numerical solution of the
identification problems for hyperbolic equations with the Neumann boundary conditionis presented. Stability
estimates for the solution of the difference scheme are established. This difference scheme is tested on an
example and some numerical results are presented.
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Introduction

Identification problems take an important place in applied sciences and engineering, and have been studied
by many authors (see, e.g., [1-4] and the references_given therein). The theory and applications of source
identification problems for partial differential equations have been given in various papers (see, e.g., [3, 5-8] and
the references given therein).

The well-posedness of the unknown source identification problem for parabolic and delay parabolic equations
have been well-investigated (see, e.g., [9-14], and the references given therein).

The solvability of the inverse problems in various formulations with various overdetermination conditions
for telegraph and hyperbolic equations‘were studied in many works (see, e.g., [15-18] and the references given
therein). Some new representations were given for the solutions and coefficients of the equations of mathematical
physics in [5, 19-23]. They gavedsuch formulas for evolution equations of first and second-order in time, in
particular for parabolic and hyperbolic equations in the linear and nonlinear cases.

In this study, we consider the time-dependent source identification problem for a one-dimensional hyperbolic
equation with the Neumann boundary condition

Lo 2 (a(0) 24E0) = p (W) (@) + f (L), o € (0.0) € (0,T),
U(Oax):¢($)7Ut(0,$):¢(x),$€[075]7 (1)

Uy (,0) = uy (t,1) = 0, [ u(t,z) dz = (1) ,t € [0,T],

where u (¢t,2) and p(¢) are unknown functions, a(x) > a > 0, f(¢t,2),((t),¢ (x) and 9 (z) are sufficiently
smooth functions and ¢ () is a sufficiently smooth function assuming ¢’ (0) = ¢’ (I) = 0 and fol q(x)dz #0.

Our interest in this study is to investigate the stability of differential and difference identification problems.
The stability estimate for the solution of problem (1) is established. A first order of accuracy difference scheme
for the numerical solution of identification hyperbolic problems with the Neumann boundary condition (1)
is presented. The theoretical statements for solution of this difference scheme are supported by result of the
numerical experiments.
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Stability of differential problem (1)

To formulate our results, we introduce the Banach space C'(H) = C ([0,T], H) of all abstract continuous
functions ¢ (t) defined on [0, T with values in H equipped with the norm

||¢HC(H) = og&XT & () -

Let Lo [0,1] be a space of all square integrable functions «y () defined on [0,!] equipped with the norm

1
1 2
o = ( / Iv(a?)lzdx> ,

and let W3 [0,1], W2 [0,1] be Sobolev spaces with norms

1
2

l
|’Y||W21[0,l]</0 [v2 (2) + 77 ()] dx) ;

2

!
IVllwzio,q = </0 (72 (2) + 72, (x)] di’?) )

respectively. We introduce the positive definite self-adjoint operator ‘A defined by the formula

Au = —% (a (@) d%?) 2)

with the domain
D (A) ={u:u,u" € Ly [0,1],4/ (0) = (I) =0}.

Throughout the present paper, M denotes positive constants, which may differ in time and thus is not a subject
of precision. However, we will use the notation M («, 8,7, :.) to stress the fact that the constant depends only
on «, 3,7, ...

We have the following theorem on the stability of problem (1).

Theorem 1. Assume that ¢ € WZ[0,1],4%.€ W} [0,]] and f(¢,2) is a continuously differentiable function
in ¢ and square integrable in z, { (t) is'a twice continuously differentiable function. Suppose that ¢ (z) is a
sufficiently smooth function assuming ¢’ (0) = ¢’ (1) = 0 and fé g (z) dx # 0. Then for the solution of problem
(1) the following stability estimates hold

92
s + lull o wzon) < M1 (@) [lellwzpog + 1w + (3)
H o2 A0 c(wz[o,1]) [ W2[0,l] wi[o,l]
of
17O o+ 1o |
L2[0,l] at C(L2[07l]) C[O,T]

