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Abstract—We consider the boundary value problem of heat conduction in a domain“that is \an
inverted cone, while the boundary conditions contain a derivative with respect toghe time variable.
We prove a theorem on the solvability of a boundary value problem in weighted §pacesyof€ssentially
bounded functions. The issues of solvability of the singular integral Volterra @quation0f the second
kind, to which the original problem is reduced, are studied. Then we usethe Carleman—Vekua
regularization method to solve the resulting singular Volterra integral eqtiation:
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1. INTR@DUCTION

The need to solve boundary value problems for the eqétations of nonstationary transport in domains
with boundaries that change with time is explained by the fact that they have a wide practical application.
Problems of this kind describe electromagnetic,\gas-dynamic, and thermophysical processes in low- and
high-pressure gas-discharge plasmas. _Mathematical modeling is indispensable for the development
of plasma installations, as it provides{the“necessary information about the optimal sizes and values
of the fundamental parameters ofyproeesses and devices [1, 2]. They also arise when studying the
processes of melting electrical contaets, the effect of an electric arc on contacts [3]; when studying the
problems of thermal shock in domatns with a moving boundary [4], when solving a number of problems
in hydromechanics [5], Prgblemis of this kind are of great practical value for studying thermal effects
during crack propagatiom, wWherm @ constant temperature is set on the edges of a propagating crack (a
domain with a movinggbotndary), which leads to the destruction of materials, mechanisms or aircratt;
when studying the freezifag oPsolutions, soils; in the study of the kinetic growth of crystals [6].

The peculiafity ofthe sttidying such problems is that when the size of the domain depends on time
and the dodiaindegenerates into a point at the initial moment of time, it is not possible to coordinate
the solution offthe equation with the motion of the domain boundaries. Finding analytical solutions for
the indicated classes of heat conduction problems requires special methods or modifications of known
approaches.

By the method of heat potentials, similar problems can be reduced to special Volterra type integral
equations. It is important here that, if in the boundary value problem the variable domain does not
degenerate into a point at the initial moment of time, then the equivalent integral equation is solved by
the method of successive approximations. If the domain degenerates into a point at the initial moment
of time, then the integral equation has a singularity, which is expressed in the fact that the integral from
the kernel tends to unity as the upper limit of integration tends to the lower one, which means that the
method of successive approximations is not applicable to it.
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2914 RAMAZANOV et al.

2. STATEMENT OF THE BOUNDARY VALUE PROBLEM
AND ITS TRANSFORMATION

In this paper, we study a two-dimensional boundary value problem in spatial variables in an inverted
cone Q = {(az,y,t)| Vit <t 0<t< 1}:
ou

. 2 —
ot a“Au =0, (1)
di Ou
+ oo = g(x,y,t), (2)
n \/{132+y2:t

where a(t) = u(z,y,t)

, where it
he study

co as r—0. (4)

is noted that the case of an nonhomogeneous boundary value problem turns out to’b
to the spatial variable, domains degenerating into a point at the initial mo
coordinates, in the domain G = {(r,¢)| 0 <r <t, 0 <t < 1}, we obt owing boundary value
Let’s introduce a new function
1
vt Q( w0). ®
r

|\/x2+y2:t'
of some problems with iree boundaries. x
\ ith respect
tithe in Lebesgue
classes [8—10].
problem: !
ou o2 1 8 u
3
ot r 81” \ (3)
then the problem (3)—(4) is transfort % the following problem: in the domain @ = {(r,t)|0 <
r<t,0<t<l1}finda solution on

In[7], a one-dimensional version of a similar problem in weighted Holder classes is stud
Previously, we studied boundary value problems of heat conduction in one-di
Assuming that the axial symmetry condition is satisfied and passi —(2) to cylindrical
28u N ou
or 0t)|,._
2 82'11) 2 1 8w

- I (6)
satisfying the boundary itions

a _at

iaﬁ’f + Zrw}], =, (7)

w(r, t)lr: = g2(1).

