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Boundary value problem for a class of nonlinear second order ordinary
differential equations with variable coefficients

In this article the existence of continuous solutions of two-point boundary value problem in an interval of
positive real line for a class of nonlinear second order ordinary differential equations with variable coeffi-
cients is proved. To prove of the existence theorem about two-point boundary value problem the authors con-
structed the general solution of the corresponding linear second order differential equations with variable co-
efficients and used Schauder fixed point principle. The method of building of the solution of linear second
order differential equations with variable coefficients and the general solution can be useful for various appli-
cations of science. For simplicity the coefficient and the nonlinear part of the ordinary second order differen-
tial equation are taken from the class of continuous functions. They can be taken from the class of measurable
and essentially bounded functions. One can easily verify that the results remain in force andiin this case:

Key words: two-point boundary value problem, ordinary differential equation; the second order, nonlinear
equation, general solution, Schauder principle.

1 Introduction

Let 0 <x, <oo. We consider the equation

2
a0y =/(ey) (1)
in the interval [0, x,], where a(x) e C[0, x,] and the function f'(x,y) is continuous in the set of variables in
the domain D={(x, y):0<x<x,|y—al<c}. Here y(0)=a, c>0. The connection between the numbers

x, and o will be defined later. In this article we'will solve the following boundary value problem.

Problem D. Find the solution of the equation (1) from the class C*[0,x, ] satisfying the conditions

du
y(0)=a, —(x)=b, 2
dx
where o, f — are given real numbers.
2 Construction of the general solution of the linear equation

Let S[0, x,] is theclass of measurable, essentially bounded functions in [0, x,], with the norm

| f =supvrai| f(x)|= lim || £]] .
X0, ] p=77 TLpl0:x]

2

2
By W’[0,x,] we denote the class of functions f(x), such that cj{ S € S[0, x,].
X

We consider the equation
2

DY | au=f () 3)
dx

in [0, x,], where a(x), f(x) € S[O0, x,].

Two-point boundary value problems for the ordinary second order differential equations is a classic of
research domain of the theory of ordinary differential equations and due to their wide application in mechan-
ics, mathematical physics and geometry (see, for example, [1-9]) have been actively investigated so far.
However, in the mathematical literature mainly it is studied equations of the form (3) with continuous coeffi-
cients and sufficient conditions for the solvability of boundary value problems for them. In [10, 11] the gen-
eral solution of the equation (1) is constructed and the Cauchy problem for him with initial point x =0 is
solved. In this section an explicit solution to the boundary-value problem for the equation (3) in the class

w20, x,1nC'[0, x,], 4)
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where

X, < fi ®))
lal,
is found and the following problem is solved.

Problem D;. Find the solution of the equation (3) from the class (4) satisfying the conditions (2).
Integrating twice the equation (3), we have

Y(x)=(By)(x) + g(x) +cx+cy, (6)
where ¢, c¢,— are arbitrary real numbers,

X X X X

(By)x) = [ [ay(ddr,  g(x)=-] [ f(drdr.

Applying the operator B to both sides of equation (6), we get
(By)(x) = (B”y)(x) + (Bg)(x) + ¢,a,(x) + ¢, b, (%), (7
where

(B*»)(x) = (BBY)())(X), 4,(x) = [ j ta(t)didr;  b(x)= | j a(t)dtds.

From (6) and (7) it follows
Y(x) = (B*y)(x) + ¢ (x + @, (x)) + ¢, (145, (x)) + g(¥)+ (BL)(). ®)
In the following we use functions and operators

XX x X

a,(x)= j j a(t)a,_,(H)didr, b (x)= j j a(b,_ (Odtdt,  (k=2,),

(B*y)(x) = (BB (&), (k=2,).
Applying the operator B to both sides of the equation (8); we have
(By)(x) = (B’ y)(x) + ¢, (a,(x) + ay () + ¢, (B(x) + b, (x)) + (Bg)(x) + (B )(x0).
From (6) and (9) it follows

