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Best approximation by «angle» and the absolute Cesaro summability
of double Fourier series

This article is devoted to the topic of absolute summation of series or Cesaro summation. The(kelevance of
this article lies in the fact that a type of absolute summation with vector index which hasgiot'been previously
studied is considered. In this article, a sufficient condition for the vector index absoluteisummation method
was obtained in terms of the best approximation by «angle» of the functions frem Lebesgué space. The
theorem that gives a sufficient condition proves the conditions that are sufficient injdifferent cases, which
may depend on the parameters. From this proved theorem, a sufficient gondition“@n the term mixed
smoothness modulus of the function from Lebesgue space, which is gasily4obtdined by a well-known
inequality, is also presented.

Keywords: trigonometric series, Fourier series, Lebesgue space, best“approximation by «angle», absolute
summability of the series.

Introduction afdypreliminaries

Let 12= {(x1%2) GR2:0 < Xj < 2n}.
We denote by L g(12) the space of all measurableyby léebesque, 2n-periodic on each variable functions
/ (x1,x2), such that

( r2n r2n
[ (x1,X2)|qdx1dx2) < +to, 1< g< +to.
L,

Let Ynin2(/)q is two-dimensional™best approximation by «angle» of function / G Lq(l2). By
definition [1-3],
Ynid (/)q = T ,(I)n{'co,m Y/ —Tni,<x —T~ 2 ||g,

where the functign Thi,cx G'Lq(12) is a trigonometric polynomial of degree at most n1in x1, and the
function T",n2 G Lg(12)»is a trigonometric polynomial of degree at most n2 in x2.

Lets™G Nph1,h2°G R. For a function / G Lq(12), the difference of order r G N with respect to
the grariablemxl and the difference of order r GN with respect to the variable x2 are defined as follows

[1-3]:
r

Ahixi/(x1,x2)= £ (-D)r-Vi CM w(x 1+ hIVI,X2),
vi=0
and, respectively .

Ahxz/ (x1,x2) = £ (-1)r-V2 mC¥2w/ (x1,x2+ h2v2).
V2=0
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Best approximation by «angle»

Denote by Qr(f;t1,t2)qthe mixed module of smoothness of an order r of function f £ Lq(12) [1-3]:
M (f;tl,t2)g = \hjs\lépj IARZX2 (ADILXLETD) llor
=12
Consider a double trigonometric series

Y" (anln2cosnixi cosM2X2 + bni,n2sinniii cos M2X2 +
(1=1(2=i

+Cnln2cos nixi sinM2X2 + dnln2sinnixi sinM2X2) = ~ A #nbn2(xi,xg). @)
(1=in2=i

Let’s write it down

aB) = (B+ 1)(B+ 2)...(B +n)

An n! ,
where B is a real number, n is a natural number.
The sum
nt n2 2 i
AKnin2)(xi,x2) =5 5 (A™JOy, Bfclf2(xi,x2)
=i f2=ij=i

called (C;BbB2) mean of series (1).

The series (1) called \C;B1,82\nl,n2-summable (or absolute summable with vector index), A > 1,
j = 1,2, at the point (xi,x2) £ 12, if the followihg series converges:

nd7t AP xux2) - r12n (x1xd) -

m &

a5 5 x1x2) + aS-11m2-1(x1.x2) @)

Let

B:
TUFPNxL%2) = (M A® 5 5 n ki A( —fgj 1 BfeLf2(x1,x2).
N=L 1 R=1fe=1 \j=1

Thengthe convergence of the series (2) is equivalent to the convergence of the following series

m &

E na E n— M) (xix2)
n2=1 w=1

In case /12 = N1 = Awe will write \C;BbB2\Wn (absolute summability with scalar index) instead of
\C;B1,B2\ib/R2°