Il e, < Mz (9) [||<P\|W§[o,l] +1¥lhwa0 + 1< o, + (4)

of

17O o+

0t o0
Proof. We will use the following substitution

u(t,z) =w(t,x)+n(t)q(x), (5)

where 7 (t) is the function defined by the formula

n(t) = / (t — 5)p(s)ds,n (0) = (0) = 0. (6)
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Tt is easy to see that w (¢, x) is the solution of problem

Oulhr) 2 (o) 248 = (t,0) + 0 (8) [ (a ()0 (@)

€ (0,1),t € (0,7),

(7)
w (0,7) = ¢ (z),w (0,2) =9 (z),z €[0,1],
Uy (t70) = Ug (tvl) =0,,t¢ [OvT} :
Applying the integral overdetermined condition fol u (t,z) de = ¢ (t) and substitution (5), we get
1
() = fyw(t,x)da
n(t) ;
fo q(z
From that and p (t) = n” (t) it follows
I 92
¢ (t w (t,z) dx
P (lf) f o2 )
fo
Applying fo x)dx # 0, we get the estimate
O%wi(t, .
(8] < Ma () [c" )+ 2ot ] ®
L2[0,1]
for all ¢ € [0,T]. From that it follows
" 62
Phetoy < Ma (s gt + | S - o)
C(L2[0,1])
Now, using substitution (5), we get
0%u (t,x).  O*w(t,z)
= t .
o V0 p @)
Applying the triangle inequality, we obtain
0%u H 0w
e <\ 7= + [l lall £ap0, - (10)
‘ PN ooy N9 lleaion clony T E=(00

Therefore, the proof of estimates (3) and (4) is based on equation (1), the triangle inequality, estimates
(9), (10) and on the following stability estimate

< My(q,a) |:||90||W22[0,l] + ”wHer[O,l] T (1)
C(L2[0,1))

+ 1< oo,y

O |l (Lo

17O gon + | 5

for the solution of problem (7). It was proved in [16] for the identification hyperbolic problem with the Dirichlet
boundary condition. The proof of (11) is carried out according to the same approach. This completes the proof
of Theorem 1.
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Stability of the difference scheme

To formulate our results on difference problem, we introduce the Banach space C, (H) = C ([0,T]_, H) of

all abstract grid functions ¢™ = {¢ (tk)}ivzo defined on

T

0,T], = {tx = kT, 0 <k < N,N7 =T},

with values in H equipped with the norm

167 e, ary = max, 16t -

Moreover, Loy, = L2 [0,1],, is the Hilbert space of all grid functions y" (z) = {fyn}nM:O defined on

0,1, ={zn =nh,0<n < M,Mh =1},

equipped with the norm

1
M 3
"z, = {ZW‘Qh} !
i=0

and Wy, = W3 [0,1], ,W3, = WZ0,1], are the discrete analogues of Sobolev spaces of all grid functions
y(z) = {'yn}ﬁio defined on [0,1], with norms

'Yzl

s, = {z%

Yi+1 — 2'71 + vi-1

s, = {Zm 5 h}é,

respectively. For the differential operator<A ‘defined by (2), we introduce the self-adjoint positive definite
difference operator Ay defined by the formula

M-1
1 n - ¥n n - ¥n—

Ane () = {_ﬁ (a (%) % —a(zn) ‘ph@l> }n_l , (12)

acting in the space of grid “functions " (z) = {9%}24:0 defined on [0,1], satisfying the conditions

o1 —@o=em —em-1=0
M
For the numerical solution {{uﬁ}ivfo} of problem (1), we consider the first order of accuracy difference
—Jn=0

scheme

Wkl g k1 kL gkt

k+1_o, k k—1
R ( (Tni1) == —a(zn) - h) = prq (@) + f (s ) ;

tr=kr,x, =nh,1<kE<N-1,1<n<M-1,Nt="T,

(13)

up =@ (xn), :*T =Y (x,),0<n< M,Mh=1,

k+1 k+1 _  k+1 k+1 _ Q.
uy ' —ug ' =uy — Uy =0;

211 f“h C(tgr1), -1 <k N-1.