Y(x) = (B’ p)(x) + ¢, (x + a,(x) + @, (¥)) + ¢, (1 + B(x) + b, (x)) + g (x) + (Bg)(x) + (B*g)(x). ©)
Continuing this procedure # times, we obtainan integral representation of the solution of equation (1):
n=l n-l1 n—1
Y(x) = (B")(X) b, (x ) a, () + ¢, (14 D b () + D (B g)(x), (10)
k=1 k=1 k=0

where (Bg)(x) = g(x).
Let y(x)e C[0,x,]. Taking into consideration the definition of the operators (B”y)(x) and the functions
a, (x), b, (x), the following estimates are obtained

(BN S2]yl—F——
| |k 2k

aly -x; 2. .
—_—x, b <—0 1
% (b 5

, (n=10m), (11)

|a, (X) < —; (k=1,00), (12)

where |,/ 1< max | /().
> X

Passing to the limit with n — oo in the representation (10) and taking estimates (11), (12) into account,
we receive
y(x)=cl,(x)+c,1,(x)+ F(x), (13)
where

L) =+ Y, L) =1+ Y0, F(x)= Y (B'2)).

Using inequalities (11), (12), we have
2 2+|al, x 2+|al, x

(D)€ ———. | L(x)< - [F(x) S gl - > (14)
2—lal, x; 2—lal, x; 2—|al, -x;
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From the forms of the functions /,(x), /,(x)and F(x) for x €[0, x,], where x, satisfies (5), it follows

dl, t dl, | ,
L=l J.a(t)ll (t)dt, = ja(t)l2 (t)dt;
X X (15)
dF 7} ¢
—o=- j F(O)dt + j a(t)F(t)dt;
’L ’I, .
2 a(x)I;(x), R a(x)1, (x); (16)
d’F
R S (x)—a(x)F(x). (17)
By virtue of (15) and the form of the function /,(x), Z,(x), F(x) we obtain
dF dl, 3 _dl
1,(0)=F(0) —E(%) _E('xl) =0, 1,(0)= dx (x)=1. (18)

From (16) and (17) it follows that the functions /,(x), /,(x) are particular solutions from class (4) of

the homogeneous equation
2

LT a(x)y=0 (19)
X
and F(x) is a particular solution of non-homogeneous equation (3).

We will compute the Wronskian of functions </ (x) and [,(x). By definition
W(x)=1,(x)-1,(x)—1,(x)-I,(x). Hence by virtue of. (16) ~we have W (x)=1(x) 1,(x)—
~1,(x)- 1, (x) = a(x)(=1,(x)- I,(x) + I,(x) - 1,(x)) = 0. Hence, W (x)=const. On the other hand from (18) it
follows that W (0)=—1,(0) and W(x,)=-1,(x,), so W(x)=~1,(x,)=—1I,(0). Thus we have proved the fol-

lowing theorem.
Theorem 1. Let I,(x;)# 0. Then the function y(x), defined by the formula (13), is the general solution

of equation (3) from the class (4).
For the equation (3) we consider the problem D, . To solve the problem D, we use the general solution

of equation (3) given by the formula (13). Substituting the function defined by the formula (13) into the
boundary conditions (2) taking into (18), we have ¢, =a, ¢, =p.
Hence the solution of the problem D, has the form
Y(x) =BI, (%) + ol (x) + F(x). (20)
Thus we have proved the following theorem.
Theorem 2. Problem D, has the solution, which is given by (20).

Remark 1. The obtained results remain in force and in the case a(x), f(x) e C[0,x,]; x < ﬁ In this

aj
case the solutions given by (13) and (20) belong to the class C*[0, x, .
3 Reduction of the equation (1) to integral equation

In section 2 we construct the general solution of the equation (19) in the form y(x) = ¢/, (x) + c,1,(x),

where ¢, ¢, are arbitrary real numbers,

I(x)=x+ Zw:ak(x), 1,(x) =1+ibk(x);

X X X X

a,(x) = [ [ta()didz, b,(x)= [ [a()drdx;

X X X X

a,(x) = j j a(ya, (Hddr, b, (x)= j j a()b,_ (dtdt, (k=2 o).
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The following inequality can be easily verified

