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Steklov problem for a linear ordinary fractional delay differential
equation with the Riemann-Liouville derivative

This paper studies a nonlocal boundary value problem with Steklov’s conditions of the ﬁrs&y a line

ordinary delay differential equation of a fractional order with constant coefficients. The Greenls fun¢tien of,
the problem with its properties is found. The solution to the problem is obtained explici s of the
Green’s function. A condition for the unique solvability of the problem is found, as conditions
under which the solvability condition is satisfied. The existence and uniqueness th proyed using the
representation of the Green’s function and its properties, as well as the representation of fundamental
solution to the equation and its properties. The question of eigenvalues is j i . The theorem on
the finiteness of the number of eigenvalues is proved using the notation selution in terms of the
generalized Wright function, as well as the asymptotic properties of t ralized Wright function as

A — oo and A = —oo.

L 4
Keywords: fractional differential equation, delay differential equation, v’s boundary value problem,
Green function, generalized Mittag-Leffler function, generali T function.

Introductien
In this paper, we consider the equation
Dgu(t) — Mu(t) — pB(t — T)u(t —7) = f(t), 0<t<1, (1)

naliderivative [1], 1 < o < 2, A, p are the arbitrary constants,
tes the Heaviside function.

=

where D, is the Riemann-Liouville
T is the fixed positive numb
In [1-6], the theory of
Barrett [7] investigated agli
order differential equati istence and uniqueness theorem is proved in [§], and the boundary
ouville type conditions was considered in [9]. In paper [10], the initial
value problem for
To the theoryiof ifferential equations were devoted the following works [11-15].
for Eq.(1) was solved in [16], and the solutions to the Dirichlet and the
Neumé were obtained in [17]. The boundary value problem with Sturm-Liouville type
founded in [18].
C [19], [20] are devoted to the study of the Steklov problem for a fractional order
differentialfequation. In this paper, we construct the solution to the first-type Steklov boundary value
for Eq.(1) and prove the existence and uniqueness theorem and the finiteness theorem for the number

of real eigenvalues of the problem under study.
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Main results

A function u(t) is called a regular solution of equation (1) if D 2u(t) € C2(0,1), u(t) € L(0,1)
and u(t) satisfies Eq. (1) for all 0 < ¢t < 1.
The problem we solve here is to find the regular solution to equation (1) satisfying the conditions
. ) . —1 . 2 . —1
ay %g}% Dg “u(t) + a2 }E)r(l) Dg u(t) + as }E& D§; “u(t) + as }Eﬁ Dg u(t) =0,

(2)
. 92 . -1 . —2 . -1
by lim DG~ u(t) + bz lim DG~ u(t) + by lim DG, ~"u(t) + ba lim DG~ u(t) =

In the case agby — agbs # 0 the conditions (2) can be write out in the form
D u(t)],_, = e1D§; P u(t)|,_, + 2Dy ult)|,_ * \
D57 u(t)]_y = eaDg 2ult)] g + ex DG 2u(t) \

t ‘t:O t ‘t:l’
where
ai1bs — ashy —agbs + aszbsy —a1bg + aqby —a + aqbs
€= —"—— =, (3= : (3)
a2b4 — a4b2 a2b4 — a4b2 a2b4 — a4b2 b4 — a4b2
Previously, in work [21], it was defined the function
oo 2
W, (t)= tT)\,uzz,umt—mTamJ”’la’ LMt —mT)Y), v ER, (4)
m=0
where
B¢ 5(2)
is the generalized Mittag-Leffler function§|22], I'(z) is the Gamma function, (p); = %Tg)k ) is the

Pochhammer symbol,
(t t—mr, t—mt >0,
0, t—mr<0.

terms N < [
2) it follows om ({(4)

Function (4) satisfies the ertles [21]:
1) for some m the em@ 7 < 0, therefore the series in (4) contains a finite number of the

W]gz) _{ 0,k #i+1,

Lk=i+1;
3) itgholdsytrue integrodifferentional formula
DGW,(t) =W,_a(t), a€R, v>0 (5)
and the ansformation formula
v—1
Wl,(t) = )\Wy+a(t) + /J/W,/_Fa(t — 7') + m, a>0, veR (6)