Here, it is assumed that g1 — g0 = qu — qpr—1 = 0 and Zz 1 ql # 0. We have the following theorem on the
stability of difference scheme (13).
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Theorem 2. For the solution of difference scheme (13), the following stability estimates hold

P Rt 0 -
; ' L -
= + g}y HC w2 S (14)
k=1 c (L ) T 2h
T 2h
g N-1
h h h k k—1
<5 @) 1, + 19 + 11, + {222 +
k=2 CT(LZIL)
n {Ck+1 —2Ck + Cr—1 }Nl
2 b
T k=1 llcio,1].
N-1 h h h
3, <00 (1, + 19, + 12, + (1)
N-1 N—1
= fi Cr1 — 2Ck + Cr—1
- - )
T T 2
k=2 || o (L) C[o0,T);
Here and throughout this subsection fJ* (z) = {f (tx, xn)}ﬁio , 1<k<N-1
Proof. We will use the following substitution
Uy, = wy; + kda, (16)
where
dn =4 (xn)
and
k
M1 =Y (k+140)p72, ISk <N =1L =m =0. (17)
i=1
N 1M
It is easy to see that {{w,’i} k*()} is'the seolution of difference problem
) n=0
wh 2wk fk—1 wﬁﬂ*“’ﬁ“ wﬁ“*“’ﬁti

S o)+ £ [ (@ns1) B — a (@) B2 s

18
Ik <N-1,1<n<M-1 (18)
w2=<p(xn),'”";“’3 =1 (x,),0 <n <M,

u’f+1 ug'H uﬁjl u’f\jllzo,—lgng—l.

Applying the overdetermined condition Zf\izl uFTh = ¢ (t)11) and substitution (16), one can obtain that
M-1_ k41
Mk+1 = Cret — 2 1 l+ h
= M—1
Zz 1 @ih

1= -
D1 — =Nk T ke—1 T"g’“Jr”" L and (19), we get

(19)

Then, using formulas pg =

» Cosr — 26k + Goor — M1 ( P 2wk 4wl h
k = ’

7—2 Z’L 1 Z
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Crr1 — 2Gk + Ch—1 Wity — 2wj +wp_
|pk‘ < My (q) [ ~ 72 — 72 - (20)
Lap,
forall 1 <k < N — 1. From that it follows
N-1
N-1 <k+1 — QCk + Ck—1
00, 200 : g
k=1 llcio,7].
N-1
{wzﬂ ~ 20+ uf_ }
+ 2
-
k=1 Cr(Lan)
Now, using substitution (16), we get
k+1 k k—1 k+1 k k—1
U —2u; +u w — 2w, +w
n T2n n _ n T2n n + pryq (xn) )
Applying the triangle inequality, we obtain
N-1
h h h
Up gy — 2up +ug
{ - T2 N (22)
k=1 Cr(Lan)
N-1
h h h
w — 2wy +wi
< { k41 7—2k k—1 } I

k=1 CT(L2h)
M
),

Therefore, the proof of estimates (14) and (15) are based on equation (13), the triangle inequality, estimates
(21), (22) and on the following stability estimate

* H{pk}’lfvz_lluc[o,T]T ‘

wh . — 2wh 42wk &
{ Skl s } < M()x (29)
k=1 Cr(Lan)
7 I R
[ s, + 180, B + { } R
k=2

Cr(Lan)

_|_

{Ck+1 — 2Ck + Cp—1 }N_l

T2

k=1 |lcio,7].

for the solution of:difference problem (18). It was proved in ([9]) for the identification hyperbolic problem
with the Dirichlet boundary condition. The proof of (23) is carried out according to the same approach. This
completes the proof of Theorem 2.