2x 2|al x, -x
IL(x) <K ———, L(x)-1jx— 2~ 21
e e R [ e @)
2 2|al, -x
|I1(x3)_11(x2)|<(x3_xz)'T |1, (%) = 1,(x,) IS (3 —x,) - T (22)
1 1

where |a|=max|a(x)|, 0<x,<x, <x. Following the method of variation of arbitrary constants, we
0<x<x

choose the solution of equation (1) in the form
y(x) = ¢, (X)];(x) + ¢, (X) ], (x), (23)

where ¢, (x), ¢,(x)— unknown functions from the class C'[0, x,]. Counting of the right-hand side of equa-
tion (1) is known by the method of variation of arbitrary constants, we obtain a system for determining the
functions ¢,(x) and c,(x):

¢ (x) - 1, (x) + ¢y (x) - 1, (x) = 0;

¢, (x) LX)+ ¢, (x)- L,(x) = f(x, ).

Hence, by virtue of the equation W(x)=-1,(x,) we have

6=+ ( j LOSEG: e@=Trs I () f (2. y)drc,, (24)

2 2
where ¢, and ¢, — are arbitrary real numbers. We have assumed here that 7,(x,) #0.

From (23) and (24) it follows

Y00 = [ K0 £ 00t + e i) el (), (5)

where K(x,t) = ! )(Il(x)~Iz(t)—lz(x)~ll(t)).

2%

Now we show that any solution of the equation (25) of the class C[0,x,] satisfies the equation (1).

Theorem 3. Let I,(x,)# 0. Then any solution of the equation (25) from the class C[0,x,] belongs to the
class C?[0,x,] and satisfies the equation(1).

Proof. Obviously, the right-hand side of the equation (25) belongs to the class C'[0,x,]. Therefore,
from (25) by virtue of K(x, x) =0 we get
L0170 £yt -2 [ 1,0 £ )+ 600+ e, ), 26)
1,(x) I, (%)

Right side of (26) belongs to the class C'[0, x,]. Therefore, y(x)e C’[0,x,]. Hence, from (26) by virtue
of (16) and equality W(x) ==/, (x,) it follows

y(x)=

v (x)=—a(x): IK (0.0 f (&, y)dt + f(x,y) = a(x)(c ], (x) + ¢, [, (x)) = —a(x) y(x) + [ (x, ).
0
The theorem is proved.
4 Proof of the existence of continuous solutions of the boundary value problem for the equation (1)

In section 3 it is proved that any solution of the equation (25) from the class C[0, x,] belongs to the class

C?[0,x,] and satisfies the equation (1). Now we consider the solution of the equation (25) satisfying the
boundary conditions (2). To do this, from (25) and (26) taking into account (18), we obtain

c,=0,c
1, ( )0
Therefore, any solution from the class C[0,x,] of the equation
y(x) = (4y)(x), (27)
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where

(49009 = [ o) 1yt =5 [ 1,0 0.0 ) 1,0 - 0, (28)

will be a solution of problem D to the equation (1). Let
2(2 x7)- 2 2o .
(m @t|a) )5, 2|B|#2|ala) xl)xlm
(2-lal X)) [ 1, (x)] 2-lal x

where K, = max |K(x,7)|; y— maximum of the function | f(x,y)| in D.

0<x,t<x

(29)

Inequality (29) always might be obtained for the small value of the number x,. Let us prove the exist-
ence of continuous solution of the equation in the interval [0, x, ].

Theorem 4. Let I,(x)#0, a(x) e C[0,x,] and f(x, y) is continuous in the set of variables in the'do-
main D. Then in the interval [0,x,], where the number x, satisfies (29) and (5), there is at least one solution
of the equation (1) of class C’[0,x,], satisfying (2).