Issues related to the absolute Cesaro summability of series began to be studied intensively in the
twentieth century. Among the many scientists we can mention the work of F.T. Wang [4], I.E. Zhak and
M.F. Timan [5], K. Tandori [6], L. Leindler [7], M.F. Timan [8], Yu.A. Ponomarenko and M.F. Timan [9],
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I. Szalay [10,11], G. Sunouchi [12], who studied the conditions of the absolute Cesaro summability
of trigonometric and orthogonal series. In recent years, various generalizations of absolute Cesaro
summability have been defined, and the former classical results have been proved for these generalizations
For example, we can cite the works of H. Bor [13-15], Yu. Dansheng and Zhou Guanzhen [16], S. Sonker
and A. Munjal [17,18], E. Savas [19,20], B. Rhoades and E. Savas [21]. In addition, L. Leindler [22]
and H. Bor [23] gave a new application of power increasing sequence by applying absolute Cesaro
summability for an infinity series. Problems of absolute Cesaro summability of multiple trigonometric
Fourier series of functions from different spaces studied in works [24-29]. Almost all of this work is
devoted to the topic of absolute Cesaro summability with scalar index. The absolute Cesaro summability
with vector index was first defined in [24]. In the article [24] the condition B1 = B2 is considered and
only sufficient conditions are obtained. Feature of our work is that under sufficient conditionsys'd = B 2.

Main results

Now we prove the main results.
We denote
Theorem 1. Let 1< g<2, 1< A< Al<gqg, 1+ 1 =1 Thengfor]€ ;BmB2|nsn2-summability

almost everywhere on 12 Fourier series of function f (x1,x2) £ Lq(12) sgufficiently,
1) in case of GL < Bl< +rc>, GI = B2, for the condition to _be met:

=2 U=1

2) in case of h <Bl< +ro, —1<B2< }] , for the condition to be met:

3) incase of —1<Bl< GI 6! =_B2 for the condition to be met:

=2 nl=1

Proof of item "T), It%was proved in work [29] that in case of g < B1 < +ro, 1 = fi2, if the next

series
JP

converges, then series (1) is |C;BbB2|nbn2-summable almost everywhere on 2.
By simple calculations, we get
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noR
Te [/ i+i-1 2n2+i-i \' g

E E 1 E E  Pkik2 (*1*2)g- 21In k2(klk2)2- q <
@0 «1=0 Vki=2ni  k2=2n2
n
i

Te MNi+i-1 2n2+i-1
<CE E 12«i(2-9q)2«2(2-g)n2 E E pU (kik2)g-2 <
«=0 «1=0\ ki=2ni  k2=2n2

1]
* 12\ Jp T 2 i+1-4 n2+2°1 q /,'F
<CE 22 -11Jng E 2niM2-1) ( E E  Piik, (M:-2>q%2
@=1 «i=0 ki=2ni  ke=2n2 \
Hence, using the Hardy-Littlewood theorem [30], we obtain 6
JP

. 2\ 2 1o\ ni+i-l 22+ Tt
S<CE 2@2mM21)nj E 2«UH2-1) o : G, 9 ®3)
«@=1 «1=0 kKl=2ni & 9
L 4

Now, using inequality [1]

Mi+l-1 2n2+1-1

v’ Bfif2G, 9 Y2ni—2n2-1(f)q @)
5 k=2
N
due to the monotonicity of the best approximation an «angle» from (3), we have
P
Te 12 Am {2 \ JL
S<CE 2« A E 2«UT 2-1 YANi-1,2M2-1(f)q <
«= «i=0

<C®'\2) T H£H§-ll-lYin(f)q
< «i=1
2):

Proof of ite of < Bl< +rc> —1<B2< 1,by Theorem 2 in [29], the convergence

of series

n i
Te /2niti-1 2n2+i-1 \

9. kg(l-e2)-1
e Eo (B E ozl (1¢2
@=0 «i=0 \ kiz2ni  k=2n2

implies the |C;B1,B2)/1L/P-summability of series (1) almost everywhere on /2.
Carrying out simple calculations, using the Hardy-Littlewood theorem [30] and inequality (4), we
obtain
J)2
JL