Numerical Experiments
In this section, we study the numerical solution of the identification problem

827552’@ - 82;&’@ =p(t) (1 +cosz)+e tcosx,w € (0,7),t € (0,1);

w(0,z) =1+ cosz,u (0,2) = — (1 4+ cosx),x € [0,7];
(24)
Uy (£,0) = ug (t,m) =0, € [0,1];

fow u(t,z)dr =me tt €0,1]

for a hyperbolic differential equation. The exact solution pair of this problem is (u(¢,z),p(t)) =
= (et (14 cosz),e?).
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For the numerical solution of problem (24), we present the following first order of accuracy difference scheme
for the approximate solution for the problem (24)

k1 o,k k—1 ukt 72uk+1+uk+l B
Uy ;izn-‘run _ Unia hn2 n-1 _ Dk (1 + cos xn) Te tkt1 cog Tp;

tr =k, x, =nh,1<kE<N-1,1<n<<M-1;

)

=

1
u,, —u
uh =14 coszy, —a——n

=—(l4cosx,),0<n< M,Mh=mn,N7=1; (25)

k41 k41 _ k1 k41 _ .
uy Uy =uy s —uy g =05

SV U R = et 1< RSN~ 1

Algorithm for obtaining the solution of identification problem (25) contains three stages. Actually, let us define
uf = wk 4+ (14 cosx,),0<k<N,0<n <M, (26)
Applying difference scheme (25) and formula (26), we will obtain the formula

—thyr _ ML Rty
L —— Zist WMy Gy (27)
Y1 (I4cosx;)h

and the difference scheme

wﬁ+172wﬁ+w2_1 . wﬁii—2w2+1+wﬁtll + 2(cos h=1) AN Zfi;l wf+1h o
T2 h? h? % eSS MY (14cosz)h
=1+ 2m(cos h—1) e tticosrpl K kS N—-1.1<n<<M-1;
h2 3T (14cos ;) h o ’ ’

1_.0
w2:1+cosxm%:7(1+cosmn),,0<n<M5

k+1 k+1 k+1 k+1
w0+ —ler :wM+ —wMtl:O,—lgng—l.

. . N M . .
In the first stage, we find numerical solution {{wﬁ} k—O} of corresponding first order of accuracy auxiliary
—J)n=0

difference scheme (28). For obtaining thesolution of difference scheme (28), we will write it in the matrix form as

Awt 4 Buk + Cuh = oF 1<k <N - 1
(29)
wo — {1 -+ cos Z‘n}T]LVIZO ,’U}l = {(1 - T) (1 + COSl‘n)}nMZO ’

where A, B, C are (M +.1) x (M + 1) square matrices, w®,s = k, k41, f¥ are (M + 1) x 1 column matrices and

1 -1 0 . 0 0 -1
b a+c b+c - c1 c1 0
0 b+c atco - Co Co 0
A= . . . ,
0 cyp—2 cCyp—2 - a+cpy—o b+cp—o 0
0 ecv—1 cem—-1 - bH+ey—1 atepy—1 b
0 0 0 . 0 -1 1
L 4 (M4+1)x (M+1)
(0 0 0 - 0 0 O] [0 0 0 - 0 0 0]
0 e -0 00 0 g 0O- 0 00
0 0 e 0 0 O 00 g - 000
B = . . C = .. ’
0 0 O e 0 0 0 O g 0 0
0 0 O 0 e O 0 0 0 0 g O
0 0 O 0 0 O 000 - 000
L 4 (M1 x(M+1) L 4 (M1 x(M+1)
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0 0
ot wy
cpk: . w’® = . , for s=k,k+£1.
Phr—1 Wiy
(M+1)x1 (M41)x1
Here,
12 1 2 _
a:ﬁ—*—ﬁab:_ﬁae:_ﬁmg:ﬁa
M-1
2 h—1
d= Z (1+cosxi)h,cn:%cosxn,lgnngl,

i=1

& 1 2m(cosh — 1)

Op = = e*t""“cosxn,lgngfl,lgnngl.
h2y .~ (14 cosz;h)