Proof. By virtue of theorem 3 it is sufficient to prove the existence of solutions from the class C[0,x, ]
of the equation (27). Let || y|= ggﬁ)}: | y(x)|. We consider the operator 4, defined by (28), on the sphere

|| y—all<c of the space C[0,x,]. We show that the operator 4 is continuous on the sphere ||y —a|<o.
If the sequence {y,(x)}, belonging to the sphere || y —a ||< o, converges uniformly to y(x), obviously be-
longing to the same sphere, then by virtue of the continuity»of the function f(x,y)the sequence
{f(x,y,(x))} converges uniformly to f(x,y(x)) in [0,x,]. Hence, by the passage to the limit under the inte-
gral sign the uniform convergence implies that the sequence {(A4y,)(x)} converges uniformly to (Ay)(x),
i.e. we have a continuous operator on the sphere || y — a{|< o, For any element y(x) of sphere || y—a|<c
by virtue of (14) we obtain

2Yx1(2+|a|1x12) +2|B|+2|a|'x12'|a|1

|(AY)(X) €K, -y-x + (30)
: 1 2=Tal, x12)2|[2(x1)| 2—|a|, 'x12
If x, and x, are two arbitrary points of the interval[0,x, ], then by virtue of (22) we will have
2’Yx(2+|a‘1x12) 2[B|+2|a]-x-|al,
|(x‘1)/)()€)—(x‘1y)(x)IS[KV+ 1 + oy —x, | (€29)
’ T @slal ) L)) 2-|a|, x; T

Inequalities (30) and (31) by virtue of the Arzela show that the operator 4 transforms the sphere
||lu—a||<oc into a compact set. We now show that the operator 4 transforms this sphere into itself. In fact,

by virtue of (21)

2
|(Ay)(x)—oc<[Kly+ 2(2+|a|1 xl)x1 +2|B\+2xl|a\1 OLJ. 1

(2-la|, 'x12)2|]2(x1)| 2-la|, 'xlz
and by virtue of the inequality (29), we obtain here |(A4y)(x) —a|<G.
Thus, the operator 4 satisfies all the conditions of Schauders theorem. Therefore, there is the fixed point

of this operator, i.e such a function y(x), so that

Y00 = [ Kot £t vyt~ [ 10 £t px e + B, o) + a0,
0 12 (xl) 0

Hence, by theorem 3 there is the solution of the boundary value problem D for the equation (1).
The theorem is proved.

a(x) € [0, x,]

Remark 2. This theorem will be suitable and in more general case, when and

y(x)e Wj[O, xl]mCl[O, x ]
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AN N AW =

O.Tynrarapos, M.baiianoBa

AliHbIMAJIBI KO3((PuMeHTTEpi 0ap eKiHm PETTI CHI3BIKTHI eMec JKai
auddepeHMANABIK TeHAeYJAepPAiH 0ip KIachl YIIiH IIETTIK ecen

Maxkanana canznap ocigig 0ip KeciHIiciHIe CHHTYIISPIEI KO3 GHIMEHTTEP] Oap eKi peTTi CHI3BIKTHI eMec Kail
i epeHIMANABIK TeHASYiH Oip Kiachkl YIIH €Ki HYKTeNl IISTTIK eCeNTiH MenrMiHiH Oap Ooiysl
nonenaeHred. Exi HykTerni meTTik ecenTiy mentiMi/6ap 601y Te€opeMachlH aBTOPIAPABIH KYPFaH CBHI3BIKTHIK
TeHaeynepaiy xanmsl menriMi meH laymep omici apkputsl Herizmenren. JKamnel mremimuaepai Tady amici
JKOHE KYPBUIFaH JKaJIbl IISMIMAep 9p TYpPJi-KOJIaHOAIbl ecenTepii LIbFapyia KOJIAHBUTYbl MYMKIiH.
ANBIHFAH HOTIKENEpAl OHal TYCIHAIpY YIIH TEHICYOIH KOI(QQUIMEHTTEpi JKOHE CHI3BIKTHI eMec 0otk
y3iniceiz ¢pyHKuusap KinacbiHaH anbiHFaH. Ojaapasl Tek oJmeM/il KaHe aKbIpIbl JepIliK KeHICTIKTepAe anyFa
6onanel. Byt sxarnaiizia 1a HOTHKENEP AYPHIC ATl eCeTITeNe]i.