. J1
Te [ 2i+l-1 2n2+143 \

9 1-82)-1
E E ( E E pkik2 18( )
«2=0 «1=0 \ Kl=2ni k2=2n2
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bl /2n1+1-1 2n2+1-1 \
E E 1 E E  PYf2(kik2)§-2ka(1-e2,-1(k1k2)2-q <
=0 Mi=M fd=2n1 k2=2n2
. mafk
bl o\ i 2n1+1-1 n2+1-1 \ q
¢ E 2«in 2 | E E  Fhk (*1f2)5-2 <
@0 «1=0 VK=2nl k2=2n2
1
" (2 ) A1 M2 1
<CE 2«211-A) E 2« (2-1) g BKIR(, 8 &
«@=0 «1=0 kl=2nl k=2 \
<CE 22mM1"8 E 2 4 VY 4o uff <
«2=0 «1=0
bl 2_1 -1
<c E M1-n)N2-* E n A * (
«2=1 «1=1
Proof of item 3). Let —4<B < ¢ 1 = B2. Then e 2 in [29] the convergence of series
P
J1L
b /2111 22 q 't
E E | E E *HA" Bl," < mnk2
«2=0 «1=0 y ki1=2n1 =2n2
implies the |C;BbB2)/bJ/R-summabilit ies (1) almost everywhere on 12.
In a similar way to the proof g re s points, using the Hardy-Littlewood theorem [30] and

inequality (4), we get
’Sqe ot
-1 2n2+1-1 q

E E PU ke Ink2
« < \ klI=2n1 k2=2n2

i

t2nl+l- 1 2n2+1-1

| E o E P2k i-el Akike)2-q M ke <
«I=M kl1=2n1 =2n2

n

p b L) 11 2+l q
CE 222021)nd E 2N 1-A) | E E  p/U (kk2)T2 <
«2=1 r1=0 y k1=2n1 K2=2n2

b N1 N2+ 1 n i

CE 22m2-1)n9 E 2« 1 -e0 g E  Bkike(md <

«2=1 «1=0 kl=2n1 k2=2n2
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A Jb 2.1 -1 ~  (l-s1M1-1 g
—C" "2 q (Inn2) g =j 2w (f),
- e q my 2w (f)

Thus, the theorem is fully proved.
Using the following inequality [1]:

Y,12(f)g—C mQr(f; . '

i+ 172 + l)q

we can formulate another result.

Theorem 2. Let 1< q—2, 1 —A —Al—q, 1+ gr= 1and r is a natural number. Then for

|C;B1,82|nbg2-summability almost everywhere on /2 Fourier series of function fgx12) £ 18q(/2) is
sufficiently,

1) in case of éc < B1< +rc>, 81 = B2, for the condition to be met:

A Jk2-1)-1 E m2-1)-1 1 1 g :

X) (In"2) 90 "t N (B g )(a Qe
n2=2 ni=1

2) in case of GI- <Bl< +rc>, —1< B2< a , for the conditiontto be“met:

a2

A Nl 1 A
E "1q mnfAL(f; S0 ) < +Te;
Q=1 1 %7274
3) incase of —1< B1< a Dy B2 forthe condition to be met:

. (i~ 2% AN flenm-l 0 1 R o
E n"2)'9 ag, Wlg * m?if;;,-) q <O
«2=2 n1=% & 2
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C. BtmxaHl, O. Mekew?2

11.H. F'ymunes aTbliHAarsl EBpasus ynT Thily yHuBepcuTeTIi, AcTaHa, LlasaucTaH;
2C. CeiithynanH aThiHAarbl Kasal, arpoTexHUKanbll, yHUBepcuTeTi, AcTaHa, KasalgiaH

«BypblWNeH» el XakK,Cbl XYbIK,Tay XX3He ekl ecenl ®ypBe KaTapblHbIL,
Ue3apo 6oMbiHLWA abcoNntoTTl KPCbIHAbUTAHYbI