3. INTEGRAY REPRESENTATION OF THE SOLUTION OF THE PROBLEM (1)—(2)
USING HEAT POTENTIALS

[t is known [11, p. 76] that the function

Gret=r) = [ e (‘ 4;225527) ) h <2a2 (Zg— ﬂ)

is the fundamental solution of the equation (6), £ is a parameter. Hereinaiter, I (z) is the modified Bessel
function of order 1. We will seek the solution of the problem (6)—(7) as the sum of heat potentials:

. t
w(?”, 75) - / G (T,f,t - T)|$=T 'u(T)dT * / 8G(r,§§t : T)
0

0

v(r)dr. (8)
£=0
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM 2915

In the equality (8) the functions u(t) and v(t) are potential densities which are still unknown functions.
We write the integral representation of the solution (8) in the following form:

w(r,t) /Gr§, T e—r 1(7) dT+/ Zk (r,&,t— ]

=1 =0 (s ) ()
&t == [2;(Z_£r)>]26"p<‘4;2<+§2>) (o)

_ 2 r2 4 €2 ré
S T CAA Y | L C ) BT x\—, |
Hence, we have \
3 3 3 %
[Z km(r,§,t—r)” =lm Y kp(r,ét—1) = & =7).
m=1 £=0 $_>Om:1

In the last equality, we calculate separately the limits of each term:

v(T)dr, (9)
£=0

where

1 r’
ooy (1 €, 4a?(t — 7'))
Thus, we finally have
G(r, f,t —7) 2
- . |
_aS3a (it —7)? p( 4a2(t—7)) (10)
[t’s obvious that O
2+ T
t— I . 11
e, x ep  4a? t—7))1<2a2(t—7')) (1)
Substituting the obtai 10), (11) mto the representation of the solution (9), we obtain the
integral representation ion for the equation (6):
r? 4+ 72 T
I
2a2 Cda? (t — 7')) ! <2a2 (t — T)) pir)dr
0
t
r’ -’ d 12
- / sat(t — 7)2 P (‘ da2(t - T)>V(T) T (12)
0

4. REDUCTION OF THE BOUNDARY VALUE PROBLEM (6)—(7)
TO A SINGULAR VOLTERRA TYPE INTEGRAL EQUATION

Now let us satisfy the boundary conditions (7). First we satisfy the boundary condition at » = 0, i.e.
w(r,t)|,_o = g2(t). We have

' 7“2 7“2 1
}1_I>r(1)w(r, t) = h / 8at(t — 7)2 P <_ 4a?(t — T))V(T)dT N 2a2y(t) = 92(0),
0
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2916 RAMAZANOV et al.

from here one of the sought-for densities v(t) is directly determined v(t) = 2a%gs(t). Then the
representation (12) can be rewritten as

w(r,t) = j 2 (:_ ) o (_ 4;”22 (ji))h <2a2 (’;T_ T)) w(r)dr + Ga(r,t), (13)
0

where

ga(r1) = /t 4a2(z 2— 2 &P (_ 4a2(7;2— T)>92 (r)dr.
0

We introduce the following notations:
T ~ rT rT r
pa(r) = exp <4a2)u(7—)’ h <2a2(t—7)) = &P _2a2 t—T %
-~ tT tT
Ion <2a2(t—7')) e (_2a2(t—7)) [I (2a2 t—T x}

and by satisfying the first boundary condition from (7), we obtain the foll:é' ntegral equation

tr
“()+/2a2(t )2 Toy 22t¢

+g/ (tt—7>f(2a2é_ (7 —2a2f1(> (14
0

~ 1 t
T_Q.QQ(T’ t)|'r‘=t + agtgl (t):| €xXp (4@2 ) .
For convenience, we introdu @nction: pa(t) = tuy(t). Then the equation (14) can be
rewritten as follows

t

\ l @+ / M(t, m)pa(r)dr = 2a°tF(t), (15)
0

I tr N 3t 7 tr
2a2 t—7)2 %\ 2a2(t — 1) 202 7(t— 1) '\ 2a2(t — 1)
:Ml(taT)+M2(t7T)' (16)

where

Fil) = |- O

where

Note the following property of the kernel (16), from which it follows that the method of successive
approximations is not applicable to the integral equation (15).

