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Abstract. An urgent task of corpuscular optics and scientific instrumentation is the creation of new methods
for calculating the physical and instrumental” parameters of mass spectrometers. Leveraging the increased
capabilities of computational technology, these methods provide a solid basis for the design and calculation of
instruments with improved analytical capabilities. In this work, a method was developed for calculating the
electrostatic field of multipole systems based on a conducting circular cylinder. This method uses the broad
analytical capabilities of the theory of functions of a complex variable. Analytical expressions are found for the
electrostatic field potential of a quadrupole system for the case of infinitely narrow gaps between the electrodes.
Analytical expressions for the derivatives of the potential are also obtained. A study was carried out of the influence
of the finite size of the gaps between the electrodes on the field configuration. For this purpose, numerical
simulations of planar electric fields satisfying the Laplace equation were carried out. The calculation of the
electrostatic field potential was carried out using the boundary element method in two stages. First, the distribution
of electric charge at the boundary was calculated according to the known boundary potential distribution, that is,
the “inverse” problem was solved. Then, using the found values of the charge distribution and the found potential
values, the “direct” problem was solved. To solve this problem, a method was developed for solving integral
equations with singularand quasi-singular kernels, which provides high accuracy in field calculations for electron-
optical systems with rectilinear boundaries. The inaccuracies in the calculations resulted solely from rounding
mistakes. In the case of an Equation of State electron-optical systems characterized by curved boundaries, the
precision is dependent exclusively on how accurately the boundaries are represented using linear segments. For
the purpose of segmenting the curved borders of the second-order electron-optical systems, these boundaries were
broken down into arcs with an angular measurement not exceeding one degree.
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1. Introduction

At present, quadrupole mass spectrometers are extensively utilized. This type of mass analyzer is
categorized under anti-resonance mass spectrometers, where a portion of the ions is subjected to an electric
field comprising both static and oscillating components as they navigate through. In this setup, some ions are
able to traverse a specific field with a constrained oscillation amplitude, while the oscillation amplitude for the
remaining ions escalates indefinitely over time, causing them to exit the beam [1,2]. The behavior of these
charged particles is influenced by their mass-to-charge ratios, enabling the electric field to function as a mass
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filter. Consequently, it selectively permits only those ions that possess a designated mass-to-charge ratio to
pass through.

The main element of a quadrupole mass analyzer is a linear quadrupole, which is a structure of four
cylindrical rods located parallel to each other. Direct and alternating radio frequency voltage is applied to the
electrodes.

Quadrupole electrostatic fields are widely used in analytical instrumentation. Quadrupole, sextupole and
octupole electrostatic systems are used to correct aberrations of electrostatic lenses and mirrors [3-5].
Quadrupole mass spectrometers, as well as various ion traps that use quadrupole fields, are now widespread.
The linear ion trap was proposed by W. Paul in 1952, who was awarded the Nobel Prize in 1989 for these
developments [6]. The linear ion trap essentially functions as a quadrupole mass spectrometer, differing
primarily due to specific design modifications that allow for stable three-dimensional confinement of charged
particles [6-9]. Presently, a variety of linear traps have emerged, including the ion surface trap [10], a microtrap
designed for surface studies of a quantum processor [11], and a toroidal ion trap [12]. The fundamental
principles of the quadrupole mass spectrometer remain unchanged, despite variations in. the spatial
configuration and alignment of the electrodes [13]. Furthermore, ion traps hold potential for application in the
development of quantum computers [16].

2. Research method

As shown in Fig. 1., a quadrupole electrostatic field is created by setting the potential values £V on the

surface of a conducting circular cylinder of radius R . In what follows, we will measure linear dimensions in
units of R. Thus, a boundary problem arises on the unit circle, the solution of which leads to the Poisson
integral for the @ potential [17]:
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Fig.1. Quadrupole on a cylinder.
Here V (t) = is the angular distribution of potential on the surface of the cylinder.
Let us transform expression (1) to the following form:
2% V(t)dt
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To calculate integral (2) we use the following well-known formula:

(a—b)tg§+c

d x 2
I —= arctg : (3)
a+bcosx+csinx /a2_1b2+02) /az—{b2+cz)