The solution to the Cauchy problem to the equation (1) was found in the paper [16] and has the
form

_ / f(e €)de + D u(t)|,_ Walt) + DE2u(t)|,_ Wa1(t). (7)
0
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Using formula (7) we can define D, u(t) , and D 2u(t)

’t: |t:1:

D u(t)],, =/ FOW(1=€)de+ Dy u(t)],_ Wi (1) + Di u(t)],_y NWa(1) + pWa(l = 7)], (8)
0

D(O)étizu(t) }t=1 = /f(é.)W2(1 - f)dg + D(o)étilu(t) |t:OW2(1) + Dgt 2 ‘t =0
0
Inserting (8) and (9) into the first formula of the system (2), we have ’

D5 2ult)|,, [al +azWi(1) +as (AWa(l) + uWa(1 - T))] + D5 ()], [a2 +% a1

1
—|—/f agWs 1—£)+a4W1 1—6) df@&
0

or

A,DS % v AsDE (tﬂt

‘t—)O

where

Al =a1 +asWi(l) + ay ()\Wa( + W, (1 = ag + agWa(1) + a4 W1 (1),

21— €) + aaWi (1 - ©)]de.

In the same way, substitutin into the second formula of the system (2), we have

where @

|,_o + B2Dg M u(t)],_, + F2 =0,

Bi=b + by ()\Wa(l) FWa(l — T)), By = by + bsWa(1) + bW (1),
Fa= [ £©)[paWal1 - 9 + a1 - ©)]ae.
0
Thus, we the system:
ALDG 2 ult)] g + A2D3t_1 )z = —F1, (10)
B1D8‘t_2u(t)‘t:0 + B2Dgt u(t) |t o= 12,
and the solution to that system (10) equals:
_ —F1 By + FyAs 1 -A1Fy+ B Ry
DOé 2 — Da = ].1
0 u(t)|t_>0 A1By — AsBy 0 u(t)|t_>0 A1By — A2 By (11)
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Using (11) and the Cauchy problem solution (7), we get the equality:

¢

—F1 By + FyA, —A1Fy 4+ B1Fy o
/f §)dé + A1By — A3 By a-1() + A1By — A2 By () =
0

t 1

_ BuWa (1) ~ BaWa (1)

= [ rewate - gag + PZ PR [ p)jaama(a - ) + armi(1 - gl
0 0

1
~AWa(t) — AsWa—i (
A1By — A2 By /f OlbsWa(l = &) + baWWi (1 - df’ A
0

or
1
a4B1 b4A1 CLSBI
JEG [ (t—¢ W(t—£>+W<>( LW (1 - ¢ * -9)) -
0
— Wa1(t) ((MBa%ZMAQWI(l_g)_i_%B2—b3 ng—&))],
where

Assume G(t,§) is given by

G(t.) = H{t ~ OWalt — @ - g+ BT ) -

a3zBy — b3 A
~Wa Wil =€) + == W (1~ 5)) (13)
with A and p satisfying th ition (12). Here the function W, (t) is defined via (4).
Function G(¢ isfies the following properties.
1. The functi ) is continuous for all values of ¢ and £ from the closed interval [0, 1].
2. fungtion 'Gi(t, &) satisfies the conditions
Ui [DGGe (£, €)=+ —Dfy *Ge(t,€)le=1-<) = 1. (14)

3. Thedunction G(t,&) is the solution to the equation
P%G(1,€) — AG(t,€) — pH(1 — 7 — E)G(t,€ +7) = 0. (15)

Here 0§, is the Caputo derivative [1; 11| defines as

_ ’U
felt) = D) = iy |
1

"(§)d
— &)
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4. The function G(t,&) satisfies the boundary conditions

e DG G (t,€)| g = —a1 DG G(16)| oy + esDGTG (6| (16)
D5 PG (6| y = DG 2G(16) |y — ca DTG 6|y,
Here the coefficients c¢1, co, c3, c3 were defined via formula (3).