Remark 1. We note that %iH(l)/M(t, T)dT =1, and
_>

¢ ¢
/Ml(t,T)dT =1, Vt>0, /Mg(t,T)dT = 22215.
0 0
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM 2917

Indeed [12, p. 43, 1.11.2(4)]:
t

0/ s i)? P (‘m?g— ﬂ) [If’ <2a2 i r>) —h <2a2<?— >)] o

.
H€ - 2a2(t — 1)

= [ew 9l - n©la =1
0
Let’s prove the second equality [12, p. 272, 2.15.3(3)]:

t
1 32 t T t T
/ 202 7(t — 1) P (_2a2t—T)I1 (Qat—T) dr = ‘
0
3t T 1 3t L 2
T 942 / P (EALE)dz = \0
5. SOLUTION OF THE “TRUNCATED”-CHARACTERISTIC %‘ EQUATION

t T
22t —1

We will seek a solution of the following “truncated” integral eq ich, by Remark 1, is

characteristic for the equation (15)

0+ o (ol OO 0

0

[f a solution of equation (17) is found, then the solu equation (15) will be obtained by the
Carleman—Vekua regularization method.
In the integral equation (17), we change the indep nt variablest = ;| , 7 = 711 and by introducing

the functions
1

1 1
2a® t
§ (t ) ©)7 tlj:l <t1) Falh)
we obtain an equation with a diﬁe& el

2\ lm@/ My (t1 = 1) pa(n1)dn = Fa(t), (18)
t1
where

(ty—7) = ! Ioy !
1_ ! n 2a2(7'1—t1) oL 2a2(7'1—t1) ’

We apply the'ldaplace transform to both sides of the equation (18), and obtain [13, p. 425]:

1 ~
3 3 - Fa(p) (19)
2 . \/apIO <\/ap) Kl (\/ap>
If we introduce the notation
~ 1
R* (—p) = Rep < 0, (20)

2. \/a—PIO (\/a—:ﬂ> Kl (\/a—:ﬂ)’
then the equality (19) can be represented as

~ 15, =~

f2(p) = , RZ(=p) F2(p), Rep <0.
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2918 RAMAZANOV et al.
5.1. Finding the Original of the Resolvent

~

Let’s find the original expression (20), representing it as follows: ]:2*_(—])) =1+ R_(—p), where
1— 2\/(1—1010 (\/a—:ﬂ) Kl (\/—p

a

2\/;17_70 (\/;p> K, (x/;p)

Then the solution of the equation (18) has the form

R_(-p) = ) =R_(t).

MQ(tl) = fQ(tl) + /R_(tl — 7'1)#2(7'1)(17’1.

P

Next, we introduce the notation \/; = s and find the original expression
By L 20()Ea(s) ¢ \
T 2h()Kis) N

then we use the following properties [14, p. 191, 20.27]: @

1
1°. Let (t) = @(p), then p(at) = & <p) a>0.

29, Let §(p) = (t), then (y/p) = 2\1/ 13 Te  u @(Tm\A

t2

0
Therefore
+

R*(s) = exp (Sxt1). (21)
k——002 1(3) S=5k

J 8

The prime at the sign of the sum mea%sence of the term at k = 0, here s, are the roots of a
is function, we use the equality Ip(s) = Jy(is), where

function Iy(s). In order to determine th
Jo(z) is the Bessel function — cyl n of the first kind.