142 Eurasian Physical Technical Journal, 2024, 21, 4(50) ISSN 1811-1165; e-ISSN 2413-2179

3. Results and discussion

Using formula (3), we write the following expression for potential (2):
T
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In cartesian coordinates x, Y, z, the found potential can be written as:
2 _ 2
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Here p =4 x2+y2 . It is easy to check that, as one would expect, the potential vanishes on the
coordinate axes ¢(x,0) =@(0, y) =0. Differentiating expression (3), we find the derivatives of the potential:
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The derived formulas also characterize the monopole field generated by a segment of a cylindrical

electrode at a specific potential, alongside two perpendicular half-planes, xz and yz, which maintain a potential

of zero. Figure 2 illustrates the monopole field, depicting equipotential lines at potentials of 0.1V, 0.2V, ...,
up to 0.9V. These equipotential lines were obtained through the numerical integration of differential equations.

Equipotential lines were found by numerical integration of differential equations:
dy__dp j0p  dx__0dp [Op @®
dx o0x/ dy dy dy/ ox
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Fig.2. Picture of equipotentials of the field of a cylindrical‘monopole:

The initial conditions for equations (8) were set on the straight line Yy = X and according to formula (5)

such values were found at which the potential takes the values 0.1 V, 0.2 V, ..., 0.9V. These x values are
shown below in Table 1.

Table 1. Values of the X coordinate of equipotential lines on the straight line y = X .

oIV 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
x=y | 0.19840 | 0.28143 | 0.34648 | 0.40307 | 0.45510 | 0.50475 | 0.55354 | 0.60274 | 0.65348

Using formula (3), we write the following expression for the potential of the sextupole system:
v
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In Cartesian coordinates X, y, z, the found potential can be written as:
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It is easy to check that on the x coordinate axis the potential becomes zero @(x,0) =0. Now let's find
the derivatives of the potential:

oo ™ iy +2{(X+1)\/1§(1—p2)+ x<1+p2+2x)\/1§—2xy} )
X 7 (1—p2) +y? (1_,02)24{(1+p2+2x)\/1§—2y}
) 2{(x +1)\/1§(1_p2)+ x(l+p2 +2X)\/1§+2XyL
(1—p2)2 +[(1+p2+2x)\/1§+2y}
~ 2|(x+1)v/3(1- p? )+ x{1+ p? +2x)v3—2xy
(l—p2)2+[(1+p2+2X)\/§—2y]2
2[(X+1)\/§(1—p2)+ x<1+p2+2x)\/§+2xy] h, | (11)
' (1—,02)2+[(1+,02+2x)\/§+2y]2 V)

99 _ & 2(1—p2+2y2)+2[(1—p2)(\%_1j+(1+p2+2x)\7§—2y2}_

oy =« (1_p2)2+4y2 (1—/02)2+{(1+P2+2X)\1@_2yr

fo- gl o

(1_p2)2 +|: (1+p2 + 2x)\/1§+2y} 2
“2|(1-p?)y3-1)+ [+ o2+ 2x)yVB-2y?]
(1—,02)2 +[(1+p2 + 2x)\@—2y]2

2[(1- p?)yv3+1)+ (1+p2+2x)y\/§+2y2]}_ v 12
' (l—p2)2+[(1+p2+2x)\/§+2y]2 Vi)

We find equipotential lines by numerical integration of differential equations:
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dx ox/ oy ’ dy oy/ OX

(13)
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Table 2. values of the Y coordinate equipotential lines on the axis at X =0.

eIV 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

y/R {0.4285433 |0.5410501 [0.6215145 [0.6874778 |0.7454322 [0.7987091 (0.8493886 (0.8989876 (0.9487817

wR

Fig.3. Picture of equipatentials of the field of a cylindrical sextupole.

To confirm the adequacy of the analytical expressions for calculating the electrostatic field proposed in
[18], numerical methods for modeling planar electric fields using the boundary element method were used
[19].

To tackle the problem numerically, we convert the integral equation that relates the potentials of simple
and double layers into a discrete format. This involves dividing the boundary I" into N boundary elements 7.
By assuming that the potential remains constant along each circuit (electrode) and that the normal derivative
of the potential is constant across each boundary element, we can express the integral equation in the following
manner:

u(‘:)_'_ZUjHj(&):quFj(&), (14)

where £EeGuTIand y=r at £€G for two-dimensional tasks, y=2r at eI’ and y=4n at £eG for three-
dimensional tasks, and the functions F;, (E)and H j (&) represent integrals of the fundamental solution and the

normal derivative of the fundamental solution of the Laplace equation, respectively [18]. In typical scenarios,
these can be computed using standard Gaussian quadrature methods.