These properties obviously are implied from formula (13), condition (12) and the relatlons 5 6 .

The function G(t, &) that possesses properties 14 is called Green function for problem (1

Ezistence and uniqueness theorem
Theorem 1. Assume the function f(¢) € L(0,1) N C(0,1) and the condition 1’ &ﬁed hen
there exists a regular solution to problem (1), (2) in the form of

1
0= [ 16 a7)
0
and the solution to problem (1), (2) is unique if and only if conditi satisfied.
Proof. We show that it holds true the representation of o ion to problem (1), (2) in the form

(17). For this, we multiply both sides of Eq. (1) (given in s ariable &) by D, ?G(t,€) and

L / H(t - r)u(¢ — DG €)ds = / FODS2G(e)de, 0<t<1. (1)

£

£
Integrate by parts the first t\ ty (18):
t—e

1= d
/ DG —D&‘?G(aswgglu(s)\g / DA G D (€

d t—=

l—=
R GITE) Dy ulE)de = DTG DE ()| — - Di 2 GE DT u(e)| -

d
DG G(6) Dy u(€) / DG Cee(t, ) D () =

d d

= DG, u(t) [ED&”G(t,ﬁ)Lﬁ—d—Dg‘t 2G(t) _J / DG ?Gle(t,€) D *u(€)dé+

d
dg

+D§%_2“(5)L:0 [ng;?G(t,é)L _— DG G 5)‘ + —D§ G, g)‘ J*
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d
{=¢ d§

Using properties of the Green function (14) and (16), we get the identity

+Dge u(g)‘ézl [Cngt2G(ta§) ¢ - C4D3t72G(t7§)‘ D6 G, 6)‘ —].—&‘:| '

1—e 1—e
| Di6( o Dgute)ds = Dgut) + [ iy Geelt. ) D Pu(€)ie (19)

In the third integral of the equality (18) we replace £ into £ — 7:

1 1
[ (- nute -G = [ H( -7 - 9uOG(.¢ + g
0 0 \’
Substituting (19) and (20) into Eq. (18) and using the formula for frac‘mov@ on by parts

[20; 15]
b

b
[ s pzhs)ds Dbsg(S)d&é
we have the identity TS A
u(€) [ D5 Gee(1.6) L r0(fe) \

1
DG ule) + D5 [ Lt - )0(t & +7)| de =
0

= Dg,” ,€)dg,
0

and,using the Green function propert d finding the derivative of order Dgt_ @

(17).
Next, we show that the ti is the solution to equation (1). Formula (17) can be written
out in the form of bellow:
u(t)=v1 + v + vs,
where

v = _£)d§7 vy =

we get solution

—F1 By + FrA,
A1By — Ay By

—A1 P>+ BiFy

Wa_l(t), V3 = m a t)

o:V2 and Dg;v3. We have

t
D = 057" [ feWale — 1 = 5 [ semte - e)ae -
0

=/f AWyt (t— )+ pWapa (t— € —7))dé+ £ (1) =/f (AW (t— )+ pWa(t— € —7))dE+ F(1);
0 0

— 1By + FyAs d?
A1By — Ay By dt?

—F1 By + FyA, d?

De B e I e
0" = A By — AyB, di2

Dgt 2Wa 1(t) = Wi(t) =
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—F\ By + FyAs d? —F1By + Fr Ay

= ABy— Ay ap Ve O Wen o) = G g, (Went (O 4 Ve (2 m));

—A1Fy + B Fy iDa_W (t) —A1F5+ B1Fy d
A1By — AyBy dt - % Y T A{By — AyB; dt

A+ B
 A1By — AsBy

Next, using formulas (5), (6) we obtain by the previous relation that

1
DS“tU(t)zf(t)JrA/f(ﬁ) (t§d£+u/f Gt € — )de, \\'

D3 = — (AWeaq1(t) + uWeopa(t — 7)) =

()‘Woz(t) + ﬂWa(t - T))

0

that is that (17) satisfies (1).
Remark. For A =0, > 0 and

ap > by, ax <by, az=b3, as=
condition (12) is always satisfied.