[t is known that the function roots other than real [15, p. 556]. Hence, the function Iy(s)
has roots s = +iag(k # 0), re real, in this case is_p = a_; = —isp = —ay (Lo(s) is even
function). Thus, equality (24) e form

R_(t1) = Z Ay exp (skt1), (22)

k=—o00

where
1 1

k 25} {Il Io( ) [Ko 1K1 ]}' 23k11(3k)K1(3k)‘

From the equality (22) and the properties of the image 1° and 2°, we have
+o0 2

~ S / A

R <¢ ) = R(t)) = Z Y E(ty, sk),

a k=—o00 2\/7Tt1

where

2 3
E(ty,s;) = /Texp (— ;—tl + ska27-> dr =2t + 2\/7rska2t12 exp (s%(f‘tl)erfc (—SkaQ\/h) .
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM 2919

Thus, we obtain R_(t1) = R(a)( t1) + RY(t1), where
+oo

R(a)(h \/7Tt1 Z Ay, )(tl =at Z Akskexp(ska4t1)erfc( skaQ\/tl).

k=—00

Using the properties of Bessel functions [12, p. 642] we obtain

R(_a ZBka

tlkl

where
B 1
k= )
o [J3 (o) + Ni (o)

Ny (z) is the Neumann function.
For the term R (t1) we will have

+o0 4
(0) 4 ! 4 2 %?y t1)
R (t1) = A tq)erf t
V() =a g sk exp (—s2alty)e ¢ (—ska’*Vty) N2 ()

k=—o00

4

_ a 2 Nl(ak)
™ \/TI'OszLQ\/tl kZ:l Jl( ) (6%} [JQ(Oék +N2 Oé&]

So, we get \
Q (23)

where
1) 2a* -
— — B 2. 4
R (t1) > - ;ak 1 exp (—aja“ty),
e}
gy = 2 B £ i ed
R (1) _®t 2 ) k/exp _404%(14151 sin &d€.
= 0
.2. Estimation of the Resolvent R_(t1)

Let us sho e following lemma holds for the resolvent (23).
Lemma 0 ent R_(t1) satisfies the estimate R_(t1) < C/+\/t;.
Proof. Tt olvent (23) of the integral equation (18) is presented as a sum of three terms. We

estimate each term separately. Using the equality
ax [T (an) + N7 ()] = e [i(en) + i1 (o)) - [a () = iNy (o)) = en T () HY (),

and also the well-known integral [12, p. 42]
T dx s o (x)
CIPTNE PN PR Y
S emP@uP @) 4\ B @)

a 1
R(—l)(tl)§7¢w\/t1'

o0

)

Zo

we have
2
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2920 RAMAZANOV et al.

Further, using the inequality [16, p. 928, 8, 479.1]
1 7, ) 1 1
< <v<uz .
_2[J1($)+N1(1’)]<\/x2_17 g SV Vay, > 2.4,
we get that for B (Vk = 1,2,3,...) the inequality holds
1 < ™
ak [Jf (o) + Nf(ap)] 2

With this in mind, we estimate the second sum:

By =

o0

R® (t1) < a* Zak exp (—aza't]) < a4/ak exp (—aza't))day, = ot exp (—ataty).
k=1 o
Now we estimate the third sum:
o0 *
2 N (a ) 52 \
R()t “ ! k/ex (— )sind \
() < Tty kz::l J1 (o) J P 4a%a4t1 56

Consider the integral

n=0 2nm 41
(2n+1)m (2n42)m
= 2nm)? 2n + 2)7)?
< / exp (— ( 2”2 )si £dé + ex (— I n;i—4)7r] )s1n£d§
o daza*ty daza
- 2nm (2n+1)m

Therefore, we have

U (t1, )]

(2n)? (2n +2)?
X — — X —
A daiatty P daiatty
o2n +1 2 2n+1 (2n)?
1 - <2 .
P ( daiatty )] } - {nZ:;J a*tiaf P ( datt o