The computation of the electrostatic field occurs in two phases. Initially, the unknown vector g; is derived
from the known boundary distribution of the potential u(§<I’) by employing equation (14), effectively
addressing the "inverse" problem. Following this, the obtained values of g; alongside the given u; are utilized
to compute the function u(g), for £Q using equation (9), there by resolving the "direct” problem. The author's
approach to tackling both inverse and direct problems, as well as the methods for calculating integrals featuring
singular and quasi-singular kernels, is thoroughly outlined in the monograph [21].

Figure 4 shows the color-coded potential distribution in the internal region of an antiresonant quadrupole
system based on a circular conducting cylinder, obtained using the specified numerical technique.
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(a)
Fig.4. Two-dimensional potential distribution in a quadrupole system:
a) color coded, b) equipotential lines.

(b)

The techniques introduced by the authors [21] for computing integrals in equation (9) involving singular
and quasi-singular kernels ensure a high degree of modeling precision. Inelectron-optical systems (EOS) with
straight boundaries, the calculation error is primarily influenced by rounding errors, while for systems with
curved boundaries, it is affected by the precision of approximating the boundary using straight line segments.
When segmenting the second-order geometric curves that define the electron-optical systems (EOS) into arcs
with a 1° angular increment and approximating these ares with straight line segments in test scenarios-like a
cylindrical capacitor or a quadrupole mass filter featuring hyperbolic electrodes, for which analytical solutions
exist-the resulting potential calculation error is found to be no greater than 10 %.

For the modeled anti-resonance system, when the insulating gap between the electrodes is small and does
not exceed the value 6/R=0.1%, the values of the potentials calculated numerically by the boundary element
method and by analytical formulas obtained in [18] and in which 6/R=0, also coincide within the error limits
of the specified value of 107 %.

An important fact is the impact of the dimensions of the insulating gap on the deviation of potentials in a
guadrupole system from analytically calculated ones, which should be taken into account in the manufacture
of real devices. Table 3 presentsthe results of calculations of potentials along a vertical line located at a certain
distance from the origin, whichis located at the center of symmetry of the system.

Table 3. Dependence of the potential value in a quadrupole system on y at x/R=0.1

yR | 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1

8/R=0 0,529976 | 0,322127 | 0,22747 | 0,172661 | 0,134517 | 0,103957 | 0,076791 | 0,050948 | 0.025461
8/R=0.2% | <0.530 0.3221 | 0.22747 | 0.17267 | 0.13452 | 0.103965 | 0.07680 | 0.050959 | 0.025474
6/R=3.5% | 0.528 0.3216 | 0.22726 | 0.17257 | 0.13446 | 0.103922 | 0.07677 | 0.050928 | 0.025446
8/R=10% 0.514 0.3173 | 0.22572 | 0.17187 | 0.13408 | 0.103683 | 0.07660 | 0.050822 | 0.025388

From the analysis of the table data, we can conclude that as we move away from the center and approach
the cylindrical boundary of the quadrupole system, the deviation of the potential from the analytical value
increases and can exceed 1% with a gap width 6/R=10%; while in the region adjacent to the center of symmetry
and which is the working region of the system, the potential deviation does not exceed 0.01%.

4. Conclusion

Using TFCV methods, analytical expressions were obtained for the electrostatic potential of multipole
systems based on a conducting circular cylinder for the case of infinitely narrow gaps between the electrodes.
In the considered multipole systems based on a conducting circular cylinder, there is no need to use conducting
rods to create a multipole field. The ion beam will move unhindered along the cylinder axis. In this case, we
will localize the edge fields using grounded screens at the limits of the system.
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The obtained analytical expressions describing the potential distribution in an antiresonance multipole
system based on a circular conducting cylinder were tested, and the correctness of the results obtained was
confirmed by numerical modeling of the electric field using the boundary element method. The influence of
the width of the insulating gap between the electrodes on the magnitude of the potential and on its deviation
from the “ideal” one, analytically calculated for the case of an infinitely narrow electrode, has been studied.
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