L 4

On the finiteness of the number of * alues
Definition. The eigenvalues of problem (1), (2)garethe valaes A, such that problem (1), (2) has a

regular solution that is not the identically zero.
The set of real eigenvalues for problem (1

es'with the set of real zeros for the function

d(\) = [al +asWi(1) + as ()\Wa(l +u T))] [32 = by + bsWa(1) + b4W1(1)] -

- [a2 + asWa(1) + as Wy 4 bWy (1) + by (AWQ(1) FpWa(1— T))] . (21)

Theorem 2. Problem (1),,(2) a finite number of real eigenvalues.

The function W, () can t as [3; 45]
. +1,1)
, 1.7: Z (1= am+v—1 U (m ’ 1— «@ 29
WL AR Tt | (VD A me] e
where
0, [(az,al ] Z Hl e +Oélk)
(bu, Br) L(b + Bik) k

zed Wright function [23].
0o the following asymptotic formula holds true for the generalized Wright function [23],

m(l—a)—v m(l—a)—v a(]— 1
)\(1—177,7')?_] —a ™\ a O‘) +1 (1 _m7)+(1 ) +16)\1/ (1—m7)+ |:1+O (_1>:|’

[e%

and the asymptotic formula for the generalized Wright function as A — —oo has form (23], [24]

n m+l—|—1(l + m) (1 . mT) a(m—+1+1) 1
A1 — T '
mT) } ; IAmHHT (v — a — ad)(m + 1 + 1)! +O(|)\|m)

(m+1,1)
1¥1 {(am +rv,a)
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Let N be the maximum value of m that satisfies the inequality (1 —m7) > 0. From these formulas we
get the asymptotic formulas for function (22) as A — +oo

Meoy™M  m(i—a)—v+1

a (1-— mT):[Le)‘é(1_””)Jr [1 +0 ()\i)} , (23)

1
[

N
WL =Y~

m=0

m:

and A — —oo in the form

+ W

N
w, la ;>‘7 = "
LrAw =3 n N (0 — a — al)(m + 1 + 1)!

m=0 =0

(24)

From the representation (21) and asymptotic formula (23) we see that letting A — oyt nctiom(21)
increases without limit.
As A — —o0, since ®()) is an entire function of the variable A, it follows fr otic formula

(24) that the function (21) may have only a finite number of real zeros. K
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. MaxkruxoBa
PFA KBFO Koadarb Mamuna otcone agmomammanoupy uncmumymaol, Harvuuk, Pecetl

r Ti,kKermiretin Puman-JInyBniuib 6eJtmnek
H/IBICHI 0ap CBI3BIKTHIK KapallaifbIM

peHInaJabIK TeH/aey yiria CTekJioB ecebi

MaxaJdrana ThI K03 durmenTTepi 6ap apryMeHTi KenrireTid 0eJImeK peTTi ChI3BIKTHI KapanaibiM Tud-
perran bk Teraey yurin 6ipinmi TanTti CTekIoB mapTTapbiMeH »KeprijiikTi eMec MIEeTTIK ecenTep 3epT-
& puH DYHKIUACHI TabbLIbI, OHBIH KacueTTepi Jojesjeni. 3eprreierin ecentiy rremrimi ['pun

sICbI TYPFBICBIHAH afiKbIH TYpJe ajblHjabl. Ecenrtin OGipereil mremriy maprTbl, COHJaii-ak IIEIIiTy

IMAPTHl CO3CI3 OPBIHAAIATHIH MApTTap TabbLIAL. Bap GOy KoHE YKAIFBI3ABIK TEOPEMACHI I9JIEIICH .