Z eXP&
2n+1 (2n)? Nz
— dn =211+ .
@ a*tiaf P ( dattial " 2 a*tial

Thus, for the third sum, we have the estimate
CQ
R(S) t
( 1) \/ 1

Taking into account ¢; > 1 (0 <t < 1), we obtain R_(t;) < C - \/1tl‘ Lemma is proved. O

Making the reverse transformation t; = ;7 = l the solution of the characteristic equation (17) is

written as follows:

t?

t
pa(t) = 2a%tFy (t1) + 24> / fi(t, T)F1 (T )dT,
0
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TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM 2921

where the resolvent satisfies the estimate
~ Vit

Rens<c o (24)

6. SOLUTION OF THE INTEGRAL EQUATION (14).
THE CARLEMAN—-VEKUA REGULARIZATION METHOD

Theorem 1. [nitial integral equation (14)
t

pa(t) +/2a2(;7—_ 7)2[?1 (2a2(7:-— 7’)) pa(r)dr

0

+/222t_tTf1 <2a2(tt7-_ T)) Ml(T)dT == 2a2fl( ) ‘@
0

‘v’t‘é}"l( t) € Loo(0,1), has the unique solution in the class of functions t @
can be found by the method of successive approxzmatzons K

Proof. We write the integral equation (14) as (tu1(t) =

which

p2(t) + /t QGQ(EQ_ )2 &P (- 2a2(7— 7_)> oy T_ T)> p2(T)dr
0

t
/ 3 t2 o tT
= — X —
202 7(t — 1) P 7202 (t—

0
Assuming the right-hand side of the equation (25) to bétemporarily known, we write down its solution
t ¢
~ 1
pa(t) + [ (e ; , [ RenE @+ | R0, (26)
9 t2 5 t2
where
@7@, ™) = Mi(t,7) + Ma(t, 7). (27)
~ 4 ? VT tr tr
M — I
(5 a2 t—r exp( 2a2(t—7)) ! <2az(t—7))M3(T)’
1 Vv
~ ~ TINT T TIT
M- — I
(e s [ YV e (<, )0 () matrin

p(t) =2 pa(t) =t 2y (1),

To prove the theorem, it suffices to show that the kernel M(t, 7) of the integral equation (26) has a weak
singularity. We estimate the kernel (27) of the integral equation (26), taking into account the estimate

y for the first term in the kernel My (¢, ), we
z

1
\/t—T'

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No. 12 2021
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2922 RAMAZANOV et al.

Now we estimate ]\A/I;(t, T):

t
—~ 3C t TINT T T
‘Mg(t,T)‘ < > v % exp (— 02 ! )11 (2a2 ! )) dm

2a2 \/Tl\/t - T —T (r1 —7) (n—7

TI—T H 3C 1 \/Z+th exp (T<Z+t77))h (T<Z+tT7))dZ.

t—7 2a% t 21 — 2z

To estimate the last integral, we represent it as the sum of two integrals ]\Afg(l)(t, 7) and ]\A/[;(Q) (t,7)
taken respectively over the intervals (0, 1) and ( A, 1), where NV is a large enough fixed number. Thus,
1 (2 (t, 7).

3(t,7)| < 35" (t,7) + A

Now we estimate separately each integral:

\/ e & I " + r 1 dz
X )
- 2a2 N—l\/t t—7) 2P\ T 202 2a%(t—171) 2

In the last integral, we make a change bles: =0, then

72
2(t— 7-) z

500 <35 N ] Sen (- (e o)e

a2(t—7)

It is known that th y = e~%I(z) is bounded Vz > 0 (0 < e™®I;(z) < }) and decreases
monotonically Vo > :2)’

ptions:

+0>3forf > N7 thene 22 0L (7, 4 6) < eL(6). In this case

o0
1
M2 - 2a2 \/N -1 \/t t—1) / g P (—0)11 (0) do

NT2
a?(t—7)