So, we have the initial value problem for the second order difference equation (29) with respectto k with matrix
M
coefficients A, B and C. Since w’and w'are given, we can obtain {{wﬁ}g_o} by (29).
= 0

n="

Now, applying formula (17), we can obtain

Mkl — 20K + k-1
= =

P A<k<N-1. (30)

In the second stage, we obtain {pk}g;ll by formulas (27) and (30). Finally, in the third stage, we obtain
M
{{uﬁ}g_o} by formulas (26) and (27). The errors are computed by
= 0

n=

where u (¢, ) , p(t) represent the exact.solution, u* represent the numerical solutions at (¢, z,,) and py represent
the numerical solutions at t;. The numerical results are given in the following Table.

Table
Error analysis
Error N=M=20 | N=M=40 | N=M =80 | N=M=160

L, 0.0501 0.0250 0.0124 0.0062
E, 0.0472 0.0244 0.0124 0.0063

As it ig'seen in Table, we get some numerical results. If N and M are doubled, the value of errors decrease
by a factor of approximately 1/2 for first order difference scheme (25).

Acknowledgement

The publication has been prepared with the support of the «RUDN University Program 5-100» and published
under target program BR05236656 of the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan. We would like to thank the referees for their helpful suggestions to the improvement of
our paper.

96 Bectnuk Kaparanmguackoro yuuBepcurera



Identification hyperbolic problems ...

W

© 00 J O Ot

10
11
12
13
14

15

16
17
18

19
20
21

22

23

References

Belov, Yu.Ya. (2002). Inverse problems for partial differential equations (Inverse and Ill-Posed Problems
Series, VSP).

Isakov, V. (1998). Inverse problems for partial differential equations, Applied Mathematical Sciences
(Springer, New York).

Kozhanov, A.L. (1997). Journal of Inverse and III-posed Problems, 5, 4, 337-352.

Prilepko, A.IL., Orlovsky, D.G., & Vasin, I.A. (2000). Methods for Solving Inverse Problems in Mathematical
Physics. New York: Marcel Dekker.

Anikonov, Yu.E. (1996). Siberian Mathematical Journal, 37, 3, 483-491.

Ashyralyev, A., (2014). & Ashyralyyev, Ch. Nonlinear Analysis: Modelling and Control), 19, 3, 350-366.
Ashyralyyev, Ch. (2014). Boundary Value Problem, 2014, 5, 1-23.

Orlovskii, D.G. (2008). Differential Equations, 44, 1, 124-134.

Ashyralyev, A. (2011). Ukrainian Mathematical Journal, 62, 9, 1397-1408.

Ashyralyev, A., & Agirseven, D. (2014). Nonlinear Analysis: Modelling and Control; .19, 3, 335-349.
Blasio, G.Di., & Lorenzi, A. (2007). Journal of Inverse and III-posed Problems, 15,7, 709-734.
Ivanchov, N.I. (1995). Ukrainian Mathematical Journal, 47, 10, 1647-1652.

Kostin, A.B. (2013). Sbornik: Mathematics, 204, 10, 1391-1434.

Samarskii, A.A.; & Vabishchevich, P.N. (2007). Numerical Methods for Solving Inverse Problems of
Mathematical Physics. New York: Berlin. Inverse and Ill-Posed. Problems Series, Walter de Gruyter.

Ashyralyev, A., & Celik, F. (2016). Series Springer Proceedings in Mathematics and Statistics, 39-50.
Cham: Publishing.

Ashyralyev, A., & Emharab, F. (2017). AIP Conference Proceedings, 1880,050001, doi:10.1063/1.5000617.
Kozhanov, AL, & Safiullova, R.R. (2010). Journal of Inverse-and IIl-posed Problems, 18, 1, 1-24.

Kozhanov, A1, & Telesheva, L.A. (2017). Bulletin of the south Ural State University, Series: Mathematical
Modelling, Programming and Computer Software, 10, 2, 24-37.