Teopema ['pun OyHKIUSICHIH »KOHE OHBIH, KACUETTEPIH, COHIAN-aK TEHIEY/iH ipresi merriMin yKoHe OHBIH

KACUETTEPIH KOPCETY apKbLIbI JpJiesieHred. MeHIKTI MoHAep Cyparbl 3epTTeJijii. 3epTTesIeTiH ecell HaKThl

MEHIIIKTI MOHIEPIH IIeKTeyll CaHblHa FaHa re OOJIybl MYMKIH €KeH/Iiri Teopemamen mpiegaerai. Teopema

mrerTiMHiH, Kaanbtanrad PailT GyHKIMSCH TYPFBICHIHAH OeITieHy/ i KOJIIaHbII, COHIai-aK A — 00 YKoHe
A — —0O VIIiH KaJbLiadFal PafiT pyHKIMSCHIHBIH ACUMITOTUKAJIBIK, KACHETTEP] apPKbLIbI JI9JIeIEH .

Kiam cesdep: GomeKk peTTi ChI3BLIKTHI auddepeHnMalIblK TeHIey, apryMeHTi KenrreTin aunddepennmnal-
IbIK TeHey, CTeksoB meTTik ecebi, ['pun dyukiusicel, Murrar-Jleddaepanbiy KanblLIadFal QyHKIMSACHI,
Paitrroiy xannbuanran QyHKIUACDHL
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M.I'. Maxkruxosa

Hnemumym npukaadnot mamemamuru u asmomamusayuu KBHI] PAH, Haavuux, Poccus

Sagauga CrTekJjoBa AJ1d JINHEHMHOro OObIKHOBEHHOI'O
anddepeHImaIbHOr0 ypaBHEeHUsI C JIPOOHOI MPOU3BO/THOM
Pumana—J/InyBusujis ¢ 3ama3abIBaloMIinM apryMeHTOM

B crarbe ucciiesioBana HeslokaabHas KpaeBas 3ajiada ¢ ycuaoBusaMu CTEKJIOBA IEPBOrO THIIA JIJIsl JIMHEHHO-
ro OOGBIKHOBEHHOTO JudpepeHnnaaIbHOr0 ypaBHEHUsT JPOOHOTO MOPSIAKA C 3ala3/IbIBAIONIAM apTryMEHEOM
¢ mocTOsTHHBIMEU Kodddurimentamu. Halinena dynkmusa ['puna m mokazansl ee cBoiicTBa. Pemrenne mccjie-
JIyeMOi 3aJladu IOJIy9YeHO B siBHOM Buie B TepmuHax dyukuuu ['puna. Haiizneno ycioBue piHe8HauHOM
Pa3pEIINMOCTH 331491, & TaKXKe YCJIOBHA, IPX KOTOPBIX YCJIOBHE PA3PEIIMMOCTH 3aBEIOMO BLIHOJIHSICTCH.
Jlokazana TeopemMa CyIIeCTBOBAHUs M €IUHCTBEHHOCTH, C UCIIOJIL30BAHUEM IIPEJICTaB/IeHNsT @y K [ pu-
Ha, ee CBOWCTB, a TakxKe (DYHJIAMEHTAJbHOIO DEIleHWs] ypaBHEHUsl W ee cBoiicTB. Vcciemosal, Bonpoc d
CcOOCTBEHHBIX 3HadeHUsIX. Jlokazana TeopeMa O TOM, 9TO HUCCIeLyeMast 3a1ada MOXKeT MMCTh TOJIbKO KOHE'-
HOE YUCJIO AeHCTBUTEIbHBIX COOCTBEHHBIX 3HAUEHN. Teopema moKa3zaHa ¢ IPUMEHECHAEMIBAMIICH |PEIIeHIS B
TepMuHaX 00001menHoit dyukiuu Pajita, a Tak:Ke aCUMITOTUYECKUX CBOUCTB 0006fieH O dpyfikinu Paiita
mpu A — 00 U A — —0Q.

Karouesvie crosa: nuddepennuaibHoe ypaBHEHNE APOOHOTO OPsA KA, TUPDEPSHTTNAITHLHOE YPABHEHNE C 3a-
a3/IbIBAIOIIMM apryMeHTOM, KpaeBas 3aja4da CrekiioBa, dynknus ['puHay o600iednas dyuxkuns Murrar-
Jledbdaepa, obobmennas pyukmus Paiira.
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