A.Tynrarapos, M.bait>xanoBa

KpaeBasi 3agaua 115l 0IHOT0 KJ1acca HeJIUHEHHBIX 00bIKHOBEHHBIX
g pepeHuHATbHBIX YPABHEHUH BTOPOI0 MOPSAAKA ¢ NIepeMEeHHbIMH
K03 puuuenramu

B crarpe mokazaHO CyIIecTBOBaHME HETIPEPHIBHBIX PEIICHUH NBYXTOYEYHOH KpaeBOH 3aJadll B HEKOTOPOM
OTpe3Ke TOJIOKUTETHHOH YUCIOBOH MPSIMOH JUISL OJJHOTO Kilacca HENMHEHHBIX OOBIKHOBEHHBIX AU GepeHIH-
aIIbHBIX, YPABHEHMII BTOPOTO MOPsIKA C TepeMeHHbIMH KoddduimenTamu. {1 10Ka3aTenbCTBa TEOPEMBI
CYILECTBOBAHUS IBYXTOUYEUHOH KPaeBOH 3a1auk UCIIOJIb30BaHbl IOCTPOSHHOE aBTOPAMHU 0O0IIEee PeLIeHHE CO-
OTBETCTBYIOLIMX JIMHEWHBIX () (EepeHIMANBHBIX YPaBHEHHH BTOPOTO MOPSAKA C MEPEMEHHBIMU KOA(hHIH-
SHTaMH U MPUHLUIN HenoABKKHOM Touku lllaynepa. Meron nocTpoeHust o0LIEro pelieHns TMHeHHbBIX Iud-
(hepeHIMANBHBIX YPaBHEHUI BTOPOTO IOpsIIKa ¢ MEPEeMEHHBIMH KOG (HIIMEHTaMH U caMo o0Ilee perIeHne
MOTYT OBITH TIOJIE3HBI ISl PELICHHs PA3IMYHBIX NPHUKIATHBIX 33aJad eCTeCTBO3HAHMS. [IJIsI MPOCTOTHI U3JI0-
JKEeHHUS KO3((GHUINEHT W HeJIWHEeWHas 9acTb OOBIKHOBEHHOTO MU((EpeHIINAIBFHOTO YPaBHEHUSI BTOPOTO I10-
psifKa B3SATHI U3 KJIacca HENPEPHIBHBIX (DYHKIHH, T.€. U3 KJIacca M3MEPHMBIX U CYIIIECTBEHHO OTPAaHUYEHHBIX
¢byHkumit. JIerko MO>XHO IPOBEPUTH, YTO PE3YIbTAThl PAOOTHI OCTAIOTCS B CHIIC U B 3TOM CIIydae.
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Method of constructing general solution of the second order linear ordinary
differential equations with variable coefficients

In this article new method of constructing general solution of the second order linear ordinary differential
equations with variable coefficients is presented. The general solutions of Airy equation, of the second order
linear ordinary differential equations with variable coefficients and coefficient e* are constructed by this
method. Constructed in explicit form general solutions can be used for solving of the Cauchy problem and of
the two point’s boundary value problems forordinary differential equations with variable coefficients arising
in solving various applied problems of science.

Key words: the second order, linear ordinary differential equation, variable and singular coefficients, general
solution.

1 Introduction

Let —o <x, <x, <. By §[ x,,x, ] we denote the class of measurable, essentially bounded functions in

[x,,x,]. The norm of an element from S[ x;, x, ] is defined by the formula

71,= s vrail o) =timl,
We consider the equation
2

TT_ayy= 1) (1)

2
X

in interval [ x,,x, ], where a(x), f(x) € S[x,,x,].
The solution of the equation (1) from class

Wj[xl,xz]mCl[xl,xz] 2)
is sought.
2
Here W7 |x,,x,] is a class of functions y(x), such that Z’ g) e S[x,x,].
x

If a(x),f(x)eC [xl,xz], then general solutions that are found in this article belong to the class
C*[x,x,].
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