Anikonov, Yu.E. (1995).Journal of Inverse“and Ill-posed Problems, 3, 4, 259—267.

Anikonov, Yu.E., & Neshchadim, M.V. (2012). Journal of Applied and Industrial Mathematics, 6, 1, 6-11.
Anikonov, Yu.E., & Neshchadim, M.V. (2013). Journal of Applied and Industrial Mathematics, 7, 1,
15-21.

Ashyralyev, A., & Sobolevskii, P.E. (2004). New Difference Schemes for Partial Differential Equations.
Basel, Boston, Berlin: Operator. Theory Advances and Applications, Birkhauser Verlag.

Kabanikhin, S.I., & Kriverotko, O.1. (2015). Journal of Inverse and III-posed Problems, 23, 5, 519-527.

A. Ameipaseie, @. Dvmapab

IHlerTik miapTel Heiiman Typinge 6o/1aTbiH
NAeHTU(PUKANSAIBIK I'MIepP00JIaJblK ecernTep

MakauJra merTik maprel Heiiman Typingeri 6ip esmemM i rumepboJsiaiblK TYp/Ieri TeHaey Yo uaeHTuduKa-
nusiay ecebin 3eprreyre apHasran. Unenrndurkannsiay ecebiHiy menimMi yIIiH OPHBIKTBLIBIK, Oaraiayiapbl
anprarad. [llerrik mapter Heftman Typinzeri rumepOostaablk TEHAEYIEP VIMH HAeHTUMUKAAAIAY eceOiH
CaHBIK IIEIy YIIH A9/Air 6ipiHii peTTi affbIPhIMIBIK, CXeMa YChIHBLIFaH. ARBIPBIMJIBIK, CXeMAHbBIH, IIEITiMi
YIIiH OPHBIKTBUIBIK, Oarasaysiapbl KeITipiaren. By aflbIpbIMIbIK, cxeMa KapaltaiibIM ecell YIINiH TeKCepiJiIl,
CaH/IBIK, €CeNTeysIep HOTUXKECI KeJITipiyreH.

Kiam cesdep: ke3nepai nnentudukanusiiay ecebi, runepbosaibik, auddepeHnnaiibl TeHIeY, alibIPbIMIbIK,
CXeMaJiaphbl.

Cepust «Maremarukas. Ne 3(91)/2018 97



A. Ashyralyev, F. Emharab

98
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N neaTudukanmoHHbie TUIIEPOOJINYECKNEe 3aJJa9n
c rTpaHNYHBIM ycjoBueM Heiimana

B crarpe msyuaena 3amada naeHTHOUKAINA C TPAHHYHBIM yciaoBreM Helimana Jisi OJHOMEPHOTO THIIED-
0OJIMYIECKOI0 ypaBHEHUsI. YCTAHOBJIEHBI OIEHKNA yYCTONYMBOCTH pEIIeHUs 3a/a49n ujeHTudukanm. Kpome
TOT0, IIPECTaBJIEHA PA3HOCTHAS CXeMa IEPBOrO MOPsAKAa TOYHOCTH IS YMCJIEHHOTO PEIleHus 3a1a9 UIeH-
TUDUKAIUN JJIsT TUIIEPOOSNIeCKUX yPABHEHUN € TPAHMYHBIM ycjioBueM Heiimana. YCTAHOBJIEHBI OIEHKHU
YCTOMYUBOCTH PEIeHNsI PA3HOCTHON CXEMBI. DTa PA3HOCTHAs CXeMa IIPOBEPEeHa Ha IPUMEPE U IIpejicTaBiie=
HBI HEKOTOPbIE YUCJIEHHBbIE Pe3yJIbTaThI.

Kmouesvie crosa: 3aada naeHTH(MUKAIINN UCTOYHUKA, TUIEpbondeckne auddepeHnnaabHble YPaBHEHNS,
Pa3HOCTHBIE CXEMBbI.
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