Makana katapnapfblH abcontota KpcblHAblNaHybl Hemece Ye3apo 60WbiHLIA KOCHIHAbINAHY TaKblipbl6biHa
apHanraH. byn XyMbICTbIH €3eKTWM MblHaga: 6ypblH Ken 3epTTe/iMereH \BeKTOPABIK NHAeKCTW, abcontoTa
KpCblHAbINAHY Typl KapacTbipblNaTbIHAbIrbIHAA. ABTOPAAp BEKTOPIBIKMHAEKCTL, a6CONt0Ta KPCbIHAbINAHY
Tacwl ywlH fleber Kew CTT PYHKUNACBIHbIH «OYypbIlNEH» eH XaKkebl XYBIKTaybl TepMUHIHAErL XK eTH KT
WapTThl anraH. XX eTKINIKT1wapTThl 6epeTw Teopema napaMmedpaepre,bainaHbicTel apTypnlxarganapga
XeTIMKN wapTTapabl ganengeingl. Ocbl ganenfeHreH Tegpemaian 6earlnl TeHcl3alkTlH KemerlmeH Jleber
KeW CcTT PYHKLUMACBIHBIH apanac TericTik Moaynl TePMuHIHAEr 1 XX eTKINIKT1 WwapT anbiHagbl.

Kbl T cB3fep: TPUTOHOMETPUANbLIK KaTap, ®ypse KaTapbl, Jle6erFKew cTM, «GYpbILINEH» eH XaKCbl XYbIK-
Tay, KaTapfblH a6CONOTT1 KOCLIHAbINAHYbI.

CabutumxaHl, O. Mekew?2

1EBpasniickuii HaumoHanbHblii yHUBEpCcMTET MMeHn J1.H. FTymunesa, AcTaHa, KasaxcTaH;
2Kaszaxckuit arpoTexuiueckuii yHusepcuTeT umenn C. CeiipynanHa, AcTaHa, KasaxcTaH

Havnyudwee npubumkerne «yrnoMm» m abcontoTHasi CyMMUPYEMOCTb
Mo Me3apo ABONHbLIX psAgoB dypbe

CTaTbs NOCBALLEHA TEME a6CONOTHOFO CYMMWUPOBaHUS PALOB, UM CYMMUPOBaHUsS Ye3apo. AKTyanbHOCTb
LaHHON pa6oTbij3akloyaeTcs B TOM, YTO PacCMaTPUBAETCS He W3YUYEHHbIWi paHee BUA aGCOMOTHOrO CyMm-
MUPOBAHUSA C BEKTOPHLIM MHAEKCOM. ABTOpPaMu NoMy4YeHO AOCTaTOUYHOE YCNoBMe AN MeToAa a6ConTHOIO
CYMMUPOBAHUAAC BEKTOPHLIM WHAEKCOM B TEPMWHAX HaUNy4llero npuGAMXKeHUs «yrnom» (QYHKUW 13
npocrpaHeTBa fle6era. Teopema, Aalolias 4OCTAaTOYHOE YCNOBKe, A0KA3bIBAET JOCTATOUHbIE YCNOBUSA B pas-
AAYHBIX CAy4asx, KOTOPble MOryT 3aBMCETb OT NnapameTpoB. M3 3Toii 40Ka3aHHOW TeopeMbl BbIBOAWUTCA
TaKWeflOCTaTOUHOE YCNOBUE B TEPMUHE CMELIAHHOTO MOAYNS TNagKocTu hyHKLUM N3 npocTpaHcTBa Jlebe-
ra, KOTopoe N1erko noay4aeTcs C NOMOLLbIO M3BECTHOrO HepaBeHCTBa.

Kntouesble cnosa: TPMroHOMETPUUECKMIA pad, paa Pypbe, NPOCTPaHCTBO JleGera, Haunyuilee NpubAMKeHNe
«Yrnom», abcontoTHas CYMMUPYeMOCTb paaa.
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