I —_
_2a2\/N—1\/tt—T /HeXp 1(6)df = 2a2\/N—1\/tt—r

Dg T < Dy 1
Ta \Jit—7) T @ Vt—1

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No. 12 2021



TWO-DIMENSIONAL BOUNDARY VALUE PROBLEM 2923

2.1i7,¢, N such that 0 < ,7, +6 < 3 forf > N7 then integral

oo (o= 0)0 (a4 0) @0
Nr2
a?(t—T
can be written as |
3/2 00
[ s [pon( - a( s
Nt 3/2

a2(t—7)

For the second integral, we again have

7 1 T T C>O1  J
/ po (=0, —0)n (), +0)do < / 3 & (~0)11 (6) o
0

3/2

Let’s estimate the first integral 6
3/2 3/2 @‘ 2 )
1 T T 1 3a”(t—1
_ _ <
/ 0 eXp( 242 9>Il <2a2 +9> W=, / S INT2
7)

N2 T
a2 (t—7) a
2
€ ln (7vV2N
1 2 2 I n3at(t—7) 7 ( )
=4 [(ln?)a (t— 7')) +In (QNT )] = %) + e
< Ds + D O<ex< 1
—(t— T)i Te’ 2°
Therefore, ]\7/2(1) (t,7) satisfies the esti
AN ! Vol o<e<
(t—7)2te  TVE-T

- 3CN 1T t 1
dz = <D .
T 902 4 ¢ \/t—T_ S/t =1

Thus, we show that the kernel M (¢, 7) of the integral equation (26) has a weak singularity and satisfies
the estimate

1 1

M(t,7) <D [(t—T);—'_E + it

1
0 .
|- ocee!

This means that the original integral equation (14) in the class of functions has a unique solution,
which can be found by the method of successive approximations. This completes the proof of the
Theorem. U
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2924 RAMAZANOV et al.
7. SOLUTION OF THE BOUNDARY VALUE PROBLEM

Theorem 2. [f the conditions \/tg(t) € Lso(0,1) and go(t) € Lso(0,1) are satisfied, then the
boundary value problem (6)—(7) has a unique solution w(r,t) € Loo(G).

Proof. We estimate each term in the integral representation (13) of the solution of the boundary value
problem (6)—(7):

¢
r 7“2—1—7'2 rT T
< - I = frn
w(r,t)_/Qaz(t_T)exp< 4a2(t—7)) 1(2a2(t—7))dT Ht—T ¥
0
2

o0
r r 1 (r —t)? r r
= 9q2¢ P <_4a2t> / 2 P <_ 4a’t Z) P <_2a2 Z) h <2a2 Z) dz
0
o
r r2 1 r T
= 2a2t exp  4a2t z exp <_ 2a? Z) h <2a2 Z) dz%

0
r r2 < 1 r2
= exp | — exp | — N
2a2t P 402t ) = 242 P 4a2t @
Now we estimate the second term L J A

0 r

These estimates imply the validity of the Theorem 2.

From Theorem 2 and equality (5) we obtainthe main result.

Theorem 3. If \/tg(t) € Lo (0, 1),0u dary value problem (3)—(4) has a unique solution

u(r,t) € Loo(Q). \
@ CONCLUSION

In weighted spaces‘@fessentially bounded functions, the issues of the solvability of a two-dimensional
boundary value m fogthe heat equation in a domain degenerating into a point at the initial moment
d ddition to this feature, in the problem under consideration, the boundary

a\derivative with respect to the time variable. The integral equation to which the
deration is reduced is a special Volterra integral equation of the second kind. The

study of such integral equations is of independent interest, since for such kind of integral equations
problems arise that are absent for the classical Volterra equation of the second kind [8—10].

The obtained results can be useful in the problems of modeling thermophysical processes in gas-
discharge plasma of low and high pressure, as well as in studying the processes of melting of electrical
contacts, the effect of an electric arc on contacts.
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